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PREFACE 


This work has its origin in certain studies in general set theory 
and, more specifically, in the arithmetic of cardinal numbers.^ 

Among the results which have been obtained so far in the arith- 
metic of cardinals, two main types can be distinguished. On the 
one hand, we have a series of very strong and general theorems 
which exhaust large portions of the arithmetic of cardinals, e.g., the 
theory of cardinal addition ; these theorems have been established by 
applying the so-called axiom of choice in its most general form and, 
in particular, the well-ordering principle. As examples we may 
mention the theorems stating that the cardinals are well ordered 
and that the sum of any two infinite cardinals equals the larger of 
them. On the other hand, results are known which arc of a more 
restricted (though by no means more trivial) character, but which 
have been obtained in a more constructive way, mostly without the 
help of the axiom of choice; the method involved consists, roughly 
speaking, in considering directly transformations which establish 
one-to-one correspondences between given sets and in constructing 
in terms of these sets and transformations new sets and new trans- 
formations. The best-known example is the Cantor-Eernstein equiva- 
lence theorem by which any two cardinals are equal if each of them is 
at most equal to the other. 

The results of the second type are interesting not only from the 
point of view of foundations. By analyzing their proofs we usually 
arrive at more general formulations which belong to the general 

^ The present work was conceived about twenty years ago, but circumstances 
beyond the control of the author have rendered its earlier realization im- 
possible. The publications of the author related to the central ideas of this 
work are listed in the bibliography; in connection with the introduction com- 
pare, in particular, Tarski [2| and Tarski [8]. The understanding of this book 
does not require an extensive knowledge of set theory, but a certain orientation 
in fundamental notions and methods of this discipline is desirable and will 
prove helpful in reading the last three sections of the work. For general in- 
formation in this domain the reader may consult the first few chapters in 
Hausdorff [1], Schoenflies [1], or Sierpifiski [1]. Schoenflies* work contains 
many valuable historical references, while Sierpifiski^s book will throw light 
on the discussions involving the axiom of choice. 
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theory of one-to-one transformations, and which have found some 
interesting applications outside the domain of abstract set theory — 
for instance, in the theory of measure. 

All the results of the second type which concern cardinal addition 
prove to be derivable in a purely arithmetical way from a small 
number of basic theorems. The derivations are not simple but, in 
general, are not more involved than direct proofs carried through 
by the method indicated above. Also some new and interesting 
results can be obtained in this way. The proof of the basic theorems 
themselves presents no difficulties. The basic theorems have the 
character of formal laws which apply not only to the arithmetic of 
cardinals but also to various other mathematical systems. All this 
suggests the idea of introducing and studying a new kind of abstract 
algebras for which these basic theorems would serve as defining postu- 
lates. A realization of this idea is the main purpose of the present 
work. 

The algebras in question will be referred to as cardinal algebras. 
Each of them is constituted by a set of arbitrary elements and by 
two operations, that of binary addition and that of addition of infinite 
sequences. (Each of these operations can be defined in terms of 
the other.) The algebras are assumed to satisfy a number of familiar 
laws of an elementary nature — closure postulates, commutative and 
associative laws, and the postulate of the zero element; and, in addi- 
tion, two existential postulates which are characteristic of cardinal 
algebras — the refinement postulate and the remainder, or infinite 
chain, postulate. 

The variety of arithmetical laws which follow from these postulates 
is very large ; and so is the variety of mathematical systems in which 
these postulates are satisfied. As elementary examples of cardinal 
algebras we list non-negative integers and non-negative real numbers 
(under ordinary addition) with oo included in both cases; non-nega- 
tive real functions over an arbitrary domain; countably complete 
fields of sets (under set-theoretical addition) ; and — more generally — 
countably complete Boolean algebras. As examples of a less ele- 
mentary character we mention cardinal numbers and relation numbers 
(under cardinal addition) ; isomorphism types of countably complete 
Boolean algebras and of certain more general classes of lattices (under 
direct multiplication); and generalized homeomorphism types of 
Borelian sets in an arbitrary metric space. 
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Several general methods are available which permit the construc- 
tion of new cardinal algebras from given ones; some of them are 
known from modern algebra — e.g., direct multiplication and homo- 
morphic transformation — ^while others are specific for the algebraic 
systems under discussion.^ A combination of these methods leads, 
for instance, from fields of sets to cardinal numbers, and from Boolean 
algebras to isomorphism types of these algebras; and hence difficult 
theorems on sums of cardinals and on direct products of isomorphism 
types appear as consequences of the fact that these and similar 
theorems trivially apply to set-theoretical sums of sets 'and to least 
upper bounds of elements in a Boolean algebra. 

This work is divided into three parts. The first contains the 
definition of cardinal algebras and the development of their arith- 
metic. The second part is concerned with the discussion of general 
methods of constructing cardinal algebras; moreover, the results 
are extended to a wider class of algebraic systems (important from 
the point of view of applications), the so-called generalized cardinal 
algebras. In the third part we study the connections between 
cardinal algebras and related algebraic systems, namely, commutative 
semigroups and lattices; and we discuss various special examples of 
cardinal algebras. Certain applications of the theory of cardinal 
algebras to general algebra— in fact, to the theory of direct products 
of isomorphism types — ^are discussed in the appendix. 

It will be seen from the above description that this work lies 
within the domain of abstract algebra. Some features of it, however, 
will probably seem strange to most algebraists — and certainly do 
not conform to an orthodox algebraic point of view. We have here 
in mind especially the part played by infinite addition and the 
application of frankly infinite constructions in arithmetical develop- 
ments; the discussion of algebras which are not assumed to satisfy 
closure postulates (the generalized cardinal algebras mentioned above) ; 
and — ^among minor details of a rather terminological nature — the 
extensive use of the notion of a function. 

Many arithmetical results of the first part of the work have been 
obtaine4 by extending certain kno^^^^ theorems of the arithmetic 
of cardinals which originate with various authors. Some of these 

* For general information in the domain of modern algebra consult Birk- 
hoff [3], Birkhoff-MacLane [1], and van der Waerden [1]. 
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theorems, however, can be found only in preliminary reports, and 
their proof appears here for the first time.® In some other cases 
the abstract algebraic presentation has necessitated either virtually 
new proofs or radical changes in old ones. The idea of an algebraic 
treatment of the subject and certain aspects and implications of 
the algebraic development seem to be essentially new. 

The desire to keep the work down to a reasonable size has affected 
both the matter and the form of the work. Certain material which 
seemed to be less interesting has been entirely omitted; problems less 
closely related to the main idea have been merely touched upon; the 
arguments throughout have been presented in a rather concise form ; 
and counter-examples have not always been supplied. 

I am greatly indebted to Professors Louise II. Chin (University 
of Arizona), Bjarni Jdnsson (Brown University), and J. C. C. 
McKinsey (Oklahoma Agricultural and Mechanical College) for 
their help in preparing this work. The assistance of Miss Chin in 
preparing and revising the manuscript, reading proofs, and com- 
piling the index was indeed invaluable. As will be seen from refer- 
ences in footnotes, Mr. J6nsson has enriched the work with a number 
of original contributions, and we have obtained jointly the results 
which are presented in the appendix. 

It would be impossible for me to conclude this introduction with- 
out mentioning one more name — that of Adolf Lindenbaum, a former 
student and colleague of mine at the University of Warsaw. My 
close friend and collaborator for many years, he took a very active 
part in the earlier stages of the research which resulted in the present 
work, and the few references to his contributions that will be found 
in the book can hardly convey an adequate idea of the extent of my 
indebtedness. The wave of organized totalitarian barbarism en- 
gulfed this man of unusual intelligence and great talent — as it did 
millions of others.^ 

University of California, 

Berkeley, July 1948 

Alfred Tarski 

® Footnotes to particular theorems will clear up the question of their origin. 
The results which are not referred to in footnotes have been obtained by the 
author and appear here — to his knowledge — for the first time. (This does 
not apply, of course, to various theorems of an elementary nature, like most 
of those which are stated in §1.) 

* Adolf Lindenbaum was killed by the Gestapo in 1941. 
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ARITHMETIC OF CARDINAL ALGEBRAS 




§1. POSTULATES AND ELEMENTARY 
CONSEQUENCES 


We concern ourselves here with an algebraic system constituted 
by a SET A of abbitraby elements a, h,c, • ■ ■ and by two funda- 
mental operations: the operation of finite (binary) addition 
and that of infinite addition. The first of these operations is 
performed on couples of elements {a, b), and the second on infinite 
sequences (oo , Ui , • • • , Oi, • • • ); the results are denoted by 

o an<l 

t<00 

respectively. Thus, the algebra can be regarded as an ortlered 
triple whose first term is the set A, and whose remaining two terms 
are the operations -f and 23 ; in symbols, 

31 = {A, +, E)- 

We shall not always adhere closely to the distinction between an 
algebra and the set of elements of this algebra; sometimes (especially 
in more informal remarks) we shall speak, e.g., of elements of ?l 
meaning the elements of A . 

The symbols 

Of £ Af a, b € Af OiQ f tti, * * * Ofiy • * • c A 

will express as usual the fact that elements o, or a and b, or Oo , Oi , 
• • • , tti, • • • belong to A. 

Definition 1.1. An algebraic system 31 = {A, +, E) 
satisfies the. follovnng postulates I-VII is called a cardinal algebra, 
for abbreviation, a C.A. {and under the same conditions the set A is 
said to be a C.A. under -b and E) : 

I (finite closure postulate). If a, b £ a, then a + b e A. 

II (infinite closure postulate). // Oo , Oi , • • • , Oi , • • • E A, 
then 

E c A. 

t<o0 

III (associative postulate). If an, ai, , o< , • • • e A, then 

E == ®o "I" E <*•+!• 

»<08 »< 0O 


3 
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IV (commutative-associative postulate). // ao , ai , • • • , Of , 
ho , bi , bi ,••• € Ay then 

E (fli + 60 = E «.• + E 6.-. 

t<oo i<oo i<oo 

V (postulate op the zero element). There is an element z e A 
such that a + z = z + o^ = cifor every a e A, 

VI (refinement postulate). If a, by Co y Cl y • • • , Ci , ••• e A and 

t<00 

then there are elements ao , ai , • • • , a* , * • • , 6o , , • • • , i!>i , • • • A 

swc/i that 

a — ^ ttiy b — biy and Cn = «» + for n = 0, 1, 2, • • • . 

»■<« 

VII (remainder, or infinite chain, postulate) . // ao , Oi , 
••• ,ai, ,bo,h, ,bi, ■■•£ A and if a„ = 6„ + a„ 4 i /or n = 
0, 1 , 2, • • • , then there is an element c e A such that 

On = c + 6n+< for n = 0, 1, 2, • • • . 

«<oo 

The elementary postulates I-V require no comments. It may be 
remarked only that these postulates are in themselves rather weak. 
To derive from our postulate system various elementary properties 
of cardinal algebras — ^like the ordinary commutative and associative 
laws for binary addition and the corresponding laws for infinite 
addition — we shall have to apply, besides I-V, also the remainder 
postulate VII; therefore, the first derivations in this section will 
take on a slightly artificial character (cf. the proof of Theorem 1.6 
below) . 

The refinement postulate VI will lead us in §2 to two related theo- 
rems of a more symmetric nature: the general refinement theorem 
2.1 and the finite refinement theorem 2.3; while in VI a binary sum 
is assumed to be equal to a sum of a sequence, the hypothesis of 2.1 
involves two sums of sequences, and that of 2.3 two binary sums. 
Refinement theorems are known from the literature and have been 
applied many times in various algebraic discussions.^ Theorem 2.1 

^ They occur often in the literature in a more general form involving systems 
of elements of an arbitrary power. Cf., for instance, Birkhoff [1], p. 286; 
Birkhoff [4], pp. 615 f.; Fitting [1], p. 380; Golowin [1], p. 424; Riesz [1], p. 175. 
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(even when restricted to infinite sequences) implies Postulate VI, 
and hence can equivalently replace the latter in our postulate system. 
This is not the case, however, so far as Theorem 2.3 is concerned; 
a counter-example will be found in §14. Nevertheless, Theorem 2.3 
suffices for most derivations in the first part of this work. It may 
be noticed that the converse of Postulate VI is equivalent to Postu- 
late IV. 

Postulate VII seems not to be known in the literature. Its content 
is less clear than that of the remaining postulates. It expresses a 
certain minimal property of the sequence of remainders, 

Vn ~ bn+i , 

»<<» 

of an infinite sum ^bis sequence satisfies the 

condition 

Tn = bn + Vn-^l tOY R = 0, 1, 2, • • * ; 

whereas, by VII, every other sequence Oq , ai , • • • , a, , • • • which 
satisfies the same condition can be obtained from the sequence 
ro , ri , • • • , r* , • • • by adding a constant term c. The converse of 
VII also holds in C.A.’s, and it implies III. The problem of replacing 
Postulate VII by simpler postulates deserves some attention. How- 
ever, this postulate has certain properties which fully justify its 
inclusion in the postulate system. As we shall see, it has a great 
deductive power. The proof that the postulate holds in various 
special cardinal algebras is very simple; and this applies even to 
those algebras which are not of an elementary character, e.g., to the 
algebras of cardinal numbers and relation numbers which are dis- 
cussed in §§17 and 18. Finally, as we shall see in §6 (cf. the proof 
of Theorem 6.10), Postulate VII has the property that, whenever it 
holds in a given algebra, it is also satisfied in a comprehensive class 
of coset algebras (homomorphic images) of this algebra. This 
property — which VII shares with other postulates of our system — is 
very important since the method of constructing cosel algebras 
leads us to the most interesting examples of C.A.’s. 

It may be noticed that Postulate VII is closely related to Theorem 
2.21 (or 3.20) by which the sum of an infinite sequence is the least 
upper bound of its partial sums. If the hypothesis of VII is satisfied, 
then an application of 2.21 yields a conclusion which seems to be but 
slightly weaker than that of VII (in fact, the conclusion that, for 
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every integer n, there is an element c which satisfies the last formula 
of VII). At first sight, 2.21 could seem more natural and more 
suitable as a postulate than VII. Actually, however, 2.21 has none 
of the advantageous properties of VII which were mentioned above; 
e.g., a direct proof that 2.21 holds in various special C.A.’s — ^for in- 
stance, in the algebra of cardinal numbers — is by no means simple. 
Moreover, it can be shown by an example that 2.21 alone cannot 
equivalently replace VII in our postulate system. We shall return 
to this question in §16. 

We now introduce in the arithmetic of C.A.’s the notions of the 
ZERO ELEMENT, 0; of the SUM OF A FINITE SEQUENCE (tto , i 
• • • , Qn-l) OF ELEMENTS, 2i<n 0>i ) of the MULTIPLE OF AN ELE- 
MENT a, n-a; and of the '‘less than or equal to” relation, 

All these notions are, of course, relativized to a given C.A., 31 = 

{d, +, X])- 

Definition 1.2. 0 is the imique element z e A such that a + 2 = 
2 a = ajor every a e A, 

Definition 1.3. For every integer n and for any elements ao , 
Ui , • • • , , • • • e A with i < n we put 

i<n »<oo 

where bi = aifor i < n, and hi = 0/or i ^ n. 

By an integer wc always understand in this work a non-negative 
integer. In connection with Definition 1.3 it proves convenient 
henceforth to regard qo as a new, infinite number included in the 
system of integers. The usual rules for calculating with oo are 
assumed; thus, e.g., 

n 00 = 00-|-7l= OOj 

0 - 00 = oo*0 = 0, and n-oo = oo -n = oo for n 4= 0. 
The formula 

(i) n < 00 , or (ii) n g oo, 

will be used to express the fact that n is (i) a finite, or (ii) an arbitrary, 
integer. The symbol 

22 Oi 
«» 
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has now a definite meaning both forn < qo and n = <» ; and we are 
able to state definitions and theorems applying to both cases simul- 
taneously. 

Definition 1.4. For every n ^ and for every a e Aj we put 

n-a = X^t<na (i.e., n-a = where hi = a for every 

i < n). 

Definition 1.5. We say that a ^ h {or h a) if a, b e A and if 
there is an element c e A with a 4- c = 5. 

We shall sometimes write 

a ^ b ^ c 

instead of 

a ^b and 5 g c; 

and similarly for other relation symbols. 

From Postulates l.l.I-VII and Definitions 1.2-1. 5 wc shall derive 
in this section various consequences of a rather elementary nature; 
thus, various commutative, associative, and distributive laws 
for sums and multiples; theorems stating fundamental properties 
of 0; theorems which show that the relation ^ establishes a partial 
order in a C.A.; and monotony laws for the relation ^ (with respect 
to sums and multiples). When applying the closure postulates, wc 
shall not refer to them explicitly. In formulating theorems, we 
shall usually omit the assumptions by which all the elements involved 
belong to a given (\A. 

Theorem 1.6. 0 e A, and a + 0 = 0 + a = a for every a. 

Proof: by 1.1. V and 1.2. 

Theorem 1.7. ?i-0 = f) for every n g oo. 

Proof: By 1.1. VII (with a* = = 0 for i = 0, 1, 2, • • •), 1-4, 

and 1.6 we obtain for some c 

c + CO *0 = 0, 

and hence, by 1.1. Ill, 

^ Ci = 0 where co = c and c* = 0 for i = 1 , 2, • • • . 

t<oo 
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Consequently, by 1.4, 1.6, and 1.1. IV, 

00 - 0 = 0 + «> *0 = X) Ct + 00 *0 = (g + 0) = 53 Ci = 0; 

t<oo i<oo i<oo 

and hence, by 1.3 and 1.4, we arrive at the conclusion. 

Theorem 1.8. Xlt<o«t = 0, 53t<iat = ao , and X]i'< 2 ^i = 
tto + Ol ‘ 

Proof: by 1.1. Ill, 1.3, 1.6, and 1.7. 

We note that Postulate 1.1.1 is not involved in the proofs of 1.6- 
1.8. Hence we conclude, in view of the last formula of 1.8, that this 
postulate can be formally derived from the remaining postulates 
(l.l.II-V and VII). 

Corollary 1.9. O o = 0, l a = a, and 2 a = a + a. 

Proof: by 1.4 and 1.8. 

Theorem 1.10. a = 6 + ct/, and only if, there are elements do , 
di , • • • , ‘ • with 

a = 53 dt , b - do, and c = 53 dt+i . 

i<Q0 i<<» 

Proof: by 1.1. Ill, 1.3, and 1.8. 

Theorem l.ll. 53i<«(<^t + = J2i<na>^ + Ylti<nbi for every 

n S 

Proof: by 1.1. IV, 1.3, and 1.6. 

Corollary 1.12. n-(a + 6) = n-a + n-b for every rt g co. 

Proof: by 1.4 and l.ll. 

Theorem 1.13. a + b — b + a. 

Proof: by 1.6, 1.8, and l.ll (with n = 2, ao = 6i = 0, ai = b, 
and bo = a). 

Theorem 1.14. {a + b) + c — a + {b + c). 

Proof: by 1.6, 1.8, and l.ll (with n == 2, Rq = a, ai = 0, bo = b, 
and hi = c). 

Henceforth, we shall omit parentheses in expressions of the type 
‘(a + 6) + c’ or ‘a + (b + c) \ 

Theorem 1.15. 53i<n+ict» = Oo + 53«nOi+i/or every n S 

Proof: by 1.1. Ill and 1.3. 
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Corollary 1.16. {n + 1) -a = a + n-a = n-a + a for every 
n g 00 ; m 'particular, oo - a = a + qo -a. 

Proof: by 1.4, 1.13, and 1.15. 

Theorem 1.17. = X)t<n cl^ + an for every n < oo. 

Proof: by induction based on 1.6, 1.8, 1.14, and 1.15. 

From 1.8 and 1.17 (or 1.15) it is seen that sums of finite sequences 
can be defined in the usual recursive way in terms of binary addition. 

Theorem 1.18. If n < ^ and p ^ then 

^ flf'4 "j" ^ ^ • 

»<n i<p i<n-hp 

Proof: by induction with respect to n, and with the help of 
1.6, 1.8, 1.14, 1.15, and 1.17. 

Theorem 1.19. a ^ a and 0 ^ a. 

Proof: by 1.5 and 1.6. 

Theorem 1.20. If a ^ b and b ^ c, then a ^ c. 

Proof: by 1.5 and 1.14. 

Theorem 1.21. If o, ^ b, then a + c ^ + c. 

Proof: by 1.5, 1.13, and 1.14. 

Theorem 1 .22. If n ^ oo and ai ^ b^ for every i < n, then 
X) Ui ^ . 

» < W t < n 

Proof: by 1.5 and 1.11. 

Corollary 1.23. If n ^ oo and a ^ b, then n-a g n-b. 

Proof: by 1.4 and 1.22. 

Theorem 1.24. //n g p ^ oo, then 

Z Oi ^ Z a. - 

t < n t < p 

Proof: by 1.5, 1.18, and 1.19. 

Corollary 1.25. If n ^ p ^ oo, then n-a ^ p-a. 

Proof: by 1.4 and 1.24. 
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Theorem 1.26. Ifm<n^ oo , then 

^ ^ ^ • 
i<n 

Proof: by 1.5, 1.20, 1.21, and 1.24. 

Corollary 1.27. If 0 < n ^ oo, then a 
Proof: by 1.4 and 1.26. 

Theorem 1.28. If a b = b and 6 ^ c, then a + c = c. 

Proof: by 1.5 and 1.14. 

Formulas of the type ‘a + f> = 6’ (which occur in 1.28) can be 
read ‘a is absorbed by 6’ or *b absorbs a\ The relation of absorption 
plays an important part in the arithmetic of C.A.'s. 

Theorem 1.29. In order that a + 6 == 5, is necessary and suf- 
ficient that ^ -a ^b. 

Proof: The necessity of the condition follows from 1.1. VII (with 
= 6 and 6i = a for i = 0, 1, 2, • • •), 1.4, 1.5, and 1.13; the suf- 
ficiency follows from 1.16 (for n = <») and 1.28. 

Theorem 1.30. 7/ a ^ 6 and 6 + c = c, then a + c = c. 

Proof: By 1.23 and 1.29 we have 

00 .a ^ 00 -6 g c. 

Hence, by applying 1.20 and again 1.29, we obtain the conclusion. 

Theorem 1.31.^ If a ^ b and b ^ a, then a — b. 

Proof: By 1.5 and 1.13 we have, for some c and d, 

(1) c + a = b, d + h = a, 

and further, with the help of 1.14, 

(d -f- c) + a = a and c ^ d + c. 

Hence, by 1.3C, 

* When applied to cardinal numbers, 1.31 coincides with the Cantor-Bern- 
stein equivalence theorem; cf. Bernstein [1], p. 120. The proof of Theorem 
1.31 (and of Theorems 1.29 and 1.30 upon which it rests) is essentially an alge- 
braic reconstruction of the proof of the equivalence theorem given in Zermelo 
[1]. For other proofs bf the equivalence theorem see Schoenflies [1], pp. 34 ff. 
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(2) c + a = a. 

The conclusion is implied by (1) and (2). 

Theorems 1.19, 1.20, and 1.31 show that the relation g is re- 
flexive, TRANSITIVE, and ANTISYMMETRIC in the set A ; consequently, 
the set A is partially ordered by this relation (and, of course 
also by the converse relation ^). 

Corollary 1.32. If a ^ 0, then a — 0. 

Proof: By 1.19 and 1.31. 

Corollary 1.33. If a + b = Oy then a = 6 = 0. 

Proof: by 1.5, 1.13, and 1.32. 

Corollary 1.34. If m < n ^ oo and 

53 a< = 0, 

t<n 

then am = 0. 

Proof: by 1.26 and 1.32. 

Corollary 1.35. If 0 < n ^ oo andn^a = 0, then a = 0. 

Proof: by 1.27 and 1.32. 

Theorem 1.3G. a = bi ify and only if, the following condi- 

tions are satisfied: 

(i) there is an infinite sequence of elements Uo , ai , • • • , , • • • with 

ao = a and an = bn + an+i /orn = 0, 1, 2, • • • ; 

(ii) ify for any other sequence Co , Ci , • • • , c,- , • • • we have Cn = 
bn + Cn+i /orn = 0, 1, 2, • • • , then a ^ Co . 

Proof: by l.l.III, l.l.VII, 1.5, 1.13, and 1.31. 

From 1.10 and 1.36 it is seen that each of the two fundamental 
operations, + and of a C.A. can be defined by means of the other. 
Hence C.A.’s can be characterized as algebraic systems with one 
operation only — either with the binary operation + or with the 
infinite operation XI . This, however, would hardly contribute to 
a simplification of the postulate system. If we wish to characterize 
C.A.’s as algebras with the unique operation X), we can use, e.g., 
the following system of postulates: 

I (closure postulate). Postulate 1.1. II. 

II (commutative-associative postulate). Theorem 1.44 below 
with n — p = 00 . 
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III (postulate op the zero element). There is an element 
z e A such that, for any elements ao , ai , • • • , a, , • • • e A, 

(i) 2 «< = 2 a<+i if Oo = Z) 

t<00 »<00 

(ii) 2 «< = Oo if Oi+i = 2 for i = 0, 1, 2, • • • . 

i<oo 

IV (refinement postulate). Theorem 2A below with n — p== 'x>. 

V (remainder postulate), ff a,,j e A for i,j = 0, 1,2, , and 

23 an.,+1 = 23 n.i overy n < <x> , 

i<CC ,‘<M 

is an element c e A such that, for any given n < oo, 

^nj+l ^ Cj, 

J<0O *<00 

where Co = c and Ci^i = an 4 t 4 i,o/or i = 0, 1, 2, • ‘ . 

Theorem 1.37. oo -a = 6 i/, a/id only if, 

(i) a + 6 = 6, 
and 

(ii) for every c, a + c = c implies b ^ c. 

Proof: by I.IG, 1.29, and 1.31. 

By saying that two sequences ao , Ui , • • • , a* , • • • with i <n ^ co 
and h,bi , • ' • ,bj , • • • with j < p ^ oo differ at most in their order, 
we shall of course mean that there is a function / which maps in a 
one-to-one way the set of all integers i < n onto the set of all integers 
j < p and which satisfies the condition 

a* = fr/(*) for i < n; 

in this case the numbers n and p must obviously be equal. In an 
analogous sense we say that an element a has, apart from order, 
only one representation 

a = ^ a^ 

*< n 

w here the elements a^ are subjected to certain conditions. We shall 
use similar terminology also in case the elements a* and possibly bj 
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are correlated, not with numbers i <n and j < p, but with elements 
i and j of two arbitrary sets. 

Theorem 1.38. If n ^ co and if the sequences ao , , • • • , a*- , 

• • • and bo jbi , • • • , 6i , • • • vrith i < n differ at most in their order ^ 
then 

H at = J^bi. 

i<n i<n 

Proof: If n < qo \ve apply a familiar inductive procedure (based 
upon 1.8, 1.13-1.15, and 1.18). If n = oo, we construct a sequence 
Co , Cl , • • • , Ci , • • • such that 

Co = = b,n + c„,+i for m = 0, 1, 2, • • • 

t<oo 

{cm is the sum obtained from X]i<oo by omitting the terms equal to 
bo ,bi j • • • ybi , • • • with i < m). By 1.36 we have 

^ Co = S . 

t <00 »<oo 

In a similar way we obtain the inequality in the opposite direction, 
and, hence, by 1.31, the desired equation. 

Theorem 1.39. If n S then 

= X) ^2.» + ^ a2.i+i • 

t < 2 • t < » » < n 

Proof: By 1.11, it suffices to show that 

Z) = Z) (02 < + Ch-i+l). 

1 < 2 • n * < n 

The proof of this formula is analogous to that of 1.38. 

Theorem 1 .40. Let n and p be ^ oo ; and fco , fci , • • • , fc»- , • • • 
with i < n + p, /o , Zi , • • * jU , ' • • with i < n, and mo , mi , • • • , mi , 

• • • with i < p be three sequences of finite non-negative integers, without 
repeating terms, such that every term of the first sequence occurs in one 
and only one of the remaining two sequences, and conversely. Then 

O'ki = ^ ami • 

i<n+p i<n i<p 

Proof: In case n — p the conclusion follows easily from 1.38 
and 1.39; in case n < p, or p < n, we have to apply in addition 
1.13, 1.14, and 1.18. 
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Corollary 1.41. If n ^ co and p g <», then {n + p) -a = 
n-a + p*a] in particular, oo-a = n-a + oo -a = oo -a + qo -R. 

Proof: by 1.4 and 1.40. 

Theorem 1.42. Let n, q, U , k ,•••, U be ^ ^ , If a junc- 
tion f maps in a one-to-one way the set of all couples {i,j) with i <n 
and j < li for i < n onto the set of all numbers k < q, and if aij = 
bf(ij) for all i < n and j < U , then 

H L «<./ = Hbk. 

i<n icU k<q 

Proof: In case n < oo we proceed by an easy induction based 
upon 1.8, 1.17, and 1.40. In case n = oo we apply the same method 
as in the proof of 1.38. 

Corollary 1.43. If n ^ oo and p ^ oo, then n-{p-a) = (n- 
p)*a = p-{n-a)\ in particular, i/ n + 0, then oo-a = n*(oo-a) 
= 00 • (n • a) = 00 • ( 00 • a) . 

Proof: We put in 1.42 

q = n-p, li = p, and aij = bk — a for i < n, j < p, 

and k < q, 

A function / satisfying the hypothesis of 1.42 can easily be con- 
structed. The conclusion follows by 1.4. 

Theorem 1.44. // n g oo and p ^ oo, then 

2] H o<., = 23 23 ai.i ■ 

i<n i<p j<pi<n 

Proof: We construct the function / which satisfies the hypothesis 
of 1.42 for g = n-p and U ~ p\ then we apply 1.42 twice — the first 
time with the function /, and the second time with the converse 
function g, g{j, i) = f{i, j) for i < n and j < p. 

Corollary 1.45. If n ^ and p g oo, then 

23 (p-a.) = p-23 o<- 

i<n i<,n 

Proof: by 1.5 and 1.44. 

Theorem 1.46.® // 0 < n ^ oo, then, in order that n-a + b = b, 
it is necessary and sufficient that a + 5 = 6. 

’ Theorems 1.46 and 1.47 in their applications to cardinal numbers are due 
to E. Zermelo; cf. Zermelo [1]. 
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Proof: By 1.5, 1.13, 1.21, and 1.27, we have 


b ^ a + b ^ n-a + 6; 

hence the necessity of the condition follows from 1.31. On the other 
hand, by 1.29 and 1.43 (with n = oo and p = n), the formula 


implies 


a + b — b 

00 -(n -a) = 00 -a ^ 6, 


and hence, again by 1.29, 


n-a + b = b. 

Thus, the condition of the theorem is also sufficient. 


Theorem 1.47 (absorption theorem). If n ^ oo, then, in order 
that 


Y, at + b = b, 

t<n 


it is necessary and sufficient that a,* + 5 = 6 for every i < n. 

Proof: The proof of necessity is the same as in 1.46, with 1.27 
replaced by 1.26. In case n < oo, we show that the condition is 
sufficient by an easy induction (1.6, 1.8, 1.14, and 1.17). If, finally, 

a^ b — b for i < oo, 

we have by 1.46 

oo-aj + 6 = 6 for i < oo. 


Hence, by l.l.VII (with Oi = b and ~ oo .a^), 1.5, 1.13, and 1.45, 

(^i) == Z) («^*at) ^ b; 

1<00 »<oo 

and finally, by 1.29, 

Z a.- + h = b. 

i<co 

Thus, the condition in question is sufficient also in case n = oo . 

In our further discussion we shall apply freely Postulates l.l.I-V 
and the theorems derived in this section, without referring to them 
explicitly (except for the less familiar laws concerning the relation 
of absorption, like 1.29 or 1.47). 



§^2. FUNDAMENTAL THEOREMS 


We turn now to less elementary results of the arithmetic of C.A.’s.^ 
We shall make an essential use here of the refinement postulate, 
1.1. VI, which was not applied in §1 at all. 

Theorem 2.1 (general refinement theorem).® If n S 
p g 00 , and 

53 «< = 23 bj , 

i<n j<v 

then there is a double sequence of elements Cij such that 

Ui = 2 for i < n, and bj = ^ Ci,y for j < p. 

i<p i<n 

Proof: Consider first the case when n = p = oo. By 1.1. Ill, 
the infinite sequences ao , ai , • • • , Oi , • • • and bo , bi , • • • , bt , • • • 
satisfy the formula 

Cto + «t41 ^ ^ bi , 

»<oo »<oo 

Hence, by putting in l.l.VI, 

a = ao , b — ^ at+i , and c* == bi for t = 0, 1 , 2, • • • , 

i<oo 

we obtain two new sequences do.o , di.o , • * * , di.o , * * * and eo.o , ci.o , 
• * * , , • • • which satisfy the conclusion of l.l.VI. We now have 

^’o.o + ; 

t <00 i<oo 

and, by applying l.l.VI again, we obtain two further sequences, 
d^,i , and Ci,i . Assuming that, for any given n < oo, the sequences 
di,n , , and Ct.n-fi have been defined and that 

^'0,w+l + X/ ~ X] > 

t<00 »<00 

^ Several theorems of this section-"2.6, 2.8, 2.10, 2.12-2.15, 2.27, 2.30, 2.33, 
2.34, and 2.37 — are stated for cardinal numbers without proof (and sometimes 
in a weaker form) in Lindenbaum-Tarski [1], pp. 301 ff. Regarding the origin 
of 2.10, 2.33, 2.34, and 2.37, see footnotes below; the remaining theorems orig- 
inate with the author. 

® In connection with 2.1 and 2.3 cf. footnote 1 in §1. A direct proof of 
these theorems for cardinal numbers is obviously very elementary. 
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we apply the same procedure to the last formula, and we arrive 
at the sequences and e^,n \2 • We show by induction that 

dk = 13 + 13d/.2.ik for A* < oo, 

j<k y<oo 

and 

= 22 + 22rf.-,2.»+i for I < <x>. 

»<Z+1 »<oo 

Hence, the double sequence of elements Ci,j , defined by the formulas 
Ci.i = dj^i,2-i for i ^ j < 00 

and 

dj = ^<^1* j < i < 

satisfies the conclusion. The general case reduces easily to the one 
just considered; we extend the sequences ao , ai , • • • , , • • • and 

bo , bi , • • • j bi j • • • to infinite sequences by putting 

di = bj = 0 for n ^ i < <x> and p ^ j . 

The METHOD OF ITERATION, which was employed for the first time 
in the proof of 2.1, is very characteristic for the theory of (\A.^s 
(cf., for instance, the proofs of 2.6, 2.31, and 0.10 below). 

Corollary 2.2. If n ^ oo and 

d ^ Ylb„ 

i<n 

then there are elements ao , Oi , • • • ,ai, • • • such that 

a == 13 flt, and a* g 6* for ?’ < n. 

i<n 

Proof: by 2.1 with n = 2 and p = n. 

Theorem 2.3 (finite refinement theorem). If ai + = 

6i + 62 , then there are elements Ci , C2 , C3 , and Ca for which ai = Ci + cn , 
02 = C3 + C4 , 5i = Cl + C3 , and 62 = C2 + C4 . 

Proof: by 2.1 forn = p = 2. 

Corollary 2.4. // o ^ 61 + ^2 , then there are elements a\ and a 

for which a = Oi + 02 , oi ^ bi , and a^ ^ Ih . 

Proof: by 2.3. 
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Corollary 2.5. // a + 6 = 2*c, then there are elements a', 6', 
and c' for which a = 2-a' + c', 5 = 2*5' + c', and c = a' + 5' + c'. 
Proof: By applying 2.3 to the hypothesis, we obtain 

a = di d 2 f 5 = (is “b 6^4 , and c = di da = ^2 “f* d4. 

By applying now 2.3 to the last of these formulas, we easily arrive 
at the conclusion. 

Corollary 2.5 will serve as a lemma in the proof of 2.31 . 

The following theorem 2.6 is closely related to 2.3 and has also the 
character of a refinement theorem; its proof, however, is less ele- 
mentary, for it contains an infinite construction and requires a 
combined application of the refinement postulate and the remainder 
postulate. 

Theorem 2.6. // a -f c = 6 c, then there are elements a', 5', 
and d such that a = a' -f- d, 6 = 6' d, and c = a' + c = c. 
Proof: We put 

ao = a, 6o = 6, and Co = c. 

Assuming that, for any given n < oo , the elements , 6n > and Cn with 

an “f" Cn ~ hn “i“ ('n 

have been defined, we apply 2.3 and obtain four elements an+i , 
6n4i > Cn 4 i , and dn for which 


(1) 

an — ttn-j-l "i" dn > bn 

— ^n-fl "b dn 

and 



(2) 

Cn ~ Ctn+l "1" Cn-i-l ~ 

5n+l “b Cn4l 


in view of (2), the procedure can be continued indefinitely. By 
applying I.l.VII to (1), we get elements a' and 6' with 

(3) On ~ a "p dn-f* and bn ~ b ^ ^ dn^i 

»<00 t <00 

for n = 0, 1, 2, • • • . 

Hence, by putting 

d 

»<0O 


we obtain for = 0 
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(4) a = a' + d and 6 = 6' + d. 

Moreover, (3) implies 

(5) 00 * a' g ^ a, 41 and - 6 ' g 6 ,- 4 i ; 

t<00 t<00 

while (2) gives by 1.1. VII 

( 6 ) X) «t+i ^ ro = r and *41 £ Tq = r. 

t<00 ,‘<0O 

From (5) and (G) we obtain by 1.29 

(7) c = a' + c = 6' + 

In view of (4) and (7), the proof is complete. 

Corollary 2.7. If cl c ^ b Cy then there arc elements ai 

and a 2 for which a = cii + ^ 2 , ai ^ 6, and c = a^ + c. 

Proof: by 2 . 6 , with the help of 1.30 and 2.4. 

Theorem 2 . 8 . 7/ a + c = 6 + c, then there is an element c' such 
that a + c' = b + & and c = c' + c. 

Proof: We apply 2.6 and put 

c' = 00 -a' + 00 - 6 ', 

The conclusion follows by 1.1 G (with ?i — co) and 1.46. 

Corollary 2.9. 7/ a + c ^ 6 + c, then there is an element c' for 
which a + c' ^ 6 + c' and c = c' + c. 

Proof: by 2.8. 

Theorems 2.6 and 2.8 are important for the reason that the can- 
cellation LAW FOR SUMS fails in C.A.'s; i.e., a + c = 6 + cdoes 
not always imply a = b. (We have, e.g., a + oo-a = 0+ oo.a = 
00 -a even if a 4= 0.) Theorems 2.6 and 2.8 express, however, the 
fact that, if a + c == 6 + c, then a and b are equal up to certain ele- 
ments which are absorbed by c; hence they can be successfully 
applied on various occasions instead of the lacking cancellation law. 
Similar remarks apply to 2.7 and 2.9 in connection with the cancella- 
tion law for sums in inequalities. 

Certain special cases of cancellation laws for sums, which hold 
in the arithmetic of C.A.’s, are stated in 2.10-2.15. 
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Theorem 2.10.® If n < co and a + n-c ^ 6 + (n + l)-c, then 
a ^ 6 + c. 

Proof: For n = 0 the theorem holds trivially; for n = 1 it follows 

from 2.9 (with V changed to 'b + cO; and in the general case it 

can be obtained by induction. 

(Corollary 2.11. If n < oq and a + n^c g 6 + n-c, then 

a + c ^ b + c. 

Proof: obvious in case n = 0; by 2.10 in case n 0. 

('OROLLARY 2.12. If 71 < oo and a + n-c = b + r*c, then 

a c — b + c. 

Proof: by 2.11. 

Notice the difference between 2.10 and 2.12; the symbol 
ill 2.10 cannot be replaced by ^ = ’. 

Corollary 2.13. ffa + c^b + c and c ^ 6, then a ^ b. 

Proof: by 2.10 (with n = 1). 

('OROLLARY 2.14. //a + c^6 + c and b ^ c, then a ^ c. 
Proof: by 2.10 (with n = 1). 

Corollary 2.15. If a + c ^ b + Cy c S ay and c ^ by then a = b. 
Proof: by 2.13. 

Theorem 2.10. If n ^ oo and a^ -\- c bi + cfor all i < n, then 

(i) 53 + c = ^ + c; 

i<n » < n 

(ii) in case n ^ 0, there are elemefits Co , Ci , • • • , Ct , • • • such that 

c = 2 <•., 

i<n 

and at + Ci = bi + for evcrij i < n. 

Proof: We can obviously assume that n 4= 0. We put 

Co = c. 

By 2.8 we obtain elements Ct with 

a» + c» = 6i + Ci and c = c^ + c for 0 < i < n. 

* A special case of Theorem 2.10 (from which, however, the theorem can 
easily be derived) was established for cardinal numbers in Bernstein [1], 
p. 127. 
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Hence, by 1.47, 

c = 

• <n 

The conclusion follows easily. 

CoROLLABY 2.17. If n ^ 00 , and at + c ^ hi + c for all i < n, 
then 

53 0 , ■ + c g X) 

i<n »<n 

Proof: by 2.16. 

It may be noticed that, in case n < oo, Theorem 2.16(i) and 
Corollary 2.17 can be proved by an elementary induction, without 
the use of 2.9. 

Theorem 2.18. 7/0 < n g oo and 

52 a, + c = 6 + r, 

»<n 

then 

(i) there are elements h , hi , • • • , , • • • such thni 

i> 

i<n 

and Oj + c = 6* + cfor every i < n; 

(ii) there are also elenmits Co , ci , • * • , Ci , • • • such thxil 

c = 52 , 

«<« 

and Oi + Cx = bt + Cx for every i < n. 

Proof: By 2.6 we have 

a- = a' + rf, h = // + d, and r ^ a' + c = // + c. 

i<n 

By applying 2.1 (with p = 2) to the firnt of th(*s(‘ formulas, \v(i ob- 
tain elements and d, with 

a,- = Oi + di for i < n, a' = Z) ^^'“^1 d = • 

i < n » < /» 


We now put 

6o = 6' +■ do , and 6, = d, for 0 < t < n. 
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An elementary argument shows that the elements bi thus defined 
satisfy the first part of the conclusion (1.28 is useful here). The 
second part follows by 2.16. 

Theorem 2.19. 7/ n < oo and 

a + 22 ht = £ hi, 

»<»» <<»» 

then there are elements ao , Oi , • * • ••• such that 

a = X) + bi = bi for all i < n, 

»<n 

Proof: The theorem obviously holds for n = 0, 1. If n = 2, 
we have 

(a + 6i) + 6o = hi + bo ; 

hence, by 2.8, 

(1) (a + Co) + bi = Co + bi with Co + bo = bo ; 
and, again by 2.8, 

(2) a + Co + Cl = Co + Cl with Ci + bi = bi . 

Thus, 

^ Co + Cl ; 

therefore, by 2.4, 

(3) ao + tti = a, a© ^ Co , and ai g Ci ; 
and, by 1.30, we obtain from (l)-(3) 

(4) ao + bo = bo and ai + bi = bi . 

By (3) and (4), the elements ao and ai satisfy the conclusion. The 
result can be extended by a simple induction to an arbitrary n < oo. 

Theorem 2.20. IfO<n< oo and 

a ~j- Ct “ b -j- Xrf c» , 

t<n i<Ti 

then there are elements ao , ai , • • • , a*- , • • • and bo , bi , • • • , b» , • • • 
such that 

« = 2 , b = b» , 

t</i »<n 

and a» + c, =* bi + c* for every i < n. 
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Proof; By 2.6 we have 

a = o' + rf, b = b' + d, and 2 <;.■ = «'+ 23 + £<■<• 

*<» »<» »<n 

From the last of these formulas we obtain by 2.19 

a’ == i>' = 23 , and e, = oj 4 - c,- = + r,- for i < n. 

i<n i<n 

We put 

tto = flo + d, 6o = bo + d, and a»* = , 6; = 6^ 

for 0 < i < n. 

It is easily seen that the elements and b» satisfy the conclusion* 

Theorems 2.19 and 2.20 cannot be extended to the case when w = oo . 
Theorems 2.18 and 2.20 — like 2.1, 2.3, and 2.0 — have the character 
of refinement theorems. It is possible to formulate a general theorem 
which comprehends 2.1, 2.18, and 2.20 as particular cases, and 
which establishes a decomposition of elements satisfying the formula 

H + 2 Ck - 53 by + J^Ck 

i<n k<q }<p k<q 

(0 < n ^ 0 < p ^ 00 , 0 <g < 00 ). 

This theorem will not be stated here. 


Theorem 2.21 (fundamental law of infinite addition).^ // 
53 ^ b for every n < oo , 

*< n 

then 

23 Oi ^ 

*<0P 

Proof: By hypothesis, there are elements Co , Ci , • • • , c< , • • • 
such that 

( 1 ) c„ + 23 «< = 

and therefore 

Cn + 23 a< = (cn+i + On) + 23 o.' for cvory n < ». 

»<w «<n 

^ Theorem 2.21 is well known from the arithmetic of cardinals; its earlier 
proofs, however, involved essentially the well-ordering principle. Compare, 
e.g., Schoenflies [ 1 ], p. 135. 
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Hence, by 2.6, we obtain 

(2) C» — a'n dn, C» 4 l + On = + rfi. 

and 

2 + 2 «. = ^ 

t<n t<n i<w 

By 1.28, the latter formula gives 

b'n h = h, 

and hence, by 1.47, 

(3) Z 6; + 6 = h. 

i<oo 

We now put 

(4) hn = Cn + ^ cti + ^ ^n+i. 

i<» »<*» 

By (1) and (3), this implies in particular 

(5) bo = Co + ^ b'i = b + ^ bi = b. 

i<oo »<oo 

Furthermore, we obtain from (2) and (4) by elementary trans- 
formations; 

bn = an + bn-n for n = 0, 1, 2, • • • . 

By now applying 1.1. VII to the last formula, and making use of (5), 
we obtain the conclusion. 

Theorem 2.21 provides us with a new method of showing that a 
given infinite sum is at most equal to a given element, or in par- 
ticular that two given infinite sums are equal. The method previ- 
ously applied — e.g., in the proofs of commutative and associative 
laws 1.38, 1.39, and 1.42 — ^was based on l.l.VII, or 1.36, and was 
somewhat awkward; the new method is less elementary, but simpler. 

CoKOLLAKY 2.22. If n-a g b for every n < <»,then w a ^ b. 
Proof: by 2.21. 

Corollary 2.23. If 

Z «.• = Z bi for every n < <» , 

♦ < » » < W 


then 
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£ «< = Z) bi- 

t<00 t<00 

Proof: by 2.21. 

Theorem 2.24. If an ^ an+i for every n < then there is an 
element b {uniquely determined) such that 

(i) an ^ b for every n < oo, 
and 

(ii) an ^ X for every n < co always implies b ^ x*. 

Proof: We construct a sequence 6o , 6i , • • • , b^ ^ • • • with 

6o = Oo , and an + 6n+i = an+i for n = 0, 1, 2, • • • . 

We then have by induction 

0>n ~ ^ ^ bi . 

»<n+l 

By putting 

b=Zbi, 

i<oo 

and by applying 2.21, we obtain the conclusion. 

In the following theorems, 2.25-2.27 and 2.29, wc shall establish 
certain properties of the set of elements x which satisfy an eciuation 
or inequality of the form 

X + d = e, X + d ^ e, or e ^ x + d 

where d and e are any two given elements. These theorems and 
their generalizations 2.38-2.40 will be applied in the next section 
in the proofs of various distributive laws. 

Theorem 2.25. // 0 < n ^ oo , and ai d ~ e for every i < n, 
then there are elements b and c such that 6 + d = c + d = e, and 
b ^ ai ^ c for every i < n. 

Proof: The reasoning is analogous to that in the proof of 2.6. 
We can of course assume that = co . We put 

(1) ro = ao . 

Assuming that, for a given m < qo , an element rm with 
rm + d = am-i-i + d 
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has been defined, we apply 2.G, and obtain three elements Vm+i , 
s„ , and <m for which 

(2) Tm " “1” tm "I" t 

and 

(3) d = s„ + d = tm + d. 

From (2), (3), and the hypothesis we obtain 

rm+i + d = 0)n+2 + d; 

hence the procedure can be continued indefinitely. By 1.47 , formula 

(3) gives 

(4) S Si d — 2 ti -{■ d = d. 

»<oo »<» 

By applying 1.1. VII to the first formula of (2), we obtain an element 
b with 

(5) = 6 + £ Sm+i for m = 0, 1, 2, • • • , 

t<oo 

whence, by (1), 

(6) oo = 6 + 2 Si. 

»<•» 

Finally we put 

(7) c = Oo + X) U ; 

»<« 

and we show in an elementary way, by means of (2) and (4)-(7), 
that the elements b and c satisfy the conclusion. 

COROLLABY 2.26. // 0 < n g <»,andai + d ^ efor every i < n, 
then there is an element c with c + d = e, and Oi ^ c for every i < n. 
Proof: by 2.25 (and 1.5). 

Theorem 2.27. If n ^ <x>,and d ^ c,ande ^ at + d for every 
i < n, then there is an element b with b d = e, and 5 ^ o< for every 
i < n. 

Proof: The theorem being obvious in case n = 0, we assume 
that w 4= 0. We have for some c 

c + d = e. 
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Hence, for every i < n, 

c -j“ d ^ n* -f- dj 

and by means of 2.7 we conclude that there is an element with 
d = c -4" d and 0 ,^ ^ cii 
{a'i is the element ai of the conclusion of 2.7). Since 
+ d = e for every i < n, 

we apply 2.25, and we obtain the element b with the required prop- 
erties. 

Theorem 2.28 (interpolation theorem). If n ^ oo, p ^ 
and ai ^ bj for every i < n and j < p, then there is an element c such 
that a,* ^ c ^ bjfor every i < n andj < p. 

Proof: We shall distinguish several cases. 

(I) n = p = 2. We have then, for some do , di , Co , and ei 

(1) ao + do = ai + di = 6o , 

and 

(2) Uo + ^0 = . 

By applying 2.3 to (1), we obtain 

(3) ao = n + r2 , do == ra + r4 , ai = n + rs , 

and di = r 2 + r 4 ; 
hence, with the help of (2), 

n ^ ai g (eo + r2) + n . 

By 2.27 (with n = 1), this inequality implies the existence of an 
element 5 for which 

(4) ai =>1 + 5 and 5 g eo + r 2 . 

Hence, by 2.4, we obtain 

(6) s = So + , So ^ So , and Si ^ r 2 ; 

and from (l)-(5) we infer in an elementary way that the element 

C = do + So 


satisfies the conclusion. 



28 


ARITHMETIC OF CARDINAL ALGEBRAS 


(II) n arbitrary, p = 2; we can obviously assume that n = <». 
By (I) , we obtain an element Co with 

ai ^ Co ^ hi for ^ = 0, 1 ; 

then an element Ci with 

Co ^ Cl and C 2 ^ Ci ^ &» for i = 0, 1; 

and so on, ad infinituin. By now applying 2.24 to the increasing 
sequence Co , Ci , • • • , c, , • • • , we get an element c which satisfies 
the conclusion. 

(III) n = 2, p arbitrary; we can assume that p 4= 0. By (I) we 
obtain, for any given j < p, an element Cj with 

(6) ai ^ Cj ^ ao + ai for i = 0, 1, and cj ^ bj . 

We have 

Cj ^ a>Q ai S cii + Cj ; 

and hence, by 2.27 (with n = 2), we get an element dj with 

(7) dj + Cj = ao + ai and dj ^ ai for i = 0, 1. 

By (II), the latter inecpiality implies the existence of an eleincnt 
e such that 

(8) dj ^ e ^ a, for j < p and i = 0, 1. 

By (6) and (8) we can put 

(9) ao + Vj = Cj and e + s — ai , 

We easily derive from (7)-(9) 

ao + e ^ s + {ao + e) ^ Vj + {ao + e) for j < p. 
Hence, by applying 2.27 again, we get 

(10) ^ + (ao + c) = s + (ao + e), and t ^ Vj for j <p 
We put 

(11) c = ao t. 

We have by (8)-(ll) 

ai + e ^ c + € and c ^ c, 
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whence, by 2.13, 

ai ^ c. 

From (G) and (9)-(ll) it is also easily seen that 
ao ^ c ^ bj for j < 

Thus, c has the required properties. 

(IV) n and p arbitrary. We reason as in (II), using (III) instead 
of (I). 

Theorem 2.29. If n ^ oo , and e ^ d for every i < n, then 
there is an element b such that e ^ b d, and b ^ ai for every i < n. 

Proof: By 2.28 (with n = 2 and p = n) there is an element c 
such that 

e ^ c, and d ^ c ^ ai d for i <in. 

Hence, if n 0, we obtain the conclusion by 2.27; if 7i = 0, we 
put 6 = e. 

Theorem 2.30 (mean value theorem). 7/ 0 < n ^ oo, 0 < 
p ^ oo ^ ai ^ bj and + d ^ c ^ + d for every i < n and j < p, 

then there is an element c such that e = c + d, and ai ^ c ^ bj for 
every i < n and j < p. 

Proof: By 2.2G there is an element c' such that 

(1) c' + d = 6, and a* ^ c' for i < n. 

We put 

(2) bo = c', and b'+i = h, for j < p. 

Then, by (1) and the hypothesis, 

d ^ e ^ b'j + d for j < p + \ ; 
and hence by 2.27 avc get an element c" with 

(3) c" + d = e, and c" ^ 6'- for j < p + \. 

By putting 

(4) ai) = c", and a^^i = a.- for i < n, 
we have by (3) and the hypothesis 

a'i ^ b'j for f < n + 1 and j < p + 1 ; 

and hence by 2.28 
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(5) a< g c ^ b'j for i < n + I and j < p + I, 

By means of (l)-(5) we easily show that c satisfies the conclusion. 

From 2.30 we can derive 2.25-2.29 in an elementary way. When 
applied to the case n = p = 1, Theorem 2.30 shows that the function 

f{x) = X + d 

satisfies a familiar theorem on continuous functions in the real 
domain; i.e., considered in the 'interval with the endpoints a and 
b {a ^ 6), it assumes every intermediate value between the two 
extremes f{a) and f{b). 

The proof of the following theorem which implies as immediate 
corollaries the important cancellation laws for multiples is 
perhaps the most involved in the whole arithmetic of C.A.^s. 

Theorem 2.31. // 0 < m < oo and m*a + c ^ m-h + c, then 
a + c S b + c. 

Proof: We begin with a lemma: 

Let T be a set of triples such that, for every (a, b, c) e T, there is 
another triple (a\ 6', c') e T with 

a + c = 2*a' + c' and 6 + c = a' + 6' + c'. 

We then have a + c ^ b cfor every triple {a, b, c) e T. 

In fact, for any given {a, b, c) € T we construct by recursion three 
infinite sequences: 

(1) Uq ~ a, bo ~ 5, Co ~ c, 

(2) Ctn + Cn = Ctn-l-l + (On+l 4" Cn-fl) and 

bn + Cn = an4l + + Cn 41 for n = 0, 1, 2, • • • . 

From the first formula of (2) we conclude by 1.1. VII (with ^Un and 
^bn changed to + Cn and ‘an 4 i’) that 

(3) an + Cn = d + S <^n+i+l 

for some d and for every n < «> ; in particular, by (1), 

(4) + c = d H“ X) 

»<00 

From (1) and (2) we obtain by induction 

5+C = &n + Cn+ S ^<+1 ) 

i<n 
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and since (2) and (3) imply 

d ^ hn "f* Cn f 

we arrive at 

(5) d + X] fli+i ^ 6 + c for every n < oo . 

»<n 

The conclusion of our lemma follows from (4) and (5) by 2.21. 
Consider now any three elements a, ?>, and c for which 

2-a + c ^ 2*6 + c. 

We put 

2-a + c + d = 2*6 + c, 

whence 

(a + c) + (a + c + d) = 2-(6 + c). 

By applying 2.5 to the latter formula, we obtain elements a', b\ 
and c' such that 

n 4" c = 2 4" a 4" c 4” d = 2*6^ 4“ 
and 6 4" c = a' 4- + c'. 

Thus the set T of all triples (a, 6, c) with 

2*a 4“ c ^ 2*5 4" ^ 

satisfies the hypothesis of our lemma; and hence we conclude by means 
of this lemma that 2.31 holds for m = 2. We extend this result 
by induction to all numbers m of the form m = 2^ 

Now let 

(6) m-a + c ^ m-b + c 

where m is an arbitrary number with 1 < m < oo. We again put 

(7) m-a 4" c 4“ d = m-b + c. 

If Hs a number with 

2' g m < 

we have by (6) 


2'-o + c S 2‘-(2-?>) + c; 
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hence, by the result previously established, 
a + c ^ 2-b + c, 

and we put 

(8) o + c + e = 2-6 + c. 

From (7) and (8) we easily derive 

(m — 1) '(c + e) + "■ !)•<* 

= [{m — 2)-b + (m — l)-c + d] + m-a; 
by applying 2.10 (with n = m — 1 and c = a), we obtain 

(m — 1) • (c + e) ^ (m — 2) - 6 + (m — 1) • c + d + a, 
and consequently we put 

(9) (m — 1) • (c + e) + / = (m — 2) • f) + (w — 1) • c + d + a. 
A series of elementary transformations leads from (7)-(9) to 

(2-m -2)-b+ (m- l)-c +/ = (2-m - 2)-6 + (wi - l)-c; 
and by applying 2.12 twice, we get 

(10) b + c + f= b + c. 

Hence by (8) 

(a + c) + (c + e + /) = 2-(b 4- c). 

We apply 2.5 to the latter formula, and we obtain elements a', 
b', and c' with 

(11) a + c = 2-a' + c', c + e + f = 2-b' + c', and 

5 + c = a' + 6' + c'. 

(9) and (10) imply 

a + c + (m — 2) • (6 + c) = a + c + (m — 2) • (5 + c + /) 

g (m — l)-(c + e + /)^ 

whence by (11) 

m-a' + c' + (wi - 2)-{b' + c') 

g (m — l)-6' + (to — l)-(5' + c'); 
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and, by means of 2.10 (with n = m — 2 and c = 6' + c'), we arrive 
at 

(12) m*a' + c' ^ m-V + c'. 

Thus, (6) implies the existence of elements a', 6', and c' which satisfy 
(11) and (12); this shows that our lemma can be applied to the set 
T of all triples (a, 6, c) with 

rri'd + c S + c. 

( 'Onsequently, 2.31 holds for every m, 0 < < oo. 

C'OROLLARY 2.32. If 0 < m < <x> and m-a + c — m-b + c, 

then a + c = 6 + c. 

Proof: by 2.31. 

Corollary 2.33. If 0 < m < qo a.nd rn-a ^ md), then a ^ b. 

Proof: by 2.31. 

Corollary 2.34.^ If 0 < m < oo and rn-a = m-b, then a = 6. 

Proof: by 2.32 or 2.33. 

Theorem 2.35. If 0 < in < oo and n < oo, then m-a + ^ 

rR-6 + n-c implies a + c ^ 6 + c; and if m ^ ^ and 0 < n ^ oo, 

then the converse implication holds. 

Proof: first part by 2.11 and 2.31 ; second part by 2.17. 

Corollary 2.36. IfO < m < oo andn < oo, thenm-a + n-c — 
m-b + n-cimplies a + c = 5 + c; and if m ^ ^ and 0 < n ^ oo , 
then the converse implication holds. 

Proof: by 2.35. 

Theorem 2.37 (kuclid’s theorem).® If the numbers m < oo 
andn < oo are relatively prime and if m-a = n-6, then there is an 
element c such that a = n-c and b = m-c. 

® Corollary 2.34 for cardinal numbers is a result of F. Bernstein; the proof 
for m == 2 and an outline of the proof for the general case can be found in 
Bernstein [1], pp. 122 ff. Another, simpler proof for m = 2 was given in Sier- 
pihski [2]; and for an arbitrary m was found (but not published) by A. Linden - 
baum. Corollary 2.33, which is a generalization of 2.34, was proved in the 
case o( m — 2 by the author, and in the general case by A. Lindenbaum. The 
author has been unable to carry over the earlier proofs of 2.33 and 2.34 to the 
abstract theory of cardinal algebras; the proof of 2.31 outlined above seems 
to have but very little in common with those proofs. 

® For cardinal numbers this theorem was obtained by A. Lindenbaum. 
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Proof: We can assume that m 4= 0. As is well known, the 
hypothesis implies that there are numbers k < co and Z < oo for 
which 

(1) k-m = l-n + 1. 

We easily obtain by (1) and the hypothesis 

hence, by 2.33, 

l-a ^ k-b^ 

and we can put 

(2) l-a + d == k'h. 

From (1) and (2), by a few elementary steps, we arrive at 
m-d + (Z-n)*6 ^ {l-n + 1)‘6: 
and, by applying 2.10 (with 6 = 0 and c = b)y wc get 


nfd ^ 6 . 

Consequently, we put 

(3) 7n-d e = b. 

We easily obtain, by (1)~(3) and the hypothesis, 

{k-m)-b = c + {k-7ti)-b. 

An application of 2.12 (with a = 0, 6 = e, and c = 6) gives 

6 = e + 6, 

and further, e.g. by 1.46 and (3), 

(4) 6 = 6 + (m — l)-e = ?n-(cZ + e). 

Hence, from the hypothesis, 

Tu-a = 7n-[7i-{d + c)J, 


and therefore by 2.34 
(5) 


a = n*(d + e). 
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Thus, by (4) and (5), the element 

c = d + e 

satisfies the conclusion. 

With the help of the cancellation laws for multiples we can now 
generalize the results obtained in 2.25, 2.26, and 2.29; this will be 
done in 2.38-2.40. 

Theorem 2.38.^° If m ^ oo , n ^ co^but neither m = n = 0 nor 
fn = n = 00 , and if e ^ m-ai + dfor every i < n, then there is an 
element b such that e ^ m-b + d, and b ^ at for every i < n. 

Proof: (I) m < oo. We proceed by induction with respect 
to m. If m = 0 (and hence n 0), we take 5=0. We assume 
now that the theorem holds for m = k; and that 

e ^ (fc + !)•«»• + d for i < n. 

Given any number j < n, we obtain 

{k + l)-e ^ {k + l)*(fc-Ot •+ aj + d) 

and further, by 2.33, 

e ^ k’tti {uj d). 

Hence, by our inductive premise, there is an element bj with 

(1) e g k-bj + {aj + d) and bj g a* for i < n 

and j < n. 

By applying 2.28 to the second part of (1), we get an element c 
with 

(2) bj ^ c ^ ai for i < n and j < n. 

Hence by (1) 

e ^ ay 4- (k'C + d); 
therefore, by 2.29, we have for some 6' 

(3) c g 5' + {k-c + d), and 5' g ay for j < n. 

The proof of Theorem 2.38 (which implies the distributive law 3.27 in §3) 
is a joint result of B. Jdnsson and the author. 
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We now have by (2) and (3) 

6' g ai and c ^ ai for i < n; 

and, by applying 2.28 (with n = 2 and p = n), we obtain an element 
h with 

(4) 6' ^ c ^ 6, and h ^ai for i < n. 

From (3) and (4) it is easily seen that b satisfies the conclnsion 
for m = fc + 1 . 

(II) m = 00 . Hence, by hypothesis, n < oo , and we proceed by 
induction with respect to n. If n — 0, we take b — e. We assume 
now that the theorem holds for n — I, and that 

c ^ 00 4* d for i < Z + 1* 

By the inductive premise, there is an element 6' with 

(5) e ^ + d, and 6' S ca for i < 1; 

since, moreover, 

e ^ CO ^ai + d, 

we obtain by 2.29 (n = 2) an element 6" such that 

(()) e ^ 6" + d with 6" ^ CO •?>' and b" ^ oo . 

By applying 2.2 to the last two ineciualities, we arrive at two re- 
finements of //': 

//' = X) Sj with )\ ^ y for 2 < 00 , and 

t<O0 J<«30 

Sj g ai for j < 00 . 

Hence, by 2.1, we have 

(7) = X) hi with tij ^ y and g ai . 

t<00 J<00 

We can transform the double sequence tij into a simple one and 
apply 2.28 (with n = oo , p = 2) to the last two inequalities of (7) ; 
we obtain an element b with 

(8) Uj ^b for i < CO and j < oo, 6^6', and b ^ ai , 

(6) -(8) easily imply 


6 g 00 • 6 -f d. 
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while (5) and (8) give 

b ^ a^ for i < I 

Thus, b satisfies the conclusion torn = Z + 1 , and the proof is com- 
plete. 

By means of a simple example from the C.A. of non-negative real 
numbers (discussed below in §14), it can be shown that 2.38 may 
fail in case m = n = oo . 


Theorem 2.39. If m ^ oo,0<?i^ oo, and m-a* + d ^ e for 
every i < n, then there is an element c such that m-c + d ^ 6, and 
ai ^ c for every i < n. 

Proof: If m < oo, we reason as in the proof of 2.38, with 2.29 
replaced by 2.26. If m = oo, we obtain by 1.29 and 1.46 

+ c = and oo-at + e = c for i < n. 


Hence, with the help of 1.47, 


•L «< + e = XI C'* •«.) + e = p; 

i<n t < n 


and since, by hypothesis. 


we conclude that 


d ^ e. 


Thus, the clement 


satisfies the conclusion. 


^ Ui + d ^ e. 

t<n 


c = o* 

i<n 


Corollary 2.40. If m ^ oo , 0 < g co , but not m — n = oo , 
and if m-tti + d = e for every i < n, then there are elements b and c 
such that m-b + d = m-c + d = e, and b ^ ai ^ c for every i < n. 
The element c {but not necessarily b) exists also in case m = n = oo . 
Proof: by 2.38 and 2.39. 

Corollary 2.40 shows that, in the set of all solutions x of an equation 
m-x + d = e 
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(m an arbitrary number < Qo,d and e arbitrary elements), every 
sequence has a lower bound and an upper bound which belong to 
this set. By applying successively 2.40 and 2.28, we can show 
that this still holds for the set of common solutions x of every 
finite or infinite sequence of such equations: 

mj-x + dj = ejy j = 0, 1, 2, ••• . 

The results obtained in this section permit us, among other things, 
to develop the theory of real multiples r-a where r is an arbitrary 
non-negative real number and a an arbitrary element of our algebra. 
We first define this notion in an obvious way for rational numbers, 
and then extend it (e.g., by using sums of infinite sequences) to ir- 
rational numbers. In the rational case the unicity of r-a follows 
immediately from 2.34; in the irrational case the proof is more in- 
volved. It is not true, of course, that the multiple r-a exists for 
any given r and a (though this may be the case in some particular 
C.A.^s). Regarding this problem the following results can be 
established (with the help of 2.34 and 2.37): 

I. If, for a given element a, there is a largest integer n < oo such 
that a = n-b for some b, then, r being a non-negative real number, 
r-a exists in c ’se r-n is an integer, and does not exist otherwise, 

II. If, for a given element a, there is no largest integer n < oo such 
that a = n-b for some b, then r-a exists for every non-negative real 
number r. 

As further important theorems on real multiples we mention the 
two distributive laws: 


III. If n ^ 00 , and ro , n , • • • , r* , • • • with i < n are non-negative 
real numbers, and the elements rt-a exist for every i < n, then 
(L i<nri)-a also exists, and 

(H r,)-a = Y, (ri-a). 

i<n »<n 


IV. If n g 00 , r is a non-negative real number, and the elements 
r-ai exist for every i < n, then r-^i^n ca also exists, and 


o< = L (»■•«<)• 

i<n *<n 
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In connection with III it should be pointed out that we regard oo 
as a real number, and we put 

r,- = 00 

t<n 

in case n = oo and the sum is divergent in the ordinary sense, or 
in case at least one of the numbers r,- equals «> . 



§3. GREATEST LOWER BOUND AND 
LEAST UPPER BOUND 

As we know from §1, the relation ^ establishes in every C.A. a 
partial order. Hence we can apply to C.A.’s various notions of 
the general theory of partially ordered sets; and in the first place, 
those of the greatest lower bound and the least upper bound.^^ 

Definition 3.1. Let I be an arbitrary set; and let an element 
ai € A be correlated with every element i e /. 

(i) By the greatest lower bound of the elements ai we under- 
stand the unique element a e A which satisfies the conditions: a ^ aifor 
every i e I; and^ if x ^ ai for every i e /, then x ^ a. In symbols^ 

a = n «» • 

iel 

(ii) If I consists of two numbers, 0 and 1, and if ao = b and ai = c, 
we put 

a = 6 n c. 

Definition 3.2. Let and have the same meaning as in 3.1. 

(i) By interchanging in 3.1 (i) the sides of all inequalities {or by 
changing to ‘^0, we arrive at the notion of the least upper 
BOUND a OF the ELEMENTS Oi , In symbols, 

a = U a, . 

iel 

(ii) In the particular case considered in 3.1(ii), we use the notation 

a = 6 U c. 

We are going to state here the most important properties of the 
notions just defined. However, we shall be interested in this work 
almost exclusively in bounds of two elements and of finite and in- 
finite sequences of elements, i.e., in the case when I consists of all 
integers i with i < n ^ oo. We omit various elementary conse- 
quences of 3.1 and 3.2 which hold in arbitrary partially ordered sets 
and are not specific for C.A.’s; such consequences are assumed to 
be known.^^ For an analogous reason, when applying Definitions 3.1 

Consult in this connection Birkhoff [3]. 

12 See again Birkhoff [3]. 
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and 3.2, we shall not always refer to them explicitly. Since the 
bounds of a sequence of elements, or even of two elements, may not 
exist, most theorems will be provided with assumptions which 
secure the existence of all or some of the bounds involved. Such 
assumptions, if required, will always be explicitly stated in case 
they concern the existence of a bound which is involved in the con- 
clusion of a theorem, without being involved in its hypothesis. 

Lemma 3.3. // a ^ b, a ^ c + d, and b Ci c exists, then 

a ^ (6 n c) + d. 

Proof: By 2.4 we have 

a = tti + (h with ai ^ c and a 2 ^ d. 

Hence and by 3.1 

a ^ tti + d and ai ^ h f) c. 

The conclusion follows at once. 

Theorem 3.4. If a f] b exists, then a U b also exists, arid (a 0 b) 
+ (a U b) = a + b. 

Proof: We have 

a n f> ^ a and a f) b ^ b. 

Hence, for some c, 

(1) (a n 6) + c = a. 

Obviously 

a ^ 6 -f c and b ^ b + c. 

If now 

a ^ x and b ^ x, 

we have 

b ^ a + d = x, 

and consequently, by 3.3 (with a = b and c = a) and (1), 
b + c^ {a n b) + d + c = a + d — X. 
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Thus, by 3.2, 

(2) b + c = a U b. 

The conclusion is implied by (1) and (2). 

In connection with 3.4 it should be mentioned that the existence 
of a U 6 does not necessarily imply the existence of a fl 6. 

Corollary 3.5. If a f) b = 0, then a U 5 = a + 5. 

Proof: by 3.4. 

Two elements a and b which satisfy the hypothesis of 3.5 are said 
to be DISJOINT (or mutually exclusive). The converse of 3.5 does 
not hold; we have, for instance, for every element a 

a Uoo*a=a + oo-a= oo-a and a fl oo -a = a. 

It may be mentioned in this connection that, by 3.1, the hypothesis 
of 3.5 amounts to saying that, for every x, x ^ a and x ^ b imply 
X = 0; while, as regards the formula in the conclusion of 3.5, we have 

Theorem 3.C. In order that 

(i) a U 6 = a + 6, 
it is necessary and sufficient that 

(ii) for every x, the formulas x ^ a and x ^ b imply 

x + a + b = a+b. 

Proof: Assume (i) to hold. If 

X ^ a and x ^ 6, 

we have for some y 

00 + y = bj b ^ a + yy a ^ a + y, 
and hence by (i) 

a + b ^ a + y and x + a + b^x + a + y = a + b. 

Thus, (ii) is satisfied. If, conversely, (ii) holds, consider an element 
z with 


( 1 ) 


a ^ z and b ^ z. 
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Let 

a + a' = 6 + &^ == 2 :. 

Then 2.3 gives 

a = Xi + X 2 j a' = X 3 + Xi , b = Xi + Xz , b' = X 2 + xa • 

By (ii) we obtain 

Xi-\-ci-\-b = (i-]-bj i.e., -f- ^2 “b ^3 “f* 2 

= X2 + X3 + 2-Xi . 

Now by 2.12 

X2 + X3 + 2'Xi = X2 + Xi + Xi ; 

and hence, easily, 

(2) a + b ^ z. 

Thus, (1) implies ( 2 ) for every z. From this we conclude that (i) 
holds, and the proof is complete. 

Theorem 3.7. If a Ci c ^ b and a ^ fr U c, then a ^ b. 

Proof: We have for some d 

(a n c) + d = 6, 

Hence successively 

b ^ c + d, 5Uc^c + d, and a g c + d. 

By applying 3.3 (with b — a) io the last formula, we arrive at the 
conclusion. 

Corollary 3.8. If a Ci c = bflc and a U c == 6 U c, then a = 6 . 
Proof: by 3.7. 

Theorem 3.9. If a 0 c = b fi c and a + c = & + c, then a == b. 
Proof: We have by 3.4 and the hypothesis 

(a U c) + (a n c) = (b U c) + (a n c), a n c ^ a U c, and 

a n c ^ 6 U c. 

Hence, by 2.15, 

a U c = 6 U c. 

The conclusion follows by 3.8. 
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Theorem 3.10. If n ^ and the elements a Ci bi exist for every 
i < n, then 

(i) c ^ a and c ^ ^ b^ imply c ^ ^ (a Ci bi) ; 

i<» *<n 

(ii) if, in addition, a O^bi exists, then 

i<n 

a b^ ^ ^ (a f) b^), 

i<n i<,n 

Proof: analogous to that of 3.3, with 2.4 replaced by 2.2. 

An inequality analogous to 3.10(ii), with replaced by ‘U’, 
also holds, but is quite trivial. 

Theorem 3.11. If m < n S , a f) bt = 0 for every i with i < n 

and i 4= m, and either a C\ b^ or a r\ bi exists, then 

= E (an/>0 = aflb^. 

%<n i<n 

Proof: Assume that a fl b^ exists. We have 

a C\ bm S a and a fl S bm h ; 

i < n 

and by 3.10 

X ^ a and x ^ ^bi imply x ^ ^ {a r\bi) = a (1 6m . 

* < n t < n 

Hence the conclusion. Similarly under the alternative assumption. 
Corollary 3.12. If n ^ oo , and a Cl bi = 0 for every i < n, then 

g n y) 6> = 0. 

i<n 

Proof: by 3.11. 

Theorem 3.13. ///j g oo , 6* fl 6y = Ofor all i andj with i <j < n, 
and 

a ^ ^b^, 

*<»i 

then the elements a fl bi for i < n exist, and they are the only elements 
ai which satisfy the conditions: 

a = ^ai, and ai ^ bi for every i < n. 

i<n 
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Proof: By 2.2, there exists at least one sequence of elements 
which satisfy the conditions of the theorem. If now ao , ai , • • • , a, , 
• • • is any such sequence, we have, for any given m < n, 

am ^ a and am ^ bm • 

Furthermore, if 

X ^ a and x ^ bm y 

we clearly have 

X f) Gi = 0 for i + m, i < n, and x fl X] a* = x, 

i<n 

Hence, by 3.11, 

X r\ Gm = X S am . 

Consequently 

Gm = a V\ bm for every m < 7i. 

This completes the proof. 

Theorem 3.14. If n ^ ^,p ^ oo , 6y fl 5 a- = 0 for gU j and k with 

j < k < Pf Gud 

^ai ^J^bjy 

i<n i<^p 


then gU the elements Gi H bj with i < n Gnd j < p exists and we have 
(S at) n 6y = X] (a< n bj) for every j < p. 

t < n * < » 


Proof: By 3.13, the elements Gi 0 bj exist, and we have 
at = X) (ai n bj) for i < n, 


3<P 


whence 

(1) 


Z ai = E E (ai n b,)]. 

i<n j<P i<n 


For any given j < p we have by 3.12 and the hypothesis 

[Z (fli C bj)] n = 0 for k < p, A; 4= j, 

t < n 


Z (ffli n 6,) n z h-fe = Z (ai n b,). 

< < w k< p *<n 


as well as 
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Hence, by applying 3.11 with appropriate substitutions, 

(2) 53 («< n bj) = [53 (Oi n 6,)] n b, ^ &;• for j < p. 

* < n * < n 

By 3.13, formulas (1) and (2) imply the conclusion. 

Theorem 3.15. // n ^ oo, a + 23i<n 
bi n 6y = 0 /or all i and j with i < j < w, then the elements a fl 6* 
existj and we have 

a = (a n bi), and (a fl bi) + = bi for every i < n. 

<<n 

Proof: The existence of a 0 6* and the first formula of the con- 
clusion result directly from 3.13. To obtain the second formula, 
we apply 3.14 with 

n = 2, p — n, oo = a, and Oi = . 

• <n 

Further theorems on bounds of two elements can be obtained from 
more general results concerning bounds of sequences, to which we 
now turn. 

Theorem 3.16. Letnbe S oo . In order that 

a = n a* 

• <n 

it is necessary and sufficient that 

(i) a ^ Oi for every i < n, 
and that 

(ii) if a ^ X ^ ai for every i < n, then x = a. 

Proof: The necessity of conditions (i) and (ii) follows directly 
from 3.1. Now assume (i) and (ii) to hold. If 

X ^ Oi for i < n, 

we apply 2.28 (with n = 2 and p = n), and we obtain an element c 
for which 

X ^ c, a ^ c, and c g o, for i < n. 

Hence, by (ii). 


c = o and x ^a. 
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Consequently, by 3.1 and (i), 

a = n a* . 

• <n 

This completes the proof. 

Theorem 3.17. Lei nbe ^ In order that 

a = U a, 

*<n 

it is necessary and sufficient that 

(i) a,- ^ a for every i < n, 
and that 

(ii) if ai ^ X ^ a for every i < n, then x ~ a. 

Proof: entirely analogous to that of 3.16, with 3.1 replaced by 3.2. 
Theorem 3.18. If n S ^ o,nd ^xists^ then 

U a* ^ X) • 

»<n *< n 

Proof: by 3.2. 

Theorem 3.19. Un<oo 13t<n . 

Proof: by 2.21. 

Theorem 3.19 provides us with a new and simpler characterization 
of infinite addition in terms of binary addition (cf . the remarks which 
follow 1.17). 

Corollary 3.20. qo -a = u n<QO (n-a). 

Proof: by 3.19. 

I’heorkm 3.21. If an ^ a„+i/or every n < <x>, then U,<oo a. exists. 
Proof: by 2.24. 

Corollary 3.22. If U.<« a,- exists for every n < oo , then U,<«, o,- 
also exists, and we have 

U «< = U U a. . 

.■<M n<* »<n 

Proof: by 3.21. 

A generalization of 3.5 is 
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Theorem 3.23. 
i < j < n, then 


If n ^ 00 , and a, fl ay = 0 for all i and j with 
U a. = 53 «»• 

* < n * < n 


Proof: In case n < oo we proceed by induction based upon 3.5 
and 3.12. To extend the result to the case n = oo, we apply 3.19 
and 3.22. 


In connection with 3.21 and 3.22 it should be mentioned that 
analogous theorems regarding decreasing sequences and lower bounds 
in general fail; this will be seen from Theorem 15.12 below. We 
have, however, 

Theorem 3.24. If an = K + an 4 i and K fl On+i = 0 for every 
n < 00 , then the element ni<oo u* exists; and, in fact, it is the only element 
c such that 

fln = c + 53 ^n-H for cvcry n < 00 . 

♦ <00 

Proof: The existence of an element c with the indicated property 
follows from l.l.VII. Now let c be any such element. We have 


c ^ an for n = 0, 1, 2, 


If 


X ^ an for n = 0, 1, 2, • • • , 
we obtain by the hypothesis and 3.12 

X ^ ^ bi + c = ao and a; D 53 = 0, 

»<00 *<00 

and hence by 3.11 


X ^ c. 


Thus, 


c = n tti, 

*<00 


which completes the proof. 


A sequence ao , ai , • • • ,ai , • • • for which there is another sequence 
bo ) bi , * * ' ,bi , • • • with a^ bn H” and bn n an-\-\ ~ 0 for every 
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n < 00 may be called disjointly decreasing. Thus, by 3.24, every 
disjointly decreasing sequence has a greatest lower bound. 

A series of important distributive laws 3.25-3.32 follows. 

Theorem 3.25. // n ^ oo and nt<„ hi exists, then 

<z + n 5t = n (a “h hi). 

< < n * < n 

Proof: We have 

o + n big, a + hi for every i < n. 

<<n 

If 

X S CL hi for i < n, 
we conclude from 2.29 that for some h 

x ^ a + 5, and h ^ hi for i < n, 
and consequently 

X a + n hi. 

%<n 

Hence the conclusion. 

Theorem 3.26. 7/0 < n ^ oo and \Ji^n hi exists, then 
a + U 6* = U (a + Ih). 

* < n * < n 

Proof: analogous to that of 3.25, with 2.29 replaced by 2.26. 

Theorem 3.27. If m S oo, n ^ ^,hut neither m = n — 0 nor 
m = n = 00 , and if n*<nai exists, then 

m* n a» = n (m*at). 

i<n t<n 

Proof: analogous to that of 3.25, 2.29 being replaced by 2.38 
(with d = 0). 

Regarding the case of m = n = oo , cf . the remark which follows 
2.38. 

Theorem 3.28. If n ^ oo, m g oo, and Ui<nat- exists, then 

VI- U a* = U (m-ai). 

* < n t < n 
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Proof: analogous to 3.25, with 2.29 replaced by 2.39 (the case 
n = 0 being obvious). 

Each of the last two distributive laws, 3.30 and 3.32, is preceded 
by a lemma, 3.29 and 3.31. 

Lemma 3.29. If n ^ «, c ^ o U 5,/or every i < n, a S d, and 

n bi g d, 

i<n 

then c ^ d. 

Proof: By hypothesis we can put 

e n bi = d\ 

i<n 

hence, by 3.25, 

(1) n (e + bi) = d. 

<<w 

Consequently, in view of the hypothesis, 

a ^ e + 6,- 
and 

(2) c g a U bi ^ (e + bi) U b^ == e + bi for every i < n. 

The conclusion follows at once from (1) and (2). 

Theorem 3.30. If n ^ oo, and if all the elements a U bi with 
i <n exist, as well as nt<n bi , andeithera U ni<n 5, or nt<n (a U 6,), 
then 

a U n 6* = n (a U bi), 

* < n *’ < w 

Proof: Assume, e.g., that 

o U n 5.- 

i<n 

exists. We have by 3.1 and 3.2 

a U n 5. ^ a U bi for every i < n; 

%<n 

and from 3.29 we conclude: 

if X ^ ai)bi for every i < n, then a; ^ a U fl 6, . 

*<n 
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Hence, by 3.1, the conclusion. Analogously under the alternative 
assumption. 

Lkmma 3.31. If n ^ ^ , a d bi ^ c for every i < n, d ^ a, and 

d ^ Ubi, 

%<n 

then d ^ c. 

Proof: There are elements To , Xi , • • • , x, , • • • , 2/0 , 2 /i , * • * , 
, • • • such that, for every i < 

(1) Xt + (a n fr.) = a 
and 

(2) 2/t + (a n 6.) = hi . 

From (1), (2), and the hypothesis we obtain in an elementary way 
first 

(3) d ^ Xt + c for i < n\ 
then 

hi ^ Z] 2/* + ^ ^ 

t<n 

and hence 

(4) d Vi + c. 

*<n 

By applying 2.29 to (3) and (4), we get an element e such that 

(5) d ^ e + c, e ^ Zi for i < n, and e ^ ^yi, 

* <n 

An application of 2.2 to the last inequality gives 

(6) e = 2 with e,- ^ y,- for i < n. 

• <» 

(1), (2), (5), and (6) imply 

e, + (a n bi) ^ a, c< + (a D 6,) ^ 6, ; 
consequently, 

Ci + (ffl n 6<) = a n 6i , 
and hence, by 1.28 and the hypothesis. 
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(7) Cj + c = c for i < n. 

From (6) and (7) we obtain by 1.47 

c + c = c; 

and this formula together with (5) gives the conclusion. 

With some later applications in view (see the proof of Theorem 
11.28 below), we give here another, more elementary, proof of 3.31, 
which applies, however, only to the case when n < <x>. We consider, 
as before, the elements y,- which satisfy (2), and we obtain (4). 
Furthermore, we put, in view of the hypothesis, 

(8) + (a n bi) = c for i < n. 

(2) and (8) imply 

(9) 2 /. + c = 2 , + bi for i < n. 

Our theorem is obvious in case n = 0. If n ={= 0, we obtain from 
(4) and (9) 

^ ^ Vi ^n— 1 "t" bn—1 ; 

» < n—l 

hence, by 3.3 and the hypothesis, 

^ ^ Vi “f" ^n—\ “f" (a n bn—l} J 
* < »— 1 

and finally by (8) 

( 10 ) d ^ Vi + c. 

% < n—l 

Thus, we have derived (10) from (4). By continuing this procedure 
we obtain 

d ^ ^ y% + c for every 77i < n\ 

and, by putting here m = 0, we arrive at the conclusion. 

Theorem 3.32. If n ^ oo, and if all the elements a fl 6, with 
i < n existy as well as U.<„ 6. , and either a fl Ut<n bi or 
U»<r»(tt n bi), then 

o n u = u (a n bi), 

» < n *<n 

Proof: by 3.1, 3.2, and 3.31. 
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We omit here various elementary consequences and extensions 
of distributive laws, which are familiar from the discussion of other 
algebraic systems. 

Theorem 3.33. Ifn S «> , 6» fl = 0 for all i andj with i <j < n, 
and either the element a fl elements a fl 5* mth i < n 

exist, then all the elements involved exist, and 

a n E &* = E (« n 

*■< n *'< « 

Proof: If a fl Et<n bi exists, then all the elements a fl bi exist 
by 3.13. If all elements a fl with i < n exist, we apply 3.23 to 
the sequences ho , bi , • • • ,hi , • • * and a fl 6o , a fl 5i , • • • , a fl 5/ , 
• • • ; and by means of 3.32 we obtain the conclusion. 

In 3.11, 3.14, and 3.33 we have come across various particular 
cases of the distributive law 

^ n E ^ bi)- 

» < « » < n 

In its general form, however — ^i.e., without restrictions regarding the 
elements involved — this law fails; as is easily seen, if it were true 
(even in case n = 2), it would imply that a = 2 -a for every a. A 
similar remark applies to the analogous law obtained by changing 

‘flHo V\ 

With the help of 3,32 we can partially generalize 3.4 and 3.21: 

Theorem 3.34. If n ^ oo , and if n,’<p exists for every p-termed 
sequence Icq , ki , • • * , A;* , • • • with 0 < p < oo and < n for i < p, 
then Ut<^n Ui existSm 

Proof: In case n < <» we proceed by induction. The theorem 
being obvious forn = 0, 1, we assume it to hold for a given n = k, 
1 ^ k < 00 ; and we assume its hypothesis to be satisfied by some 
elements Uq ,ai , • ai , • • • with i < k + 1. We conclude that 

U Ui+i and U (uo fl Ui+i) 

i<k i<k 

exist. Hence, by 3.32, 

ao n U 

i<k 

exists; and, by applying 3.4, we obtain the conclusion forn = A; + 1. 
By 3.22, the result can be extended at once to the case n = oo . 
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We conclude this section with two rather special theorems regard- 
ing the existence of bounds. The notions of a well ordered set 
and of an at most denumerable set, which occur in these two 
theorems, are assumed to be known. 

Theorem 3.35. Let Oo , , • • • , ett , • • • he any elements with 

i < n ^ 00 , and let B be the set of all elements x such that x g a, for 
every i < n. If every subset of B which is well ordered by the relation 
^ is at most denumerable y then ni<n a* exists. 

Proof: By means of the well-ordering principle and in view of 
the hypothesis we can construct an infinite sequence of elements 
5o , , • • • , , • • • in H such that 

bj ^ bj^.i for y < 00 , 
and such that there is no a; in H with 

bj g X and bj x ^ for j = 0, 1, 2, • • • . 

By 2.28 (or 3.21) we obtain an element b with 

bj ^ b ^ ai for i <n and i < oo ; 
and we easily see that b satisfies conditions (i) and (ii) of 3.16. Hence 

n a, - 6. 

i<n 

Theorem 3.36. Let ao , ui , • • • , a* , • • • be any elements with 
^ < n ^ 00 , and let B be the set of all elements x such that ai ^ x for 
every i < n. If every subset of B which is well ordered by the relation 
^ is at most denumerable, then u R* exists. 

Proof: analogous to that of 3.35, with 3.16 replaced by 3.17. 
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We want to discuss now certain important kinds of elements in 
a C.A. 

Definition 4.1. An element a e A is called idem-multiple if 

a + a = a. 

Corollary 4.2. 0 is idem-multiple. 

Proof: by 4.1. 

Theorem 4.3. 7/ 1 < n ^ oo and 0 < p < q ^ co ^ then the fol- 
lowing conditions are equivalent: 

(i) a is idem-multiple \ 

(ii) n^a ^ a; 

(iii) pa = g-a. 

Proof: Conditions (i) and (ii) are equivalent by 1.46 and 4.1. 
Hence (i) implies (iii); and from (iii) we derive (ii) by means of 1.46 
and 2.12. 

Theorem 4.4. If a is idem-multiple , then, for every b, the formulas 
a ^ b and a b = b are equivalent, and so are the formulas b ^ a 
and 6 + a = a. 

Proof: by 1.28, 1.30, and 4.1. 

Theorem 4.5, For every element a, oo -a is idem-multiple; if b 
is idem-multiple and a S b, then oo -a ^ b. 

Proof: by 1.29, 1.43, 4.1, and 4.4. 

Theorem 4.6. If at least one of the elements a and b is idem-mul- 
tiple, then a + 6 = a U 6. 

Proof: by 3.6 (or 3.2) and 4.4. 

Theorem 4.7. If n ^ oo, and all the elements at with i < n are 
idem-multiple, then ^ ai and U a* are idem-multiple, and 

t < n *<n 

5] = U a,-. 

* <» »<» 
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Proof: 23 is clearly idem-multiple by 4.1 (and 1.45). If 

t<» 

ai g X for every i < n, 
we obtain by 4.4 (and 1.47) 

23 ^ 

<<n 

Hence, and by 3.2, the formula of the conclusion follows at once. 

Theorem 4.8. If n ^ 00 , 0^0 a, = Ofor i < j < w, and «t 
is idem-multiple, then all the elements ai with i < n are idem-multiple. 
Proof: We apply 3.15 with 

a — ^ ai and hi = ai\ 

i<n 

by 4.1 we obtain directly the conclusion. 

Theorem 4.9. //O < n ^ 00 , ni<n ai exists, and all the elements 
ai with i < n are idem-multiple, then is idem-multiple. 

Proof: by 4.1, and either 3.1 or 3.27 (with m = 2 ). 

Definition 4.10. An element a e A is called finite if, for every 
X e A, a; + a = a implies a: = 0; otherwise, it is called infinite. 

Corollary 4.11. Every idem-multiple element a 4 = 0 zs infinite. 
Proof: by 4.1 and 4.10. 

Corollary 4.12. // a 4 = 0, then 00 -a is infinite. 

Proof: by 4.5 and 4.11. 

Corollary 4.13. 0 is finite. 

Proof: by 4.10. 

Corollary 4.14. If a is finite and b ^ a, then h is finite. 

Proof: by 1.28 and 4.10. 

Corollary 4.15. // 0 < w ^ 00 , nt<nOi exists, and at least one 
of the elements ai with i < n is finite, then nt<n Oi is finite. 

Proof: by 4.14. 

Theorem 4.16. If n < <x), and all the elements ai with i < n are 
finite, then 2 i<n a, is finite. 

Proof: If 

+ «< = H ^i, 

i-<n *< »» 


X 
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we apply 2.19 and, by means of 4.10, we obtain 

X — 0. 

(The same conclusion can be obtained by indiu^tion from Theorem 
4.19 below, whose proof does not involve 4.10.) Hence, by 4.10, 
is finite. 

Corollary 4.17. ff n < oo, Ut<n e.2:y s/6‘, and all Itic elements 

with i < n arc finite, thm U »<,*«» is fimite. 

Proof: by 3.18, 4.14, and 4.10. 

Theorem 4.18. Ifn ^ oo,a, fl = 0 jor alii and j with i < j < n, 
and all the elements a, with i < n are finite, them ^i<nai is finite. 
Proof: analogous to 4.10, with 2.19 replaced by 3.15. 

Theorem 4.19.^^ The folloiving three conditions are equivalent: 

(i) c is finite; 

(ii) a + c = 6 + c implies a = b for any a and b: 

(iii) a c ^ b + c implies a ^ b for any a and b. 

Proof: From (i) we derive (iii) l)y means of 2.9 and 4.10; (iii) 
clearly implies (ii); and, by putting 6 = 0 in (ii) and applying 4.10, 
we obtain (i). 


Thus, the cancellation laws for sums prove to hold for arbitrary 
finite elements of a C.A. 

Corollary 4,20. If a c — b + d, c ^ d, and c is finite, then 
b ^ a. 

Proof: by 4.19. 


Theorem 4.21 . Let 0 < n ^ oo , and lei c be finite. If ai + 6^ = c 
for every i < 7i, and cither ni<n«t or Ui<n 5* exists, then both these 
elements exist, and 

fl U bi = c. 

» < n * < n 


Proof: Assume, e.g., that U»<n5, exists, 
and the hypothesis. 


U bi ^ c. 

i<n 


We then have, by 3.2 


Let 


d 4- U = c. 

*<n 


This theorem (originating with the author) is stated, in its application to 
cardinal numbers, in Lindenbaum-Tarski [1], p. 302. 
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We easily show, by means of 3.1, 4.14, and 4.20, that 

d = n 

*<n 

Hence the conclusion. To obtain the same result under the assump- 
tion that ni<n ttt exists, we have to apply, in addition, 3.17. 

Corollary 4.22. If a and b are finite and aU b exists^ then a 0 b 
also exists and (a Ci b) + {a U b) = a + b. 

Proof: by 4.10 and 4.21 (with n = 2, ao = Ih — a, and bo = 

ai = 6). 

Corollary 4.23. If a and b are finite, and a D b = a + b, then 

a n 5 = 0. 

Proof: by 4.10, 4.10, and 4.22. 

Theorem 4.24. If an-n ~ cin for every n < and at least one 
of the elements an with n < ^ is finite, then Dt^n at exists. 

Proof: We can obviously assume without loss of generality 
that ao is finite. We have, by hypothesis, for some elements bo , 

bl , ••', bn , * * * J 

dn + bn- ttn+i + = «o for every n < 

Hence, by 4.13 and 4.20 

bn g 6nfi for n = 0, 1, 2, • • • . 

Consequently, Ut<oo exists by 3.21, and nt<ooat exists by 4.21. 

Corollary 4.25. If exists for every n with 0 < n < oo, 

and at least one of the elements ai with i < oo is finite, then n,<oo «»• 
exists and 

n flt = n n a» . 

<<00 n<oo <<n-f-l 

Proof: by 4.15 and 4.24. 

By means of 3.30 and 4.25, we could now generalize 4.22 in the 
same way in which 3.4 was generalized in 3.34. 

Definition 4.2G. An element a e A is called multiple-free 
if, for every x e A, 2-x ^ a implies x = 0. 

The meaning of this definition would perhaps be clearer if we 
used a multiplicative terminology; it would then be seen that mul- 
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tiple-free elements correspond to what are called in number theory 
^square-free’ integers, i.e., integers which are not divisible by any 
square different from 1. 

Corollary 4.27. No multiple-free element a 4^ 0 idem-multiple; 
every multiple-free element is finite. 

Proof: by 4.1, 4.10, and 4.26. 

Corollary 4.28. 0 is multiple-free. 

Proof: by 4.20. 

Corollary 4.29. If a is ynultiple-free and b ^ then b is multiple- 
free. 

Proof: by 4.26. 

Corollary 4.30. // 0 < n ^ qo, n»<n exists, and at least one 

of the elements a, with i < n is midtiple-free, then nt<n cii is multiple- 
free. 

Proof: by 4.29. 

Corollary 4.31. If n ^ a is midtiple-free, and a = n-b, 
then a = 0 or else n = 1 and a = b. 

Proof: by 4.26. 

Theorkm 4.32. Let nbe In order that a* be imdtiple- 

free, it is necessary and sufficic7it that 

(i) ai n ay = 0 for all i and j with i < j < n, 
and 

(ii) all the elements a* with i <nbe multiple free. 

Proof: Assume ^icna^ to be multiple-free. If 

i < j < n, X ^ ai , and x S cl j , 
we easily conclude from 4.26 that 

a; = 0. 

Hence (i) holds; (ii) follows from 4.29. Assume now that (i) and 
(ii) hold, and consider an element x with 

(1) 2-x g 23 a<- 

i<n 
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By applying successively 2.2 and 2.1, we obtain: 

(2) X - ^ Vi = ^ Zi where + 2< g Oi for i < n. 

* < n t < n 

By 3.13, (i), and (1), the formulas just given imply 
Vi = X r\ at = Zi for i < n; 
hence, by 4.26 and (ii), and with the help of (2), 

Vi = 0, 

so that finally 

(3) X = 0, 

Thus, (1) implies (3). Hence, by 4.26, ^i^nai is multiple-free, 
and the proof is complete. 

Theorem 4.33. If n ^ oo, a ^ n-bj and a is multiple-free, then 
a ^ b. 

Proof: By 2.2 we obtain 

a ^ Qi, and a< g b for i < n, 

*<n 

Hence, by 3.23 and 4.32 we conclude that 

a = U a,- where Ui ^ b for i < n; 

*<n 

and this immediately implies the conclusion. 

Theorem 4.34. If n ^ oo, exists and is finite, and all 

elements a,- vnth i <, n are multiple-free, then Ui<n is multiple-free. 
Proof: Consider an x for which 

(1) 2-a: g U Ci. 

t<n 

Hence, for some y, 

(2) 2-a: + 2/=Ua.; 

*<n 

therefore 

ttt* ^ 2'X + 2/ ^ + 2/) for i < n. 

and consequently, by 4.33, 

o>i S X + y for i < n. 
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This gives 

(3) U Ci ^ z y. 

»<n 

From (2) and (3) we easily obtain 

a; + U Of = U a< ; 

* < n * < n 

and hence, by 4.10 and the hypothesis, 

(4) X = 0. 

Thus, (1) implies (4); the conclusion follows by 4.26. 

Corollary 4.35. If n < oo, Ut<nat exists, and all elements ai 
with i < n are multiple-free, them U,<n eix is multiple-free. 

Proof: by 4.17, 4.27, and 4.34. To justify some later remarks 
(see the proof of Theorem 11.28), we notice that an application of 
4.17 can be avoided here since we can show directly that U,<n «t 
is finite. In fact, in view of 3.18 and 4.14, it suffices to show that 
is finite; and this in turn reduces to proving that, for any 
a, 6, and c, 

(1) a + c = 5 + c 
implies 

(2) a = 6 

under the assumption that c is multiple-free. (Cf. here a remark 
in the proof of 4.16.) Now, from (1) we obtain by 2.3 

(3) a — di d 2 ^ h = di dz , and c — d^ d^ d 2 d^ 

for some elements di , ^ 2 , da , and ^ 4 . The last of these formulas 
implies, by 4.32 and 3.5, 

^2 n ^4 = da n d4 = 0 and d 2 U d4 = da U d4 = c; 
hence, by 3.8, 

(4) da = da ; 

and from (3) and (4) we obtain (2). The argument may seem some- 
what complicated; actually, however, it is quite elementary, whereas 
the proof of 4.17 involves some deeper results of §2. 
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The problem remains open whether the assumption of finiteness 
in 4.34 is essential; i.e., whether or not 4.35 can be extended to the 
case when n = oo . By means of 4.32 we can show, however, that 
the least upper bound of an increasing sequence of multiple-free 
elements is always multiple-free. 

Theorem 4.36. If n S ai ^ b for every i < n, and b is mul- 
tiple-free, then Ut<n di exists and is multiple-free. 

Proof: If n < oo , we prove the existence of Ut<n ca by induction. 
The case n = 0 is obvious. If now the conclusion holds for a given 
n, we put 

(Xn “f" ^ ~ 

We have, by the inductive premise and 4.32, 

a„ n c = 0 and U a, ^ a„ + c. 

»<n 

Hence, by 3.13, 

( U a<) n a„ 

*<n 

exists; and, by applying 3.4, we conclude that Ut<n^ i also exists. 
By 3.22 the result can be extended by induction to the case n = oo . 
The last part of the conclusion follows from 4.29. 

Theorem 4.37. // 0 < n ^ oo and if, for every i and j with i ^ 
j < n, there is a multiple-free element b with a*- ^ b and ay ^ b, then 
n»<nai exists and is multiple-free. 

Proof: In case rx = 1 the theorem obviously holds by 4.29. In 
case rx = 2 the theorem follows from 3.13, 4.29, and 4.32 (or else 
from 4.22, 4.27, 4.29, and 4.36). The result can be extended by 
induction to every finite n, and by 4.25, 4.27, and 4.29 to the case of 
n = oo. 

Definition 4.38. An element a e A is called indecomposable 
if a ^ 0 and if, for any x and y in A, x y = a implies that :r = 0 
or y = 0. 

The importance of the notion of an indecomposable element (and 
also of the notions of a finite and of a multiple-free element) is re- 
stricted by the fact that in many C.A.’s no such elements occur at all. 
There are also C.A.’s which contain only indecomposable elements 
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in a weaker sense, i.e., elements a 0 for which x + y — a implies 
that X = 0 or a: = a; or in a still weaker sense — elements a 4^ 0 for 
which X y == a implies that a; = a or 7/ == a. We are not going to 
discuss here these weaker notions of indecomposable elements. 

Corollary 4.39. No indecomposable element is idem-multiple; 
every indecomposable element is finite and multiple-free. 

Proof: by 4.1, 4.10, 4.26, and 4.38. 

Corollary 4.40. If a is indecomposable and b ^ a, then 6 = 0 
or b = a. 

Proof: by 4.38. 

Corollary 4.41. If a is indecomposable, then, for every b, a S b 
or a 0 b = 0. 

Proof: by 4.40. 

Corollary 4.42. If n ^ ais indecomposable, and 

a = Yjhi, 

*<n 

then there is one and only one number i < n such that 6, = a, while 
Ij = 0 for every j with j < n and j 4= i. 

Proof: by 4.38. 

Theorem 4.43. Ifn ^ , a is indecomposable, and 

a ^ ^ bi, 

i-<C,n 

then a ^ bi for some i < n. 

Proof: by 2.2 and 4.42. 

Theorem 4.44. If p ^ the elements h , bi , • • • , bi , • • • are 
indecomposable, and 

a ^ ^ hi, 

*<p 

then there is a number n ^ p and a sequence of integers mo , mi , • • • , 
mi , • • • suxh that 

tt = hrrn J mi < p for i < n, and mi < m^ for i <j < p. 

<<n 

Proof: By 2.2 we have 

a = a* where a* g bi for i < p. 

i<p 
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Hence, with the help of 4.40, the conclusion. 

Theorem 4.45. If n S p ^ the elements ao , ai , • • • , 
a* , • • • and 6o , 6i , • • • , • are indecomposable , and 

Z a.- = E h, 

i<n j<p 

then n = py and the sequences ao , , * • • , a* , * • * and 6o , , * • * , 

bj y • • • differ at most in their order. 

Proof: By 2.1 there is a double sequence of elements c*,; with 

ai = ^ Ci,j and bj = Yh <^u ior i < n and j < p, 

j<P *<W 

By 4.42 we infer that for every i < n, or j < p, there is one and 
only one number j < p, or i < n, with 

di — Ci,j = bj . 

Hence easily the conclusion. 

Theorem 4.46. If n ^ oo y p ^ co y the elements ao , , • • • , , 

• • • are different from 0, the elements 6o , ?>i , * • * , ?>y , are inde- 
composable y and 

^ ai ^ ^ ^ bj y 
i<n / < p 

then n ^ p. 

Proof: By 4,44, the element 2^t<n ai can be represented as a sum 
of m indecomposable elements with m ^ p. By applying 4.44 
again, we obtain a decomposition of each of the elements a, into 
mi indecomposable elements; since a, 4= 0, we have also m* 4= 0. 
Thus, in view of 1.42, been decomposed into I indecom- 

posable elements where 

I == Y2 nii (and Z = oo in case n = oo ). 

%<n 

Hence, with the help of 4.45, 

n ^ I = m ^ Py 

and this gives the conclusion at once. 

Theorem 4.47. // n, Zo , , • • • , Z,- , • • • are integers ^ oo , Z)o, 

bi y • • • ybi y • • • are indecomposable elementSy bi 4= bj for i < j < n, and 

a s (Ji'b^y 

i<n 
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then there is a uniquely determined sequence of integers K y k\ ^ • , 

ki y • • • with i < n such that 

i<n 

and we have ki ^ Z, for every i < n. 

Proof: The existence of such a sequence results from 2.2 and 
4.44; its unicity is a consequence of 1.42 and 4.45. 

Theorem 4.48. If n ^ oo , and each of the elements with i < n 
can be represented in the form 

ffl.- = L 

i<p 

where p ^ oo and the elements 5o , 6i , - • * , 5; , • • • are indecomposable^ 
then the element cl% can also be represented in this form. More- 

overy the elements ni<n (in case n 4= 0) and U»<n cii exist and have 
also a similar representation. 

Proof: The first part of the theorem is obvious (in view of 1.42). 
To derive the second part, Ave recall that the representations of 
elements a* arc uniciue by 4.45; and we arrange all elements occur- 
ring in these representations in a single sequence Co , Ci , • • • , cy , 
• • • with j < q S ^ f and Avithout repeating terms. As is easily 
seen (from 1.42) aa^c have then, for every i < n, 

ai = (mi,rCj) 

3<q 

where m^,j are numbers g oo (some of them may equal 0). Given a 
number j < q, let kj be the smallest among the numbers m,,y Avith 
i < u'y and let /y be the least upper bound of the numbers mj.y , i.c., 
the largest such number, or oo in case no largest number m^.y exists. 
We now shoAv Avithout difficulty that 

^ (kj-c,) = n tti and ^ = U 

j<q »<n j<q i<n 

In fact, the first formula follows from 3.1 and 4.47, and the second 
from 3.17 and 4.47 (or else from 2.22, 3.2, 3.12, 3.23, 4.40, and 4.41). 
Hence the conclusion. 

Theorem 4.49. Every element a satisfies one and only one of the 
following two conditions: 
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(i) there is an infinite sequence of elements bo, bi , • • • , bi , • • • 
different from 0 such that 

a ~ ^ ^ bi j 

»<oo 

(ii) there is a finite n-termed sequence of indecomposable elements 
Co , C \ ) * * * ) Ci ) * * * such theitt 

a = c*. 

*<n 

Proof: Assume a not to satisfy (ii). Then a must be + 0, and 
cannot be indecomposable ; and hence we have by 4.38 

a ^ X + y, X ^ 0, 2/ =t= 0. 

It is easily seen that at least one of the elements x and y, say y, does 
not satisfy (i); we put 

ao = a, ho = x, ai = y. 

By repeating this procedure infinitely many times, we arrive at 
two infinite sequences Qt and 6* with 

On — bn + ttn+x , Un + 0, and 6^ "4= 0 for n = 0, 1, 2, • • • ; 

and, by applying 1.1. VII, we obtain 

uo = c + ^ fe,'. 

*<00 

Hence we see that (i) holds. Thus, every element a satisfies one 
of the conditions (i) and (ii) ; and 4.46 implies that it cannot satisfy 
both these conditions. 

With this we conclude the discussion of arithmetical properties 
of cardinal algebras. 
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METHODS OF CONSTRUCTION 




§5. ELEMENTARY PROPERTIES OF GENERALIZED 
CARDINAL ALGEBRAS 


The results established in Part I will now be extended to a wider 
class of algebraic systems which will be referred to as generalized 
CARDINAL ALGEBRAS. This will widen considerably the range of 
applications of the results obtained. Moreover, the new algebras 
have also a significance for the study of C.A.’s in themselves; for 
certain interesting methods of construction are known which lead 
from C.A.’s, not to new C.A.’s in the strict sense, but to generalized 
C.A.’s, while other methods enable us to obtain important examples 
of C.A.’s in the strict sense from algebras of the wider class. 

A generalized cardinal algebra is again a system constituted by 
a set A of arbitrary elements and by two operations of addition, 
+ and However, the defining postulates differ essentially from 
those given in 1.1 by the lack of the general closure postulates, 1.1.1 
and 1.1. II. Thus, a sum of two elements of one of the new algebras 
need not belong to this algebra, and may not even exist at all; which 
of the two cases actually occurs is quite irrelevant for our discussion. 
At any rate, generalized cardinal algebras may be very ‘imperfect’ 
systems from an orthodox algebraic point of view. 

Definition 5.1. An algebraic system 31 = (A, +, 23) which satis- 
fies the following postulates I-V is called a generalized cardinal 
ALGEBRA j foT abbreviation, a G.C.A, {and under the same conditions 
the set A is said to be a G,C.A, under + and 23)-' 

I. If Oi € A for every z < oo and 23»<«> ai e A, then 

23 «i+i ^ A and 2 • 

»<CO *<00 *<00 

II. //a* , bi , Ui + bi e A for every i < co and 23t<« ^ A, 

then 

2 ^ a* , 23 ^ A and 23 (<*» + 5*) = 53 «»• + 23 5* . 

*<00 *<00 *<00 *<00 *<00 

III. Postulate 1.1. V. 

IV. Postulate 1.1. VI, with the hypothesis supplemented by the con- 
dition that a + b is in A. 
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V. Postulate 1.1. VII, wiih the conclusion supplemented by the condi- 
tion tfmt all sums 2^i<oo bn+ijor n < oo are in A, 

We can extend to G.C.A.’s all the notions which have been defined 
in the arithmetic of C.A.’s: 

Definition 5.2. Definitions 1.2-1.5, 3.1, 3.2, 4.1, 4.10, 4.26, 
and 4.38 apply without change to an arbitrary G.C.A, and^ more gen- 
erally, to an arbitrary algebra 21 = (A, +, 2). 

Of course, the sum of a finite sequence and the multiple 

n-o, as defined in 1.3 and 1.4, are understood to exist only if the 
defining infinite sums exist. Definitions 3.1 and 3.2 will be applied 
in practice only to those algebras which are partially ordered by 
the relation g. 

Trivial examples of G.C.A.'s can be obtained in the following way. 
We consider an arbitrary non-empty set A and single out an element 
0 in it. Furthermore, we define the operations + and ^ by putting: 

a-f-0 = 0 + a = a for every a e A, 2*<«> case 

n < 00 , an e A, and a* = 0 for every i with i < oo 
and i 4= n\ 

and by assuming that in no other case does the sum a + 6 or X)t<oo ai 
exist. The algebra 21 = {A, +, ^) is clearly a G.C.A. in which 
every element different from 0 is indecomposable. We shall later 
come across much more interesting examples of G.C.A.^s. 

We can now extend to G.C.A.’s, step by step, all the theorems 
established in Part I, by providing these theorems with additional 
assumptions which secure the existence of all or some of the sums 
involved. However, in view of the lack of the general closure 
postulates, the proofs require as a rule somewhat more care; and in 
more difficult cases (as, for instance, in the proof of 2.31) this defect 
may cause considerable complications. It is therefore fortunate 
that a result stated below in 7.8 will provide us with an automatic 
method of extending to G.C.A.’s arithmetical theorems which apply 
to arbitrary C.A.^s. This result, however, cannot be obtained 
without several preliminary steps. In the first place, a number of 
elementary theorems of Part I must be extended to G.C.A.’s directly. 
This is what we are going to do now. 

In formulating the theorems just mentioned we shall, as before. 
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omit the assumptions by which the elements involved belong to 
the set in a given G.C.A. ?t = (^, +, however, the necessary 
assumptions regarding the existence of sums will always be stated 
explicitly. 

Theorem 5.3. If ^ ^ ao + Xlt<oo di+i £ A, then 

Ui = Oo + a»+i. 

*<00 *<00 

Proof: By an easy induction we conclude from 5.1.1 that 
^n+i+l ^ A and “f” Ctn-H+2 

t<00 *<00 *<00 

for every n < « . Hence, by putting 

&o = ao + 13 a<+i and b„+i = a„+,+i for n = 0, 1, 2, • • • , 

*<00 »<oo 

we see that the hypothesis of 5.1.V, with Ui and bt interchanged, is 
satisfied. Consequently, 

23 die A; 

<<«0 

and, by applying 5.1.1, we at once obtain the conclusion. 

Theorem 5.4. 0 s A; and we have a + 0 = 0 + a = a/or every 
a e A, and • 0 = 0 for every n ^ oo . 

Proof: practically the same as that of 1.6 and 1.7; 5.3 and 5.1. II, 
III, V are used instead of 1.1. Ill, IV, V, and VII. 

Corollary 5.5. a ^ a and Q ^ a for every a e A. 

Proof: by 5.2 (1.5) and 5.4. 

Theorem 5.G. X)»'<o«* = 0 and 2!^*<ia* = Oq ;if X.<2a» eAor 
aQ + aiE A, then 2»<2 o>i = ao + Oi . 

Proof: The first two formulas follow directly from 5.2 (1.3, 1.4), 
5.3, and 5.4. To derive the last formula, we put 

a* = 0 for i = 2, 3, • • • . 

Then, by the second formula and 5.2 (1.4), we have 

Ri+i = ai . 

*'<00 

Now, by using either 5.1.1 or 5.3, we arrive at the conclusion. 
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Theorem 5.7. Theorem 1.10 holds in G.C.A.^s. 

Proof: unchanged. 

Theorem 5.8. If a + b e A, then a + 5 = 6 + a. 

Proof: by 5.1. II (with ai = 6, 5o = a, and ao = ai +2 = 5t-fi = 0 
for i = 0, 1, 2, • • •), 5.2 (1.3), 5.4, and 5.6. 

Theorem 5.9. If either a + 5 and (a + &) + c are in A or else 
6 + c and a + (6 + c) are in A , then all these sums are in A , and we 
have 

(a + b) + c = a + (b + c). 

Proof: analogous to that of 5.8 (or 1.14). For instance, under 
the first alternative we put in 5.1. II: ao = a, 6o = b, bi = c, and 
Oi+i = bi ^2 = 0 for ^ = 0, 1 , 2, • • • ; and we apply 5.2, 5.4, and 5.6. 
The second alternative can be reduced to the first by means of 5.8. 

Corollary 5.10. If a ^ b and b S c, then a ^ c. 

Proof: by 5.2 (1.5) and 5.9. 

Theorem 5.11. If n < ^ and ^i<ooa^ e A, then an + ctn+i € A. 
Proof: By a repeated application of 5.1.1 we easily conclude that 

Z) o„ 4 j = a„ + (a„+i + 23 a„+.+ 2 ) for every n < «, 

<<00 <<00 

all the sums involved being in A, The conclusion follows from 
the second alternative of 5.9. 

Theorem 5.12. If n ^ oo, and either 
£i<n ^141 cind ao + 2^t<n (it^i a>re in A, then all three siims are in A, and 

ai = ao + X} • 

<<n4-l <<n 

Proof: by 5.2 (1.3), and 5.1.1 or 5.3. 

Corollary 5.13. If oo ^a e A, them oo-a = a+ oo-a = oo-a + a. 
Proof: by 5.2 (1.4), 5.8, and 5.12. 

Theorem 5.14. If 7i < oo , and eitJwr X)i<w 4 i i^ i'^^ ^ «< 
and X]i<ri + «n are in A^ them all three sums are in A, and 

^ ^ a* = ^ ^ ai “b a>n . 

< < n 4-1 * < » 

Proof: by induction based upon 5.4 (1.6), 5.6, 5.9, and 5.12. 
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Theorem 5.16. If n < oo , and either X]i*<oo di is in A, or53,<n di , 
Z^i<oo dn+i , dnd ^icn di + an 4 » dvc in A, then all these sums 

are in A, and we have 

S 2 an-ii, 

t<00 *<« t<00 

Proof: by induction with respect to n (5.4, 5.6, 5.9, 5.12, and 5.14). 

Theorem 5.16. If n < oo, and ai = 0 for every i with i < oo and 
i =1= n, then 

di = Un . 

* <00 

Proof: By 5.2 (1.3, 1.4), 5.4, and 5.6 we have 
^ = 0 and ^ an 4 t = . 

*<n t<oo 

Hence, by 5.4 and 5.15, the conclusion. 

Theorem 5.17. If a == c + b and b = d + a, then a = b. 

Proof: By 5.8 and 5.9 we obtain 

a — (d + c) + a. 

Hence, by 5.1.V and 5.2 (1.4), there is an element e with 
a = e 00 .(d + c). 

By applying 5.1. II (with a^ = d and bi = c), 5.8, and 5.9, we con- 
clude that 

(1) a = 00 -d + (oo -c + e). 

Hence, by 5.13 and 5.9, 

(2) a = (d + 00 -d) + (oo -c + e) = d + [oo -d 4- (oo -c + e)]. 

(1) and (2) give 

a — d + a; 

and this, together with the hypothesis of the theorem, at once implies 
the conclusion. 

Corollary 5.18. If a ^ b and b ^ a, then a = b. 

Proof: by 5.2 (1.5), 5.8, and 5.17. 
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Thus, by 5.5, 5.10, and 5.18, the relation g establishes a partial 
order in every G.C.A. 

Corollary 5.19. // a + 6 = 0, then a = 5 = 0. 

Proof: by 5.4 and 5.17. 

Corollary 5.20. If n < cx> and ~ 

Proof: by 5.14 and 5.15 we obtain: 

(li + Ctn) + ^ = 0. 

<<n »<oo 

Hence, by 5.19, the conclusion. 

Theorem 5.21. Theorem 1.36 holds in G.C.A.'s. 

Proof: by 5.1.1, 5.1.V, 5.2 (1.5), 5.8, and 5.17. 

Theorem 5.22. If ^ every i < co and 

^i<oo ^j<oo dij is in Ay then also 2^t<oo Ciij is in A for every j < <» , 
and we have 

Z 

i<co ;<00 /<«> *<00 

Proof: By 5.15 we have for any given n < co 

(1) 0>i,j ~ 0,%,] "f" f 

j<oo 3<n y<oo 

and by 5.1.1 we obtain 

(2) ^i,n +3 ~ (^i,n H” ®»,n+/+l • 

/<oo /<«> 

Since ^*<00 is in A, we infer from (1) and (2) by applying 

5.1.11 twice, that 

(3) ®»,n+y ~ "h Ct»,n+y+l 7 

«<oo ;<oo i<oo »<oo y<oo 

all the sums involved being in A. By putting 
On = Z Z Oi,„+/ and b„ = o<.„ for w = 0, 1, 2, • • • , 

*<00 y<oo *<00 

we conclude from (3) by 6.1.V that 

Z Z dijeA 

y<oo *<00 

and that, for some c, 

(4) Z Z o.-,/ = c + '£, o.-,,-. 

*<« y<«® ;<«o *<oo 


= z z 
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The existence of all sums involved being now secured, we obtain in 
an entirely analogous way 

(5) 2 2 «i.J = H • 

y<oo <<00 <<00 ;<oo 

The conclusion folloAvs from (4) and (5) by 5.17. 

Theorem 5.23. Theorem 2.1 holds in G.C.A.'s (imder the assump- 
tion that is in A), 

Proof: virtually unchanged. 

These are all the arithmetical theorems which we need for the 
time being. 

A G.C.A. which satisfies both closure postulates 1.1.1, II is ob- 
viously a C.A. Notice in this connection the following: 

Theorem 5.24. For an algebra ?f = {A^ -\- , ^) to he a C.A, 
it is necessary and sufficient that be a G.C.A. and that it satisfy 
Postulate 1.1. II. 

Proof: If M is a G.C.A. which satisfies 1.1.11, it follows from 5.2 
(1.3), 5.4, and 5.G (last part), that it also satisfies 1.1.1, and hence 
is a C.A. The converse is obvious. 

Theorem 5.25. For an algebra ?f = {A, ^ to be a C.A. 

it is necessary and sufficient that SI he a G.C.A. and that, for any ele- 
ments Uo , ai , • • • , Ui , • • • f A with f < <» , there exists an idem-multiple 
element b e A such that S b for f = 0, 1 , 2, • • • . 

Proof: The necessity of the conditions is almost obvious; in view 
of 4.5, ^xc can put 

6 = 00 ■ Gi. 

<<00 

Now assume these conditions to be satisfied. Let oo , Oi , • • • , Oi , 

• • • be any elements in A . Then there is an idem-multiple element 
be A such that 

Oi ^ b. 

and hence, for some elements co , Ci , ■ • • , d , ■ • • e A, we have 
o< + Ci = b for i = 0, 1, 2, • • • . 

Since, by 5.2 (4.1), 


6 = 6 + 5, 
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we conclude from 5.1.V (with a* = 6* = b) that 

6 = CO ‘b £ A, 

* <00 

Hence 

^ (at + Ci) = «> -be A, 

t <00 

and therefore, by 5.1.11, ^t<oo is in A . Thus, the G.C.A. ?l satis- 
fies 1.1.1; and consequently, by 5.24, it is a C.A. This completes 
the proof. 

We shall sometimes be concerned with G.C.A.'s which satisfy 
1.1.1. without necessarily satisfying 1.1. 11. 

Definition 5,26. An algebra = (A, +, is said to be 
FINITELY CLOSED if it satisJUs Postulatc 1.1.1. 

Corollary 5.27. If is a finitely dosed G.C.A,, 

n < 00 , and ao , ai , • • • , , • • • f A, then 

2 CLi^A. 

i<n 

Proof: by 5.4, 5,6, 5.14, and 5.26. 
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In our further discussion we shall frequently be concerned in the 
same definition or theorem with two or more different algebras. 
Sometimes we shall use the same symbols, and when 
referring to fundamental operations of different algebras. This will 
be avoided, however, in cases in which it might easily result in con- 
fusion; we shall then employ different symbols for different algebras. 
For instance, we shall use the fundamental operation symbols pro- 
vided with an apostrophe, a subscript, etc. ; and in such a case other 
symbols which have been introduced in Part I, like ‘O’, ‘g’, ‘U', 
etc., will also be provided with the same apostrophe or subscript. 

We can apply to C.A.’s and G.C.A.’s various notions which 
are familiar from general algebra, like those of isomorphism, homo- 
morphism, and CARDINAL (or direct) product. As is well known, 
certain general methods of constructing new algebras from given 
ones are correlated with the notions just mentioned. By means of 
these methods we shall be able to establish in the next section a funda- 
mental theorem by which every G.(\A. can be imbedded in a C.A. 
Since the methods in question are to be applied to rather ‘unorthodox’ 
algebraic systems, the definitions of all relevant notions will be 
formulated here explicitly. We are not going, however, to state 
those consequences of these definitions in which no specific properties 
of C.A.’s and G.C^A.’s are involved. 

We begin with the notion of isomorphism. We shall speak of 
functions / which map an algebra isomorphically onto another 
algebra 31' (or transform 3( isomorphically into 2('). A function / 
is called BIUNIQUE if /(a;) = J{y) always implies x = y. The domain 
of /, i.e., the set of argument values, will be denoted by and 

the counter-domain of /, i.e., the set of function values, by 

Definition G.l. A function f is said to map an algebra 3( = 

{A, +, ISOMORPHICALLY ONTO AN ALGEBRA 3t' = (A', +', ) 

if it satisfies the following conditions: 

(i) / is biunique] 

(ii) Dif) = A and C(f) = A'; 

(iii) for any a, b, c c A we have 

a = b + c if, and only if, f{a) = f(b) +: f(c); 
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(iv) for any a, Oo , ai , , a< , • • • e A we have 

a = '^ai if, and only if, f(a) = f(ai). 

»<«» *<00 

If such a function f exists^ the algebras 2t and W are called isomorphic ^ 
in symbols, 

% ^ 2t'. 

It goes without saying that an algebra 2t' which is isomorphic 
with a C.A., or a G.C.A., is itself a C.A., or a G.C.A.; and that an 
isomorphic mapping preserves all ‘intrinsic’ properties of an algebra 
and of elements of this algebra. 

Theobem 6.2. // 31 = {il, +, 2]) and 31' = (A', +',2]') are 
G.C.A.’s (or, in particular, C.A's), and if f is a function which satishes 
conditions (ii) and (iii), or (ii) and (iv), of 6.1, then f maps 31 isomor- 
phically onto 3(', and hence 

3t ^ 3('. 

Proof: Assume f to satisfy (ii) and (iii) of 6.1. By (ii) and 5.4 
there is an element z in A with f(z) = O'. Hence, if f(x) = f{y) , 
we have 

fix) = fiz) +' fiy) and fiy) = f{z) +' f(x); 

and therefore, by (iii) and 5.17, 

X = z + y, y = z + X, and x = y. 

Thus, / satisfies O.l(i). Finally, in view of 5.21, the operation 23 
in G.C.A.’s can be defined in terms of + ; hence, conditions (i)-(iii) 
of 6.1 imply condition (iv), and the function / maps 3t isomorphically 
onto St'. The proof under the assumptions that f satisfies 6.1(ii), 
(iv) is essentially the same; in addition to 5.4 and 5.17, we apply 
5.1.1, 5.6, and 5.8, while 5.21 is replaced by 5.7. 

The definition of homomorphic mapping can be obtained from 
6.1 by omitting condition (i), and by slightly modifying (iii) and 
(iv). We are not going to formulate this definition, however, since 
in this work we shall make use of the well-known fact that .the dis- 
cussion of homomorphic images of an algebra 3t can be replaced by 
that of the so-called coset (or residue class) algebras of 3t gen- 
erated by a binary relation R. 
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Definition 6.3. Let ?t = (A, +, o,nd let R be a binary 
relation. The coset a/R of an element a e Ais the set of all elements 
X e A with a R x. By the sum a/R + b/R of two cosets wc under- 
stand the coset c/R which contains all elements c' e A such that a' + = 

c', a R a', and b R V for some a', V e A {provided such a coset c/R 
exists and is unique)', similarly we define the sum {^i/R) of 

AN INFINITE SEQUENCE OF COSETS. The algebra constituted by the family 
C of all cosets and by the operations + nnd X) defined is 
called the coset {or residue class) algebra of 31 under R,in symbols, 

n/R- <c,+,E>* 

This construction will be applied exclusively in those cases when 
R is an equivalence relation in 81 — i.e., a relation which is re- 
flexive in A {x R X for every x e A), symmetric, and transitive 
and has certain conservative properties with respect to the funda- 
mental operations of 81. We shall refer to these properties as finite 
and infinite additivity. 

Definition 6.4. Let 8t = (A, +, ]^). A binary relation R 
is said to be 

(i) FINITIVELY additive IN 81, 
or 

(ii) INFINITELY ADDITIVE IN 8{, 

if, for any a, a^ , ai , a^ , • • • ,b,bo ,bi ,b 2 , • • • e A, the formulas 

(i) a — ai + «2 , b — bi + b 2 , aiR bi, and a^R 62 , 
or 

(ii) a = ^ ai , b — ^ bi , and ai R bi for i = 0, 1, 2, * • • , 

l<oi »<O0 

imply 

aRb. 

Theorem 6.5. Every relation R which is reflexive and infinitely 
additive in a G,C,A . 8t is also finitely additive in 8t. 

Proof: by extending couples to infinite sequences by means of 
zeros (cf. 5.6, last part). 

As is well known, the coset algebra %/R generated by an equiva- 
lence relation R which is finitely and infinitely additive in 81 = 
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+> Z]) always a homomorphic image of ?(; and, conversely, 
every homomorphic image of 3t is isomorphic with a coset algebra 
'il/R of this kind. It is easily seen, however, that a coset algebra 
%/R of a C.A., or a G.C.A., ?{ is not necessarily a C.A., or a G.C.A., 
itself. We have only: 

THEonr]M 0.0. Let R he an infinitely additive equivalence relation 
in a C.A.j or G.C.A., J(. For 3(//2 to be a C.A.y or G.C.A,, it is 
sufficient {and necessary) that %/R satisfy Postdates l.l.VI, VII, or 
5.1. IV, V. The zero element of %/R is 0/R. 

Proof: With the help of 0.3-0.5 we easily check that %/R satisfies 
the remaining postulates, i.e., l.I.I-V, or 5.1 .1-III; Postulate 1.1. V, 
or 5.1. Ill, is clearly satisfied by the coset 0/J? (cf. 5.4). 

From 0.0 we could derive a necessary and sufficient condition for 
%/R to be a C'.A., or a G.C.A. — a condition which would be expressed 
exclusively in terms of elements of A, the operations + and X) on 
these elements, and the relation R. This criterion, however, would 
be rather involved (especially as applied to G.C.A. ^s) and of little 
practical value. We shall succeed below (in G.IO) in establishing 
a simple, useful, and general criterion which provides a sufficient, 
though not necessary, condition for %/R to be a C.A., or a G.C.A. 

Definition 0.7. Let 31 = (A, +, ^). 

(i) A binary relation R is said to be finitely refining in 31 if, 
for all a, a\ y a 2 y h e Ay the formulas 

«=• «! + «2 and a R by or a = ai + ci 2 o,nd b R ay 
imply the existence of elements bi and 62 such that 
b = bi + ci'nd ai R bi , or 
b — bi + bo and b^Rai, fori = 1, 2. 

(ii) By changing in (i) sums of two elements to sums of infinite se- 
quenceSy we arrive at the notim of an infinitely refining relation. 

Corollary 0.8. Let R be a finitely y or infinitely , refining relation 
in a G.C.A. 31 = (A, +, 2^)- If o', & ^ A, a' g a, and a R b 
{or b R a) y then there is an element b' e A such that b' S b and a' R b' 
{or 6' R a'). 

Proof: by 5.2 (1.3, 1.5), 5.4, 5.6, and 0.7. 



GENERAL METHODS OF CONSTRUCTION 


81 


Theorem 6.9. Every relation R which is infinitely additive and 
infinitely refining in a G.C.A, SI = {A, is also finitely refining 

in St. 

Proof: If 

a = aj + a2 and aUh (or bRa), 
we have by 5.7 

a ==^di, ai = do y and a-i = X) • 

t<00 •<O0 

Hence, by 6.7(ii), 

b = ^bi where di R b[ (or b[ Rdi) for z = 0, 1, 2, • • • . 

t <00 

We put 

hi = ho and 62 = S b\j^i ; 

» <00 

and we obtain with the help of 5.1.1 and 6.4(ii) 

6 = 61 + ^2 , and a* R hi (or 6, R a») for i = 1,2. 

Hence, by 6.7(i), the conclusion. 

An example of an equivalence relation R which is infinitely ad- 
ditive and finitely refining in a G.C.A. SI, without being infinitely 
refining, can be constructed rather easily; such relations, how(wer, 
rarely occur in practice. 

Theorem 6.10 (fundamental theorem on coset algebras). 
// 31 = {Ay +, XI) « C.A., or a G.C.A. , and if R is an infinitely 
additive and finitely (or infinitely) refining equivalence relation in St, 
then %/R is again a C.A. or a G.C.A. 

Proof: In view of 6.9, we can restrict ourselves to the case when 
R is finitely refining. By 6.6 it sufl&ces to show that St//? satisfies 
l.l.VI, VH, or 5.1 .IV, V. To obtain l.l.VII, or 5.1.V, consider two 
sequences of cosets ai/R and hi/R with 

(1) aJR = bn/R + an+\/R for n = 0, 1 , 2, • • • . 

Then, by 6.3, there are two sequences of elements a' and h[ in A 
such that 

ttn R an , bn R bn j bn "1" € A, 

and anR (bn + ^n+i) for n < oo. 
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Thus, in particular, 

(ho + ai) R ao ; 
and, by 6.7(i), we obtain 

do — bo + di where do = ao , ho R bo , and a[R di , 

We now have 

(bi + ^ 2 ) R di ; 

and hence, again by 6.7(i), 

= 61 + d2 with b[ R bi and a^R d2 • 

By continuing this procedure indefinitely, we arrive at two infinite 
sequences di and bi with 

dn — hn + dn+\ , On R a'n R dn , and bn R bn R bn for n < 00 . 

Hence, by applying l.l.VII, or 5.1.V, to the original algebra 21, 
wft obtain an element c e A for which 

dn ~ C "4“ bn-^i j 

»<oo 

and with the help of 6.3“6.5 we easily conclude that 

(2) aJR = c/i2 + Z (fe„+./^) for n = 0, 1, 2, • • • . 

* <00 

Thus, (1) implies (2); in other words, l.l.VII, or 5.1.V, holds in2l//2. 
The proof of 1.1. VI (or 5.1. IV) for "il/R is much simpler; we apply, 
of course, 1.1. VI to 21, in addition to G.3-6.5 and 6.7(i). 

As trivial examples of relations to which 6.10 can be applied in 
every G.C.A. 21 == (A, +, we may mention the universal 
RELATION Ri which holds between any two elements x^y e A; and the 
IDENTITY RELATION R2 which holds between x and y if, and only if, 
X — y. Both Ri and R^ are infinitely additive and infinitely refining 
equivalence relations in 2t. %/Ri is always a C.A., and is isomorphic 
with every C.A. (and G.C.A.) containing one element only; while 
2t/iB2 is isomorphic with the original algebra 21. On the other hand, 
consider the relation Rz which holds between x and y m A if, and 
only if, either x — y=^(^ ox and ?/ 4= 0. Rz is an infinitely 

additive equivalence relation in 2t, but in general is not even finitely 
refining. Nevertheless, if 2t is a C.A., then %/R is also a C.A.; in 
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fact, if ?t contains at least two different elements, then %/R is iso- 
morphic with every C.A. containing exactly two elements. How- 
ever, most of the equivalence relations which generate interesting 
and important examples of C.A.’s prove to be finitely, and even 
infinitely, refining. 

Given any algebras ?ti correlated with elements i of an arbitrary 
set /, we can construct from them a new algebi-a ^ -the cardinal 
(or direct) product of the algebras . Usually two variants of this 
notion are distinguished, which will be referi*ed to here as the strong 
and the weak cardinal product. In the case of C.A.’s, however, 
a third, in a certain sense intermediate, variant of the same notion 
proves the most useful; we shall call it simply the cardinal product. 
Although we shall mostly be concerned with the latter notion, we 
define here for further references all three variants just mentioned. 

The notion of a cardinal product applies to arbitrary algebras 
provided they have a zero element (and even this restriction is un- 
necessary in the case of the strong product). 

Definition 6.11. Let an algebra ?(» = {Ai, +i, X)t) ^ 
zero element Ot (in the se7ise of 1 .2) be correlated with every element i of 
a given set L Let h\ be the set of all functions f such that D(f) = 7, 
and f(i) c Aifor every i c I; aiid let Fi , or F 2 , be the set of all functions 
f € Fq for which the set of elements i with f(i) 4 = Oj is finite , or at most 
denumerable. 

(i) By the sum f + g of two functions f g e Fq we understand the 
function h e Fq such that 

Hi) = f(i) + i g(i) for every i el 

(provided such a function exists). Similarly we define the sum 
2;<oo/y OF AN INFINITE SEQUENCE OF FUNCTIONS fj € Fq . The algebra 
constituted by the set Fk , A; = 0, 1, 2, and the operations -f- and 
thus defined is called the strong, the weak, or simply the cardinal (or 
direct) product OF THE ALGEBRAS Sty , in symbols, 

= n. 3l<, = n«. ni, and ^* = 11 2 f.. 

tel iel tcl 

(ii) If the set I consists of two numbers, 0 and 1, and t/ 8fo = 21 
and 2li = 35, we put 


^0 = 21 X S3. 
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(iii) In case all algebras 31,- with i e I are identical with a given 
algebra ?l, we call % the strong, the weak, or simply the cardinal 
POWER OF 2( WITH THE EXPONENT /, in symbols, 

^0 = f 1 = , and ^2 = 

111 case the set I is at most deniimeralile, the cardinal product 
is obviously identical with the strong cardinal product; and if I is 
fjiiite, all three products coincide. This explains why we use only 
one symbol for the product of two algebras. Tf / is the set of all 
numbers i < n ^ oo, the functions of Fg can be identified with 
n-termed sequences (:ro , a:i , • • • , Xi , • • • ) with Xt c Ai for i < n. 
Tf / is empty, the set Fq contains only one element — the ‘empty’ 
function or sequence. 

Theorem 6.12. Let an algebra 31* = {Ai , +t , ^t) with a zero 
element 0* be correlated with every element i of a given set /. 

(i) In order that [ 3tt be a C.A,, or a G,C.A., or a finitely closed 
G.C.A,, it is necessary and sufficient that every algebra 3ti with i e I 
be a C.A or a G.C.A ., or a finitely closed G.C.A . 

(ii) The same applies to JJa 3tt and— in the case of G.C.Afs, or 

I _ 

of finitely closed G.C.A.^s (but not of C.A.^s) — also to 

tel 

However, n» 3b never satisfies 1.1. II, and hence is never a C.A., 

1 e / 

unless there are only finitely many elements i e I for which contains 
two or more distinct elements. 

Proof: by 1.1, 5.1, 5.2G, and 0.11, without difficulty. 

The last part of 0.12 makes it clear why the weak product plays 
a rather restricted part in the study of C.A.’s. On the other hand, 
as was mentioned before, the strong product coincides with the 
plain product in the important case when the set I is at most denu- 
merable. Moreover, there are some general theorems concerning the 
cardinal product of C.A.’s which fail when applied to the strong 
product; and but very few more or less interesting facts are known 
which would apply specifically to strong products. Thus, the strong 
product appears to be a less appropriate instrument in dealing with 
C.A.’s than the plain product. 

Definition 0.13. By a sub algebra of an algebra 3t = (A, -f- , ) 

we understand an algebraic system 33 constituted by an arbitrary non- 
empty subset B of A, and by the fundamental operations + and 
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^ of 21. If both 21 and 23 belong to a class K of algebras, 93 is called 
a K-subalqebra (e.g., a cardinal, or generalized cardinal, sub- 
algebra) of 21. Under these conditions we also say that the set B 
itself is a subalgebra, or a K-subalgebra, of 21 {or of A under 
+ AND and we call two subsets B and B' of A isomorphic, 

B ^B\ 

if the corresponding subalgebras 93 and 93' are isomorphic. 

To give an example: the cardinal product of C.A/s 21* , as defined 
in 6.11, is a cardinal subalgebra of the strong product of these al- 
gebras, and contains their weak product as a generalized cardinal 
subalgebra. 

Notice that Definition 6.13 does not imply that a generalized 
cardinal subalgebra B of a G.C.A. A must be (relatively) closed 
under the operations + and fhe sum of two or infinitely 

many elements of B may not be in B, even if this sum exists and is 
in A, Conversely, a subset B oi A which is in this sense closed 
under both operations of addition is not necessarily a generalized 
cardinal subalgebra of A . On the other hand, a set B which is a 
cardinal subalgebra of a C.A. A must obviously be closed under + 
and X]* "ihe converse, however, does not hold in this case either, 
in view of the existential character of some of the postulates occurring 
in the definition of C'.A.’s. 

Various fundamental problems concerning subalgebras remain 
open; for instance, the problem of the existence and of the structure 
of the smallest cardinal subalgebra Avhich includes a given set. The 
general notion of a cardinal, or generalized cardinal, subalgebra will 
play no major part in our discussion; we introduce it mainly to 
simplify the formulation of certain theorems. In §9 we shall discuss, 
however, certain important particular cases of this notion — in fact, 
the notions of a semi-ideal and of an ideal. 



§7. CLOSURES OF GENERALIZED 
CARDINAL ALGEBRAS 

The following notion is of fundamental importance for the study 
of G.C.A.’s; 

Definition 7.1. An algebra 31 = {A, +, is called a closure 
OF AN ALGEBRA 3t = {A , + ,^) if the following conditions are satisfied: 

(i) SI is a G.C.A., S is a C.A., and A is a subset of A; 

(ii) for any elements a, oo , ai , • • ■ , ai , • • • e A, the formulas 

a = ^ Gi and a = ^ 

*<00 »<00 

are equivalent; 

(iii) /or every element ae A there are elements ao , ai , • • * , a* , * * * ^ ^ 
such that 

a = ^ • 

t <00 

Theorem7.2. 7/S= (a, + . T! ) fs g clomre of St = (A, +,]0> 
then 31 and H have the same zero element 0 = 0. 

Proof: From 1.34 and 7.1(iii) we conclude that the zero element 
0 of S is in A. By putting 

Oo = 0 and Of+i = 0 for i = 0, 1, 2, • • • 

we obtain with the help of 5.16 

E ai = 0. 

*<00 

Hence, by 7.1(ii) and 1.34, the conclusion. 

Theorem 7.3. Let % = (A, +, E) a closure of 3t = 
(A, +. E)- Then, for every integer g g oo and for any elements 
a, b, c, ao , ai , • ■ • , ai , in A, the formulas 

(i) g = E ai and g = ^ Ri 

*<n t<n 

are equivalent; and so are the formtdas 

(ii) a = 6 + c and a = 6 + c, 
as mil as 

(ii) a ^ n*h and a = n-6. 
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Pboof: by 7.1 and 7.2, and with the help of 5.2 and 5.6. 

Theorem 7.4. Le< S = (A, 5c a closure of 31 = 

(A, +, 2)- Then, for every a e A, the following two conditions are 
equivalent: 

(i) h e A and b g a; 

(ii) b e A and b ^ a. 

Proof: (i) obviously implies (ii) by 1.5, 5.2, 7.1(i), and 7.3(ii). 
Now assume (ii) to hold. We have then for some c e A 

(1) 6 -j- c = o; 
and hence, by 7.1(iii) and l.l.IV, 

(2) 5 = 5< , c = ^ Ci , and a = + «.) 

<<00 »<00 t<0O *<00 *<oo 

where bi and Ci are in A . By putting 

^2»» ~ bi and n2. *41 ~ , 

we obtain by 1.39 and 7.1 (ii) 

a = S “»• = Z) • 

*<00 »<oo 

Hence, by 5.11, 

ct2-i + 0,2’ i+1 = bi + Ci € A; 
and therefore, by (2) and 7.3, 

« = £ (bi + Ci). 

4 <00 

By applying 5.1. II to the latter formula and then using 7.3 again, 
we conclude by means of (1) and (2) that 

b, c € A and 6 + c = a. 

Hence (i) follows by 5.2 (1.5), and the proof is complete. 

Theorem 7.5. Let 2 = {Ay +, be a closure of ?( = 
+> 2 )• Then, for every integer n g 00 and for any a, Go , ai , 

• • • , a»* , • • • e Ay the formulas 

= U and a = U a, 

<<n <<n 


(i) 


a 
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are equivalent; and if n ^ 0, so are the formulas 
(ii) a = n and a == fl . 

* < n * < n 

Proof: by 3.16, 3.17, 5.2 (3.1, 3.2), 7.1(i), and 7.4. It is essential 
here that in case (i), when dealing with S, we apply 3.17 and not 
the usual definition 3.2; it is irrelevant, however, whether we use 
3.1 or 3.16 in case (ii). 

Theorem 7.6. Let S = (A, +, "S) closure of 31 = 

(A, +, S)) let a £ A. If a is idem-multiple , or finite, or mul- 
tiple-free, or indecomposable in 3t, it has also the same property in 3l; 
and conversely. 

Proof: by 4.1, 4.10, 4.26, 4.38, 5.2, and 7.1-7 .4. 

In view of 7. 1-7.6, we can use the same symbol and terms for 
arithmetical operations, relations, distinguished elements and classes 
of elements in a G.C.A. 31 and its closure S, without any danger 
of confusion. In particular, we can always assume without loss of 
generality that 31 is a subalgebra of 31 — in case both algebras are 
given in advance. 

Lemma 7.7. Let I he the set of all integers i < co. Let 3( = 
{A, +, XI) ^ G.C,A., and let R be the relation which holds between 
two infinite sequences of elements and ijj in A if, and only if, there 
is a double sequence of elements in A such that 

(i) Xi == S r^,J and ?/; = for any i < <x> and j < ^. 

i <00 t < 00 

Then iV/R is a C.A., and it is a closure of one of its subalgebras 33 
which is isomorphic urith 3t. 

Proof: The algebra 3t^ is a G.C.A. by 6.11 and 6.12. Its elements 
can be identified with infinite sequences 

X — (a’o , .Ti , • • • , x, , • • • ) with x^eA for z = 0, 1 , 2, • • • ; 

let S be the set of all these sequences. The relation R is clearly 
reflexive; for, given x e S, we put 

ri,i = Xi and r^,j = 0 for i^j, i < ^, j 

and we conclude from 5.16 that the double sequence thus defined 
satisfies the formulas (i) of our theorem (with ijj = 0 :^). R is ob- 



CLOSURES OF GENERALIZED CARDINAL ALGEBRAS 89 


viously symmetric. To show that it is transitive, consider d’, y, 
z e S with X Ry and y R z. We then have two double sequences 
ri,j and Sj,k such that 

(1) X, = 2 , y, = r,j = Y «i.k , ami Zk = Y «i.k 

J<^ t<i» k<to j<;oo 

for any i < j < oo , and & < qo . By api)lying 5.23 to tiie second 
of these formulas, we see that we can correlate with every j < oo 
a double sequence /f.V such that 

(2) ^i,i = 2 aiid Sj,k == m foi* f < Qo and /j < oo. 

A:<qo *<qo 

(1) and (2) give 

(3) X, = Y Y lil and Zk = Y Y l['.k . 

3<oo k<C.’iO J<oo t<oo 

Consequently, by 5.22, we have 

(4) Ui,k == X) ^tV/c -4 ; 

J<00 

and from (3) and (4) we obtain, again with the help of 5.22, 

x^ ^ iU,k and Zk = ^ iu,k for i < oo and k < oo, 

k <<30 t < 00 

Hence, by (i), x R z, and R is transitive. In a similar (though 
simpler) way we show that R is infinitely additive ami finitely re- 
fining in ?('; the proof of the first property is based upon 5.22, 6.4, 
and G.ll, while that of the second rests upon 6.1. II, 5.1.IV, 6.7, and 
6.11. By applying 6.10 now, wc arrive at the conclusion that 

(5) %‘/R is a G.C.A. 

Furthermore, given a sequence of sequences • • • , a:'"', 

• • • £ S, we define a new sequence of sequences y^'‘\ y^^\ • • • , y^'\ 

■ ■ ■ E Shy putting, for any given i < « and j < <x>, 

(6) 2 / 2 ’^ 2 .jfi) = xy\ and = 0 for every k < <x> 

which is different from all numbers of the form 2' •(2- 1 1), 

I = 0, 1,2, • •• . 

From (0) it follows that, for any given A; < oo , there is at most one 
2 < 00 with 


yl'^ 4= 0. 
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Hence, by 5.16, 

22 eA for = 0, 1, 2, • • • , 
* <00 


and consequently, by 6.11, 

(7) 


E e s. 

i <00 


Moreover, it is easily seen that 

(8) R for every ^ < oo ; 

for, by putting 

for k = 2**(2-j + 1), and = 0 otherwise, 
we conclude by 5.16 and (6) that 

= 12 r^'k and = 22 r-.V 

fc < 00 y < 00 


for f < 00 , y < 00 , and k < oo, 

13y 6.3 and 6.4 (and in view of the properties of R previously es- 
tablished), formulas (7) and (8) imply that the sum of cosets 

E (.x^'VR) 

* <00 

exists. Hence, the G.C.A. %V/R satisfies l.l.II; and therefore, 
by 5.24 and (5), 

(9) %'/R is a C.A. 

We now correlate with every a e A the sequence d e S defined 
as follows: 


(10) (a)o = a and (a)x+i = 0 for f = 0, 1, 2, • • • . 

Let T be the set of all these sequences, and B the family of cor- 
responding cosets; we put 

(11) S = (B, +, E)- 

From (i), (10), 5.16, 5.20, and 6.3 we easily conclude that 

(12) for any a e A and x € S, the formulas 

d/R = x/R and a = ^ Xi 

t <00 


are equivalent. 
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Hence, by (10) and 5.16, 

(13) for any a, b € Ay the formulas d/R = b/R and a = 6 are 
equivalent. 

Furthermore, we obtain by means of (10), (12), 5.1.II, 5.4, 6.3-6.5, 
and 6.11 (and by applying various properties of R previously es- 
tablished) : 

(14) for any a, 5, c £ A, the formulas d/R = b/R + c/R and 
a = 5 + c are equivalent. 

Similarly, by using 5.22 instead of 5.1.II, 

(15) for any a, ao , ai , * • • ^ ai , • • • e A, the formulas 

d/R = 53 iaJR) and a = 53 
%<00 <<00 

are equivalent. 

From (11), (13)-(15) and 6.1 it is seen that the function 
/(a) «=: d/R for every a e A 
maps 2t isomorphically onto S3, and that consequently 

(16) 31 ^ S3. 

Hence, by the hypothesis, 

(17) S3 is a G.C.A. 

Finally, given an arbitrary sequence x e S, we define a sequence of 
sequences x^^\ • • • , - * e S with 

ic<*^ = Xi , and x^^ = 0 for i 4= j. 

We then have by 5.16, 6.11, and (12) 

a: = 53 and Xi/R = x^'^/R; 

<<00 

and hence, with the help of 6.3 and 6.4, we obtain 

(18) x/R = 53 (xi/R) where xJR e B for z = 0, 1, 2, • • • . 

< <00 

By (9), (11), and (17), the algebras S3 and 21 satisfy condition 
7.1(i); since, by (11) and 6.13, S3 is a subalgebra of 2tV7^> condition 
7.1(ii) is automatically satisfied; and, in view of (18), 7.1(iii) also 
holds. Hence 

(19) 2l^//Z is a closure of its subalgebra S3. 

By (9), (16), and (19), the proof is complete. 
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Theorem 7.8 (imbedding theorem). For every G,CA. 21 = 
+> exists a C.A. H which is a closure of 21. 

Proof: 7.8 can be derived from 7.7 by means of a procedure 
which is familiar from general algebra and does not involve any 
specific properties of C.A.’s.^ Using the notation of 7.7, we first 
construct a C.A. 

r = {A', +', Z') S 317/2 

in which the set A' has no elements in common with A, By 7.7, 
2t' is a closure of one of its subalgcbras 

S' = {B\ +', E') - ?t. 

By ‘exchanging' now in 21' the elements of B' with the correlated 
elements of A, we arrive at an algebra 2l that satisfies the conclusion. 

The imbedding theorem has many important implications. First 
of all, we have acquired in this theorem a universal method which 
enables us to extend automatically to G.C.A.'s all the results ob- 
tained in the arithmetic of C.A.'s, after having provided these results 
with appropriate existential assumptions. In fact, to establish 
any such result for a given G.C.A. 21, we imbed 21 in its closure S. 
Since the result in question is assumed to hold in every C.A., it 
applies in particular to 2l, and hence it applies to 21 also, by virtue 
of 7.1-7.6. 

Moreover, by means of the same method we can obtain new the- 
orems of the arithmetic of G.C.A. 's whose direct derivation from 
the results previously established would present considerable dif- 
ficulties. To illustrate the situation we have in mind here, consider 
the following theorem which applies to elements of an arbitrary 
G.C.A.: 

// a = Cl -f- C 2 = C3 + C4 and h = Ci + = C 2 + Ca , then a = 6. 

In the arithmetic of C.A.'s this theorem is an immediate corollary 
of 2.34, since the hypothesis implies at once 2 -a = 2-6. In the 
domain of G.C.A. 's such a direct derivation is impossible, for 2*a 
may not exist; however, an application of 7.8 leads quickly to the 
desired result. 

^Cf., e.g., van der Waerden [1], p. 42. 
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With the help of 7.8 we can also establish various existential 
theorems which apply to arbitrary G.C. A. ^s; they compensate to some 
extent for the lack of the general closure postulates, and permit us 
in turn to simplify and improve other results by removing super- 
fluous existential assumptions. The method involved here can 
be described as follows. To prove the existence of an element (a 
sum, an upper bound, etc.) in a G.C.A. ?l, we again imbed 31 in its 
closure 3l. If now we succeed in showing that the element in ques- 
tion not only exists in fl but is less than or equal to another element 
whose existence in 31 has l)een assumed, we apply 7.4 and conclude 
that our element belongs to 3t. Wc give here a few results obtained 
by this method; they apply to elements of an arbitrary G.C.A. 

= (A, +, Z). 

Theorem 7.9. If n ^ ^ 

^ a^ € Ay 
<<» 

and if h y ki , • • • , , • • • is a p-termed sequence mihont repealing 

terms and with ki < n for i < p, th^n 

c A and ^ Uki ^ Ui . 

%<, p *<p *<n 

Proof: The inequality in the conclusion for C.A.\s follows from 
1 .40; and hence the theorem can be ol)tained by 7.3, 7.4, and 7.8. 

Theorem 7.10. If 

^ a^ € A and ^ ai ^ b for every a < oo , 

t<n *<n 

then 

Ui £ A and 23 = U 2^ ^ b. 

i<oo *<00 n<oo »<r* 

Proof: by 2.21, 3.19, 7.3-7.5, and 7.8. 

Theorem 7.11. Let 7 i be ^ co. If a^ S a^J,l ^ b for every i with 
f + 1 < n; or, more generally, if 

n Qk, € A and fl au, ^ b 

t<p * < p 

for every p-termed sequence au^ , a k^, • • • , Oa,- , * • * with 0 < p < oo, 
and ki < n for i < p; then 

U ai € A and U a,- ^ b. 

* < n » < « 
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Proof: by 3.34, 7.4, 7.5, and 7.8. 

Theorem 7.12. Let nbe ^ oo ; and assume that cither 

(i) Ui n = 0 for all i and j with i < j < n, 
or else 

(ii) all the elements a,- with i < n are idem-multiple. 

If there is an element b with ai ^ b for every i < n (thus, in particular , 
^i<n or Ut<„ ai is in A), then 

X) cue A and = U • 

t<n *<n <<n 

Moreover, in the case (ii), ^i^nai is idem-multiple as well. 

Proof: by 3.23, 4.7, 7.3-7.6, and 7.8. 

From now on we shall freely apply to G.C.A.^s all the arithmetical 
theorems of Part I, provided with only those existential assumptions 
which cannot be dispensed with in the way discussed above. When 
using elementary theorems of §1 or §5, we shall not refer to 
them explicitly. 

In particular, theorems of Part I can now be applied to coset 
algebras %/R of G.C.A.’s 31, in case these coset algebras prove to 
be G.C.A.’s themselves. The results thus obtained can always 
be put in a form in which they involve no cosets, but only elements 
of a given algebra and the relation R between these elements. We 
arrive in this way at certain generalizations of our arithmetical 
theorems — generalizations which, roughly speaking, consist in re- 
placing the identity relation by a variable relation R subjected to 
certain conditions. It may be worth while formulating explicitly 
some of the results which we have in mind: 

Theorem 7.13. Let St = {A, be a G.C.A., and let R be 

an infinitely additive and finitely (or infinitely) refining equivalence 
reUition in St. We then have for any elements a, a', ao , ai , • • • , 5, 

5', 6o , 6i , • • • , c , c', Co , Cl , • • • m A (assuming that the sums involved 

are also in A): 

(i) if a ^ b, a' ^ V, a R 6', and b R o', then a R a' and b R V; 

(ii) if a ^ b ^ c and a R c, then a Rb Rc; 

(iii) if n ^ oo, then 

(E ai + b)Rb 

i<n 

implies that (ai + 6) K 6 for every i < n, and conversely; 
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(iv) ij CoRci for i = 1,2, 3, arid (a + co + cf) 22 (5 + ci + cf), 
then (a + cf) R (b + Ci); 

(v) if 0 < m < «> , aa R Qi and bo R b, for every i < m, and 

(Z a,) R CZ bf), 

i<m *<m 

then ao R bo ; 

(vi) if a ^ b ^ c, a' ^ c\ a R a', and c R c', then there is an 
element V e A with a' ^ b' ^ d and b R V; 

(vii) if, for every n < oo , there is an element dnS A with 

(Z a.) Rd„^b, 

i<n 

then there is an element d e A with 

(Z af)Rd ^ b. 

t <00 

Conclusions (i)-(v) hold^ more generally y for every infinitely additive 
equivalence relation R in ?t for which %/R is a G.C.A . 

Proof: (i) By passing to cosets, we have (with the help of 6.3-6.5) 

b/R = a'/R ^ b^R = a/R ^ b/R. 

Hence, by applying 1.31 to %/R (which is a G.C.A. by 0.10), we 
obtain 


a/R = b/R; 

and by 0.3 we arrive at the conclusion. 

To obtain (ii) we put in (i) 

a' — h and V = c. 

(iii)-(v) can be derived in the same way as (i) by means of 1.47, 
2.12, and 2.34. 

By the hypothesis of (vi), we have for some x 
(1) a' + x = c'. 

By passing to cosets, we obtain 

a'/R = a/R ^ h/R ^ c/R = c'/R and a'/R + x/R = c'/R. 
Hence 


a/R S b/R S a/R + x/R; 
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and therefore by 2.27 (with n = 1), there is a coset yIE such that 

(2) hjR = ajR + ylR and yjR ^ xjR. 

From the second part of (2) we conclude, with the help of 6.3 and 
6.8, that there is an element n' e A with 

(3) ylR = ]/ jR and y’ ^ x. 


Thus, by (1H3), 

a' ^ a' + 2 /' ^ a' + x = c' 

and 

hjR = a^lR + y'jR, i.e. hR{o! + ?/'). 

This shows that the element 6' = a' + y' satisfies the conclusion 
of (vi). 

Finally, (vii) can be derived from 2.21 in the same way as (vi) 
from 2.27. 


Theorem 7.13 can also be obtained in a more direct way, without 
making any use of the properties of coset algebras. Some parts 
of the proof, however, become very involved then; this applies espe- 
cially to the derivation of (v). We want to outline here a direct proof 
of 7.13(ii), which is relatively simple and instmctive. 

By hypothesis there are elements bo and Co for which 

(1) b = a -\r ho and c = 6 + Co . 

We put 

( 2 ) ao = a, 

and we obtain with the help of 5.8, 6.9, (1), (2), and the hypothesis 
do R {bo 4" Co “b no) . 

Since the relation R is assumed to be finitely refining, we can now 
proceed as in the proof of 6.10. By applying 6.7 repeatedly we 
construct three infinite sequences of elements ai , bi , and Ci such that, 
for every n < oo, 

(3) dn = bn+l + Cn+l + ttn-fl > 

f4) Ctn-l-l R 0/n , R bn y and Cn+l R Cn • 
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We now apply 5.1.V to (3), and we conclude with the help of 5.1. II 
and (2) that there is an element d for which 

(5) a = d + ^ ^ Chi . 

1<00 *<00 

From (1) and (5) we easily obtain (by 5.3, 5.8, and 5.9) 

(6) b — d ^ hi + ^ ^^*+1 i^ud c = d + bi -f- c % . 

*<00 *<00 *<00 *<00 

The relation R being by hypothesis n^flexive and infinitely additive, 
formulas (4) -(6) imply by 6.4: 

a Rb and h R c, 
i.e., the conclusion of 7.13(ii). 

Notice that the symmetry and the transitivity of R are not in- 
volved in this argument; thus, 7.13(ii) applies to every relation 
R which is infinitely additive, finitely refining, and reflexive in a 
G.C.A. 3(. 

We return now to the discussion of C.A.M and G.C.A. \s in their 
relation to general algebraic notions which were introduced in 
§6. We are going to establish here a few simple extension theorems, 
7.14-7.17, which—when combined with the imbedding theorem — 
reduce to some extent the algebraic study of G.C.A. ^s to that of C.A.’s. 
This is, of course, important since C.A.\s are much more ‘perfect’ 
algebraic systems than G.C.A.’s. It should be noticed, however, 
that the reduction is not complete, for the variety of G.C.A.’s is 
much larger than that of C.A.’s. As is seen from Theorem 7.14, 
the closure Si of a G.C.A. St is uniquely determined by St (up to 
isomorphism) ; but the converse does not hold. 

Theorem 7.14. Let % = (A, be a closure of its subalgcbra 

St = (A, +, 2), and St' = (A', +', 2') be a closure of its sub- 
algebra SI' = (A', +', ^'). If the function f maps SI isomorphically 
onto St', then there is one and only one function f which maps 81 iso- 
morphically onto St' in such a way that f (x) = f{x) for every x e A. 
Hence, if St ^ St', then 81 ^ W. 

Proof: For every a in A we have by 7.1(iii) (and G.13) 

o = X) with ao , ai , •••,«*, • • • e . 1 ; 

* <00 
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hence, by 6.1 (ii) and 6.13, the element b with 

b = Z'/(a,) 

* <00 

is in A'. By making an essential use of 2.1 (with n = p — oo), 
7.4, and 1.44, we show that this element b does not depend on the 
way in which the elements have been chosen; we can thus put 

b = /(a). 

In an analogous way we show that, for every 6 in A', there exists 
an element a £ A with 6 = /(a). Thus, / satisfies 6.1 (ii). The 
proof that it satisfies 6.1 (iii) is quite elementary; and 6.2 gives the 
conclusion. 

There is a striking analogy between 7.8 and 7.14 on the one hand, 
and certain familiar theorems of modern algebra on the other; we 
have in mind here theorems on the imbedding of a commutative semi- 
group in the group of differences, or of an integrity domain in the 
field of quotients, or various theorems on extensions of a field. ^ 
We note, however, one important difference. Every field which 
contains a given integrity domain also contains the field of quotients 
of this domain as a subfield. However, the fact that a G.C.A. 33 
is a subalgebra of a C.A. does not always imply that ?t contains 
a cardinal subalgebra 33 which is a closure of 33; a counter-example 
can readily be constructed in the C.A. of integers discussed in Part 
III, §14. It is easily seen, however, that the closure of a G.C.A. S 
has a weaker ‘minimal property ^ if 33 is a subalgebra of a C.A. 31 
and if there is a subalgebra S of ?l which is a closure of 33, then every 
cardinal subalgebra 33' of ?l which contains 33 must also contain 33 
as a subalgebra. Cf. in this connection also Theorem 9.23 below. 

Theorem 7.15. Let 31 = (A, +,^) be a closure of its subalgebra 
31 = (A, +, 2^). If R is an infinitely additive and infinitely refining 
equivalence relation in 31, then there is one and only one infinitely 
additive and infinitely refining equivalence relation R in 2 which coin- 
cides with R when applied to elements of A. If, conversely, R is an 
infinitely additive and infinitely refilling equivalence relation in S, 
then the relation R obtained by restricting R to elements of A is an 
infinitely additive and infinitely refining equivalence relation in 3t. 

*Cf., e.g., Birkoff-MacLane [1], p. 48, or van der Waerden [1], pp. 42 ff. and 
99 ff. 
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Proof: Given R, we define R in the following way: 

(1) a Rb if a,b s A and if there are elements ao , , • • * , , * * * , 

bo ,bi , • • - ^bi , • • • € A with 

a — ^ ai, b ^ bi, and aiRbi for i = 0, 1, 2, y • . 

♦ <00 »<00 

By (1), 7.1, and the hypothesis, R is obviously reflexive in A and 
symmetric; it can easily be shown, with the help of 1.42, 6.4, and 
7.2, to be infinitely additive, and to coincide with R when applied 
to elements of A. To show that it is transitive, consider elements 
a, b, c e A with 

a Rb and h R c. 

By (1) we have 

(2) a = 2] a., h = h, = c = X) C/> 

1<00 t <00 /<oo 3 

(3) Qi , b^ ^ b] ^ Cj e A, ai R , and l/j R cj for i < co 

and j < 00 . 

By applying 2.1 to the second formula of (2), we o])tain 

(4) bi — ^ bt,j and b'j = luj for t < co and j < oo. 

J <00 t <00 

By (3) , (4) , and 7.4 all elements bij are in A ; and since R is infinitely 
refining in 3(, we obtain, b}^ 6.7, refinements of a* and cj : 

(5) 0/1 ~ ^ Oi^j , Oj — ^ ^ Ci^j , Oi^j R b{^j R Ci^j 

3 <00 <<00 

where the elements Oij and c<,y are again in A. By (2) and (5), 
and in view of the transitivity of R, we have 

a = ^ Oij, c == 23 Z] Ci,j and 

*<“0 /<*» <<00 7 <oo 

Oij R Ci,i for i,j = 0, 1, 2, • • • ; 
and hence, by (1) and with the help of 1.42, 

a Rc, 

Thus, R is transitive. The proof that R is infinitely refining is 
similar, though somewhat simpler; 2.1, 6.7, and 7.4 are again applied, 
but 1.42 is not. The uniqueness of ^ is a consequence of 6.4 and 7.1. 
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The second part of the theorem follows obviously from 6.4, 6.7, 
and 7.4. 

By means of a similar argument it can be shown that every infinitely 
refining equivalence relation in a G.C.A. 3t can be extended to 
an equivalence relation R which is both infinitely additive and 
infinitely refining in 2t. 

Theorem 7.16. // 2t = (A, +, 2) ts a closure of its subalgebra 
21 = (A, +, 22), and if R and R are two relations satisfying the 
conditions of 7.15, then the C.A. %/R is a closure of an algebra 23 which 
is isomorphic with the G.C.A. %/R. 

Proof: We put 

33 = (C, +, E> 

where C is the family of all cosets a/R with a e A, and where the 
operations + and E defined as in 6.3. The proof that 23 satis- 
fies the conclusion is based upon 6.1, 6.4-6.9, 7.4, and 7.15, and is 
quite elementary. 

Theorem 7.17. If a G.C.A, 2(i and its closure 21* are correlated 
with every element i of a given set /, the7i 2li is a closure Olll iei . 

Proof: by 6.11, 6.12, and 7.1. 

It is easily seen that 7.17 holds neither for strong nor for weak 
cardinal products. 

We conclude this section by defining the notion of a finite clo- 
sure which is related to that of closure. We shall apply this notion 
to various kinds of algebra, and therefore we formulate its definition 
in a general way, without referring specifically to G.C.A.’s. 

Definition 7.18. An algebra 21' = {A\ +', EO called a 

FINITE CLOSURE OF AN ALGEBRA 2t = (A, +, E) following 

conditions are satisfied: 

(i) 2t' is finitely closed, and A is a subset of A'; 

(ii) if a,b,c € A, then the formulas 

a = 6 + c and a = 6 +' c 

are equivalent; 

(iii) if b, c € A' and b +' c € A, then b, c e A; 
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(iv) for every element a e A' there are elements ao , ai , • • • , a* , • • • 
€ A with i < Uy 0 < n < oo , siLch that 

a = X)' CLi • 

i<n 

Let us assume that the addition of finite sequences has been de- 
fined in ?t and 31' recursively in terms of binary addition. (We use 
for this purpose the first two formulas of 1.8, as well as 1.17 for ri 4= 0. 
Of course, «t is assumed to exist only if 31 has the zero element; 
and 2^»<n+i di for n 4= 0 is in A only if ^i<n ai and 
are in A.) Under this assumption, the infinite addition Yh 
involved in conditions 7.18(i)-(iii) at all. Therefore, the notion 
of a finite closure can be automatically applied to algebraic systems 
31 = (A, +) with one fundamental operation; such systems will 
be discussed in the third part of the work. 

If, furthermore, the operations + and +' satisfy the associative 
law 5.9, we can show that conditions 7.18(ii),(iii) can be equiva- 
lently replaced by the following: 

for any elements a, «o , , • • • , a, , • • • c A with i < n < oo, the 

formulas 

*< n t< n 

are equivalent. 

Definition 7.18 thus transformed assumes a form entirely analogous 
to that of 7.1. 

From 7.8 and 7.18 we easily conclude that for every G.C.A. 31 
there is a finitely closed G.C.A. 3t' which is a finite closure of 31; 
in fact, we first construct a closure 3l of 31, and we then define 31' 
as the subalgebra of 3t constituted by those elements which are sums 
of finitely many elements of 3t. We can also extend 7.14 to finite 
closures; i.e., we can show that every G.C.A. 31 determines up to 
isomorphism the G.C.A. 31' which is its finite closure. Finally, it 
is easily seen that Theorem 7.17 remains valid if we replace in it 
closures by finite closures, and cardinal products by weak cardinal 
products. 



§8. IDEM-MULTIPLE AND MULTIPLE-FREE 
ALGEBRAS 

We are going to discuss in this section two special kinds of algebras 
— IDEM-MULTIPLE and MULTIPLE- FREE G.C.A.’s — as wcll as certain 
simple methods of constructing these algebras from arbitrary G.C.A.’s. 
It will be seen in our further discussion that the method of con- 
structing multiple-free G.C.A/s (described below in 8.16 and 8.17), 
when combined with that of coset algebras, leads to many important 
examples of G.C.A.’s. 

Definition 8.1. An algebra 31 = (A, +, is called idem- 
multiple if every element a e A is idem-multiple , i.e., satisfies the 
formula a + a = a. 

Compare here Definition 4.1. 

Theorem 8.2. Let 31 = (A, +, X)) ^ G.C.A., and let n he a 

number with 2 ^ n ^ oo . For 31 to be idem-multiple it is necessary 
and sufficient that 3t satisfy the following condition: if the elements 
Oo , ai , • • • , at , • • • with i < n and b are in A , and if ai ^ b for every 
i < n, then 

X) a* £ A and a, = U a* . 

t<n *<n »<n 

Proof: The necessity follows at once from 7.12 and 8.1. If, 
on the other hand, the condition of the theorem is satisfied, we 
apply it to the case when 

ao = ai = • • ’ = a* = • • • — b — a 

where a is any element in A, and by 4.3 and 8.1 we conclude that 
3t is idem-multiple. 

Corollary 8.3. For an idem-multiple G.C.A. 31 = (A, +. T!) 
to be a (7.A. it is sufficient (and necessary) that, for any elements Oq , 
ai , • • • , , • • • € A with i < oo there exist an element b e A with 
ai g 6/or i == 0, 1, 2, • • • . 

Proof: by 5.24 and 8.2 (or 5.25 and 8.1). 

Theorem 8.4. 7/ 31 = (A, +, is a C.A., or a G.C.A., and 
if B is the set of all idem-multiple elements in A, then 33 = {B, +, 
is an idem-multiple cardinal, or generalized cardinal, subalgebra of 3t. 

102 
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Proof: Postulates 1.1. 1-V (or 5.1.I-ITI) hold in S3 by 4.2 and 4.7. 
If any idem-multiple elements a, 6, and Ct in A satisfy the hypothesis 
of Postulate 1.1. VI (or 5.1. IV), and if the elements a, and bi satisfy 
its conclusion, we easily show that the idem-multiple elements 
00 and 00 - bi also satisfy this conclusion; we apply here 4.3 with 
n= 00 and 4.5. In a similar way we derive 1.1. VII (or 5.1. V). Thus, 
S3 is a C.A. (or G.C.A.); the conclusion follows by 6.13 and 8.1. 

Theorem 8.5. Let 31 = {Ay be a C.A.; and let R be the 

relation which holds between two elements a and b in A ify and only i/, 
00 • a = 00 - 5 . Then R is an infinitely additive equivalence relation 
iji 31; and the coset algebra %/R is an idem-multiple C.A. which is 
isomorphic with the subalgebra S3 = {B, +> X)) of 8 A. 

Proof: R is clearly an equivalence relation which is infinitely 
additive in 31 (by 6.4). From 1.42,4.3, 4.5, and 6.3 we easily see 
that the function f(a) = a/R maps B onto the family C of all cosets 
in a one-to-one way; / also satisfies the conditions (iii) and (iv) of 
6.1. Thus, 

S3 ^ n/R; 

and, in view of 8.4, the proof is complete. 

Notice that the relation R of 8.5 is not necessarily a refining 
relation. 

Theorem 8.6. If 31 is an idem-multiple G.C.A. and 81 is a closure 
of 31, then S is an idem-multiple C.A, 

Proof: by 4.7, 7.1, and 8.1. 

It can easily be shown that all general methods of construction 
discussed in §6, when applied to idem-multiple algebras, yield new 
idem-multiple algebras. 

Definition 8.7. For every algebra 3t = {Ay we put 

t = {A, U, U) 

{where ‘U’ and ‘U’ denote the operations of forming the least upper 
bound defined in 3.2). 

In connection with this definition it should be pointed out that 
the operation denoted by the symbol ‘U' applies to arbitrary systems 
of elements a* correlated with elements i of any set /. When using 



104 


METHODS OF CONSTRUCTION 


this symbol in the denotation of an algebra, however, we shall under- 
stand that the operation involved has been restricted to infinite 
sequences. An analogous remark applies to some other operation 
symbols which will occur in our further discussion. 

Corollary 8.8. If 2t is a then S is an idem-multiple 

algebra in which the zero element and the relation ^ coincide with 
those in ?l. 

Proof: by 3.2, 8.1, and 8.7. 

Corollary 8.9. For a G.CA. 31 to be idem-multiple it is necessary 
and sufficient that 3t = fl. 

Proof: by 8.2 and 8.8. 

The fact that an algebra 31 is a G.C.A. does not imply, in general, 
that ^ is also a G.C.A. We have in this connection: 

Theorem 8.10. Let 3t = {Ay be a C.C.A. with the follow- 

ing property: 

(i) if ao y ai y Oi y ••• y b e A and a^ ^ b for every i < oo , then 
n,-<oo ai exists. 

Then f( is an idem-multiple G,C,A, 

Proof: From (i) and 7,11 we conclude that U i<n Ri exists for 
every n-termed sequence Ro , , • • • , , * * * , i < n ^ oo , which is 
bounded above by a certain element b. Hence, as is easily seen, 
Postulates 5.1.1, II hold in S; the same obviously applies to 5.1.III. 
The derivation of 5.1. IV is simple: given 

a U 6 = \J Ci€ Ay 

»<00 

we notice that the elements 

a» = a n Ci and bi = b 0 Ci for i = 0, 1, 2, • • • 

exist by (i) and satisfy the conclusion of 5.1. IV by 3.32. To obtain 
5.1.V assume that 

(1) a„ = U o„+i for n = 0, 1, 2, • • • . 

The sequence Oq , ai , • • • , a,- , • • • being decreasing, the element 

(2) c = fl Oj = n On+f for » = 0, 1, 2, ••• 

♦ <oo <<00 
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exists by (i) ; and from what was said before it follows that U y<oo ^n+y 
also exists for every n < oo . From (1) it is easily seen that 

an = ttn+p U U bn^i for 71 < CO and p < co . 

y<oo 

Hence, by 3.30, 

(3) an = n (an+t-U U bn-^j) = n ttn+iU U />„+/• 

i<00 y<oo <<00 y<00 

By (2) and (3) we have 

a« = c U U bn+i for n = 0, 1, 2, • • • ; 

2 <00 

i.e., c satisfies the conclusion of 5.I.V. Hence, and in view of 8.8, 
31 is an idem-multiple G.C.A. 

Definition 8.11. An algebra 31 = S) called mul- 

tiple-free if, a being any element in A, a + a is never in A, imless 
a is the zero element of 31. 

Corollary 8.12. A CA. or, more generally, a finitely closed algebra 
3( = never multiple-free, unless A contains no element 

a 4= 0. 

Proof: by 5.2G and 8.11. 

Theorem 8.13. Let 31 = (A, -f, a G,CA., and let 7i be an 

integer with 2 ^n ^ oo . Them the following conditions are equivalent: 

(i) 31 is multiple-free; 

(ii) every element m A is multiple-free; 

(iii) if the elements ao , ai , • • • , a^ , • • • and ^i<n are in A, then 
ai n ay = 0/or all i andj with i <j <n. 

Proof: (i) implies (ii) by 4.26 and 8.11; (ii) implies (iii) by 4.32. 
By applying (iii) to the sequence ao , ai , - • ,ai, • • • with 

ao = ai = a and a* = 0 for 2 ^ ^ < ?i, 

and with the help of 8.11, we obtain (i). Hence, conditions (i)- 
(iii) are equivalent. 

Various properties of multiple-free algebras which, in view of 8.13, 
can be derived directly from theorems on finite and multiple-free 
elements in §4 will not be stated explicitly here. By applying these 
properties, we obtain, e.g.. 
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Theorem 8.14. 7/ St = (A, +, 2^) is a multiple-free G.C.A., 
then 2 is an idem-multiple G,C.A. 

Proof; By 4.37 and 8.11, St satisfies the hypothesis, and hence 
also the conclusion, of 8.10. 

Theorem 8.15. 7/ St = 2^) a G.C.A. and if B is the 

set of all multiple-free elements in A^ then S3 = (H, +, 2)) ^ mul- 

tiple-free generalized cardinal subalgebra of St. 

Proof: By 4.29, the set B satisfies the condition: if a e B, b e A, 
and b ^ a, then b e B, Hence Postulates 5.1 .1, II, IV, V hold in S3, 
since all elements whose existence is claimed in these postulates 
are at most equal to certain elements whose existence is assumed 
there. By 4.28, B contains the element 0, and hence 5.1. Ill is 
satisfied in S3. Thus, by 6.13, S3 is a generalized cardinal subalgebra 
of 5t. From 4.26 we see that every element which is multiple-free 
in 21 is also multiple-free in S3. Hence, by 8.13, S3 is multiple-free; 
and the proof is complete. 

One property of multiple-free algebras deserves attention from 
the axiomatic point of view. It is easily seen by 3.13, 3.24, and 8.13 
(i),(iii) that the elements , bi , and c which satisfy the conclusions 
of the existential postulates 5.1. IV, V are uniquely determined in 
every multiple-free algebra. In consequence, various theorems 
whose proof in the general case requires an application of the axiom 
of choice can be established for multiple-free G.C.A.’s without the 
help of this axiom. All arithmetical theorems of Part I, except 
3.35 and 3.36, belong here, as well as the imbedding theorem 7.8. 
It might be interesting in this connection to analyze the proofs of 
such theorems as 2.1, 2.6, 2.21, and 2.31 (where the method of itera- 
tion is used). It should be mentioned that, in general, the arith- 
metic of multiple-free algebras is much simpler than that of ar- 
bitrary G.C.A.\s; this follows if only from the fact that all elements 
in multiple-free algebras are finite, and that consequently the can- 
cellation law for sums holds (cf. 4.19, 4.27, and 8.13). 

It is easily seen that isomorphic images, subalgebras, and cardinal 
products of multiple-free G.C.A.’s are again multiple-free G.C.A.’s. 
However, this by no means applies to coset algebras of multiple- 
free G.C.A.’s, which may have the most diverse structures. In 
fact, as we shall see, every C.A. is isomorphic with a coset algebra 
of a multiple-free G.C.A. (see the remarks which follow Theorem 
16.4 below). 
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Definition 8.10. Given an algebra +) we define 

the operations + o,nd X) of disjunctive addition by putting for any 
elements a, ?>, ao , ai , • • • , a* , • • • e A: 

(i) a b = a + b in case a b € A and 0 0 6 = 0; 

(ii) X) ~ oase ^ ai£ A and ai 0 O; = 0 for 

% <00 t <00 » <00 

all i and j with i < j < ^ ; otherwise^ the operations and are 
not defined. 

Furthermore^ we put: 

(iii) 'A=(4, +, 2). 

?l is called the disjunctive algebra correlated with 

Theorem 8.17. If = (Ay +, Yl) ^ G.C.A.y then is a 
multiple-free G.C.A., and the zero elements in and 31 coincide. 

Proof: With the help of 3.1, 3.12, and 8.10 \vc easily show that 
Postulates 5.1.I-V remain valid if we replace everywhere in them 
‘ + ’ and ^22’ by ^ + ^ and and that consequently ?( is a G.C.A. 
To show that 3*[ is multiple-free, we notice that 

a n 6 = 0 implies a f] b = 0 

for any a, 6 A, and we apply 8.13(i),(iii). 

Corollary 8.18. For a G.C.A. St to be multiple-free it is neces- 
sary and sujfficient that SI = SI. 

Proof; by 8.13(i),(iii), 8.10, and 8.17. 

It should be emphasized that the disjunctive algebra A of a G.C.A. 
81 is by no means a subalgebra of SI. If 81 is a C.A., then 81 is a G .C.A., 
but never a C.A. (unless 81 has only one element — cf. 8.12 and 8.17). 
By means of^Sl, however, we can construct new C.A.’s. For instance, 
the closure 81 of SI is of course a C.A., though its structure may differ 
considerably from that of the original C.A. 81. In our further dis- 
cussion we shall find important examples of C.A.’s among coset 
algebras 'ii/R generated by infinitely additive equivalence relations 
R. This throws some light on the introductory remarks in §5 
regarding the significance of G.C.A.’s for the study of C.A.'s. 

Theorem 8.19. For every algebra 81 = (A, +> 2) following 
conditions are equivalent: 
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(i) 2( is an idem-multiple G,C.A., and for any a^h e A with a ^ b 
there is an element c e A such that a + c = b and (70^ = 0; 

(ii) ?'l is a G.C.A . and K — 

(iii) there is a multiple-free G.C.A, 93 such that 91 = S. 

Instead of requiring in (i) that 9£ be idem-multiple, we can require 
only thai 2-a be in A for every a c A. 

Proof: If (i) holds, wo have by 8.9 

(1) 9£ = 9l. 

Moreover, (i) implies by 8. 10 that the relations S in 9( and ^ in 
9*t coincide; hence we obtain by 3.2 and 8.7 

(2) 91 = fl. 

Theorem 8.17 and formulas (1) and (2) at once give (ii). From (ii) 
we easily conclude that 9( is multiple-free (by applying 8.11 and 
8.16, and without assuming that 91 is itself a G.C.A.) ; and hence 
we obtain (iii). By 8.14, condition (iii) implies that 9t is an idem- 
multiple G.C.A,; and from 8.8 and 8.13(i),(iii) we see that 9t also 
satisfies the additional condition: 

(3) if a, b € A and a ^ b, then there is an element c c A 

such that a + c = 6 and a fl c = 0. 

Thus, conditions (i)-(iii) are equivalent. Assume finally that 9t 
is a G.C.A. which satisfies (3) and in which 2-a e A iov every a e A. 
In this case, for every element a e A, there is an element c e A such 
that 

a + c = 2 a and a fl c = 0. 

Hence, by 3.12, 

c = (2-a) n c = 0 and a = 2'a, 

so that, by 8.1, 91 is idem-multiple. If, conversely, 9£ is idem-multiple 
then obviously 2-a c A for every a e A, Thus, the last part of the 
theorem has been established. 

Theorem 8.20. For every algebra 9( = the following 

conditions are equivalent: 

(i) 91 is a multiple-free G.C.A.; 

(ii) 91 is a G.C.A. and 9( = k; 

(iii) there is a G.C.A. 93 such that 91 = S. 
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Frcm the G,C.A, 33 in (iii) we can require that it satisfy condition 
8.19(i) for = 33. 

Proof. If (i) holds, then, by 8.14, ?[ is a G.C.A.; and from 3.23, 
8.8, 8.13, and 8.16 we conclude that the operations + and U as 
well as ^ and U coincide; thus, we obtain (ii). Conversely, (ii) 
implies (i) by 8.17. If (i) and (ii) hold, and if we put 

33 = ft, 

we at once obtain (iii); and we conclude from 8.19 that 33 satisfies 
8.19(i). Finally, (iii) implies (i), and hence also (ii), by 8.17. This 
completes the proof. 

Theorems 8.19 and 8.20 exhibit close connections between multiple- 
free G.C.A.^s and those idem-multiple G.C.A.’s which satisfy the 
additional condition of 8.19(i). Given an algebra 31 of the first 
class, we obtain an algebra S of the second class by putting 

33 = fU 

conversely, every algebra 21 of the second class yields an algebra 
33 of the first class, namely, 

33 = 2L 

We could say that we are presented in both cases with the same 
algebras, which are characterized, however, in terms of different 
fundamental operations. (The phrase ‘the same algebras’ should 
not be taken literally.) 

Idem-multiple and multiple-free algebras exhibit, aside from 
many differences, also some striking similarities. For instance, 
in both kinds of algebras the sum of any sequence of elements, if 
it exists at all, coincides with the least upper bound of these elements; 
and the latter always exists if the sequence is bounded above. The 
first of these properties plays an essential role in the proof of the 
following theorem, which concludes this section: 

Theorem 8.21. Let % = (A, -b, and 2t' = (A', -f ', 
be two idem-multiple or multiple-free G.C.A.^s, For a fanctioji f to 
map 2t isomorphically onto 2t' it is necessary and sufficient that D(f) = 
A, C(f) = A\ and that the formulas 

a ^ b and /(a) f{b) 
be equivalent for any a and bin A, 
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Proof: The necessity of the conditions follows at once from 6.1. 
To show that they are sufficient it suffices to derive from them 6.1 
(iii), and to apply 6.2. The derivation of 6.1(iii), however, presents 
no difficulty, since in both kinds of algebras the operation + can be 
defined in terms of the relation ^ ; cf. 8.2 (or 7.12 and 8.1) for idem- 
multiple algebras, and 7.12 and 8.13(i),(iii) for multiple-free algebras. 



§9. SEMI-IDEALS AND IDEALS 


In this section we shall discuss certain special siibalj^ebras of 
G.C.A/s — SEMI-IDEALS and ideals.^ 

Definition 9.1. Let ?l = (A, +, ^). 

(i) A non-empty subset B of A is called a semi -ideal in if it 
satisfies the condition: 

if a 6 ’ A, h £ B, and a ^ by then a c B. 

(ii) A semi-ideal C is called an ideal in 3t if it satisfies the condition: 

if a e Ay Co , Ci , • • • , , • • • C, and a = 

aeC. 

We are not going to consider here ideals in a wider sense, i.e., 
semi-ideals which are assumed to be (relatively) closed under binary 
addition only. In opposition to ideals in a wider sense, those actually 
defined in 9.l(ii) could be called infinitely additive (or infinitely 
closed) ideals. 

As examples of semi-ideals we may mention the sets of all finite 
and of all multiple-free elements; also the set of all indecomposable 
elements with 0 included. By applying to these semi-ideals the 
construction described in Theorem 9.7 below, we obtain, as examples 
of ideals, the set of all infinite sums of finite elements, the set of all 
infinite sums of multiple-free elements, and the set of all finite and 
infinite sums of indecomposable elements. 

Corollary 9.2. Every semi-ideal and every ideal in a (?.C.A. 
St = (A , -f- , X] ) contains the element 0. 

Proof: by 9.1. 

Corollary 9.3. Let C be an ideal in a G.C.A, St = (A, +, 

If n ^ 00 , X)i<w ^ j Co j Cl , • * • , Ct , • • • are in C, th^n 

^ "l iVn Ct is in C. 

Proof: by 9.1 (ii) and 9.2. 

Corollary 9.4. The largest semi-ideal and the largest ideal in 
a G,C,A, St = (A, +, X^) is the set A. 

Proof: by 9.1. 

® The discussion in §§9 and 10 shows various analogies to the discussion of 
ideals in other algebraic systems, especially in lattices. 

Ill 



112 


METHODS OF CONSTRUCTION 


Theorem 9.5. If K is a non-empty family of semi-ideals in a G,C,A . 
21, then the union and the intersection of all sets in K are semi-ideals 
in 21. 

Proof: by 9.1(i) and 9.2. 

Theorem 9.6. If K is a non-empty family of ideals in a G.C.A. 
2t, then the intersection of all sets in K is an ideal in 2t. 

Proof: by 9.1 and 9.2. 

Theorem 9.7. If B is a semi-ideal in a G.C.A. 2t = 
then the set C of all elements c e A such tlmt 

c = ^ bi for some bo y h hi e B 

» <00 

is the smallest ideal in 2t winch includes B. 

Proof: by 9.1, with the help of 1.42 and 2.2. 

Theorem 9.8. Let H = {A, +, ^) be a G.C.A., and let D be a 
subset of A. 

(i) The set B, consisting of all elements b c A with b ^ d for some 
d e D, and of the element 0 in case D is empty y is the smallest semi- 
ideal in 21 which includes D, 

(ii) The set C of all elements c e A such that 

c = ^ bi for some bo ,bi , • • • ybi , • • • e B 
* <00 

is the smallest ideal in 21 ivhich includes D, 

Proof: by 9.1, 9.2, and 9.7. 

Theorem 9.9. // 2t = (^4, +, X) is a C.A, and if D is a non- 
empty subset of A, then the set C of all elements c e A such tlmt 

c ^ di for some do , di , • • • , di^ • • • e D 

t <00 

is the smallest ideal in 21 which includes D, 

Proof: The identity of the sets C in 9.8 and 9.9 follows from 1.22 
and 2.2. 

In case the set D in 9.8 (or 9.9) consists of one element only, we 
obtain what may be called principal semi-ideals and ideals. 
We introduce in this connection a special notation: 
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Definition 9.10. Let 21 = (A, +, 5^) a G,C,A. The smallest 
semi-ideal in 21 which contains an element a e A is denoted by ^S(a)\- 
and the smallest ideal in 21 which contains a is denoted by ^I(a)\ 

Theorem 9.11. If 21 = (A, +, is a G.C.A. and a e A, then 
the semi-ideal S(a) is the set of all elements c c A with c g a, and the 
ideal I {a) is the set of all elements c e A with 

c = ^ ^ Ci 
♦ <00 

where Ci ^ a for every i < <x) ; I (a) includes S{a). 

Proof: by 9.8 and 9.10. 

Corollary 9.12. If 21 is a (7.C.A., then S(0) = /(O) is the set 
consisting only of 0, and it is the smallest semi-ideal and the smallest 
ideal in 21. 

Proof: by 9.2 and 9.11. 

Corollary 9.13. //21 = {A^ A',^)i8aG.C.A. and a, oo-a^A, 
then I {a) is the set of all elements c e A with c ^ oo -a, and I (a) = 
I(co-a) = S{<x>'a). 

Proof: by 9.1 1, with the help of 1.22, 1.43, and 2.2. 

Corollary 9.14. If 21 = (A, +, 53) ^ G.C.A. and a, c, 

00 - a f A, then the formulas I (a) = I{c) and oo - a = oo - care equivalent. 

Proof: by 9.10 and 9.13, with the help of 1.23 and 1.43. 

Theorem 9.15. If 21 = (A, +, 53) ^ G.C.A. and a e A, then 

the set A (a) of all elements c e A with c + a = ideal which is 

included in S{a) and I (a). 

Proof: by 1.30, 1.47, 9.1, and 9.11. 

Theorem 9.16. If 21 = (A, +, 23 ) is a G.C.A., then each of 
the formulas: A (a) = >S(a) and A (a) = I (a) {where A (a) is the ideal 
of 9.15) is equivalent to the condition that a is idem-multiple. If, in 
addition^ ^ - a e A, the same applies to the formula: S{a) = I (a). 

Proof: by 4.3, 4.4, 9.11, 9.13, and 9.15. 

Theorem 9.17. Let 21 = (A, +, 23 ) be a G.C.A. If a e A^ 
then the set D{a) of all elements d e A with a fl d = 0 is an ideal in 21. 
More generally, if C is a subset of A, then the set D{C) of all elements 
de A with c 0 d = 0 for every c eC is an ideal in 21. 
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Proof: From 3.1 and 9.1(i) it is seen at once that the set D(a), 
or D(C), is a semi-ideal in SI; hence, by 3.12 and 9.1(ii), it is an ideal. 

Further theorems concern relations between semi-ideals, ideals, 
and arbitrary subalgebras of G.C.A.’s. 

Theorem 9.18. Lei St = (A, -f, 23)* 

(i) If St is a G.C,A. and B is a semi-ideal {or an ideal) in St, then 
S3 = {B, + is a generalized cardinal subalgebra of St. 

(ii) If St is a C.A. and B is an ideal in St, then S3 = (R, +, 2^) 
is a cardinal subalgebra o/ St. 

In both cases St and S3 have the common zero element 0. 

Proof: (i) by 5.1, G.13, 9.1, and 9.2; (ii) by (i), 5.24, G.13, and 9.1. 
In connection with (i) compare the proof of Theorem 8.15, which is 
a particular case of 9.1 8 (i). 

Regarded as subalgebras, semi-ideals and ideals deserve attention 
from the following point of view. Although the fundamental opera- 
tions in an algebra St = S) and in its subalgebra S3 = (R, 

-f , 23) coincide, other arithmetical notions discussed in Part I may 
have different meanings in St and in 33, even when applied to ele- 
ments of S3. For instance, St and S3 may have different zero elements; 
a and b being two elements of R, the formula a ^ b may hold in St, 
but not in S3; and so on. This cannot occur, however, if ^ is a semi- 
ideal. For, as we know, St and 33 have in this case the same zero 
element; if, for any elements a, 5, a© , ui , • • • in R, a formula like 

a ^ bj a = n ai (withn + 0), or a = U 

t<00 i<00 

holds in one of the algebras St and S3, it also holds in the other; and 
if an element a in R is, e.g., finite in St, it is also finite in S, and 
conversely. The proof presents no difficulty. 

Theorem 9.19. Let S3 = {B, be a subalgebra of a G.C.A 

% = {A, +, 23 )* 

(i) If B is a semi-ideal in St and D is a semi-ideal in 33, then D 
is also a semi-ideal in St; similarly for ideals. 

(ii) If B is a semi-ideal in St and D is an ideal in S3, then there is 
an ideal C in St whose intersection with B is D; e.g., the smallest ideal 
in St which includes D can be taken for C. 

Proof: (i) by 9.1 (and G.13) ; (ii) by 9.1, 9.2, and 9.8. 
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It may be noticed that both parts (i) and (ii) of 9.19 may fail in 
case 58 is a generalized cardinal subalgebra of 3t, but B is not a semi- 
ideal in 3t. We have, however, in this connection 

Theorem 9.20. The conclusion of 9.19(ii) holds also in case 58 
is an arbitrary cardinal subalgebra of a C.A. 3(, and D is an ideal in 58. 

Proof: by 6.13, 9.1, and 9.9. 

Theorem9.21. Let B be a semi-ideal in a G.C.A. 31 == (A, 
or, more generally^ let ^ — {B, -\-, ^) be a subalgebra of 31 which 
has the same zero element as 31. 

(i) If C is a semi-ideal (or an ideal) in 3t, then the inUr section of 
C and B is a semi-ideal (or an ideal) in 58. 

(ii) //, in addition^ C is included in By then C is itself a semi-ideal 
(or an ideal) in 

Proof: by 6.13, 9.1, 9.2, and 9.18. 

Theorem 9.22. // S = (A , + , a closure o/ 31 = (A , + , X] )> 
then A is a semi-ideal in 3l, and A is the smallest ideal in 3l which in- 
cludes A. 

Proof: by 7.1, 7.4, and 9.1. 

Theorem 9.23. // 58 = {By +y is a subalgebra of a C.A, 
31 = (A, +, ^) canstituted by a semi-ideal B in 31, then there is a 
uniqely determined subalgehra 58 o/ 31 which is a closure of S3; in fact, 
58 = {By + j where B is the smallest ideal in 31 (and also the small- 
est cardinal subalgebra of 31) which includes B. 

Proof: by 6.13, 7.1, 9.7, and 9.18. 

In view of 7.8, 9.22, and 9.23, we could simply define G.C.A.'s 
as subalgebras of C.A.’s constituted by semi- ideals. 

Theorem 9.24. Let fl be a closure o/ 31 = (A, +, 2!^). If 
C is an ideal in 31, then there is a uniquely determined ideal C in S 
whose intersection with A is C; in fact, C is the smallest ideal in 81 
which includes C. 

Proof: By 7.1(i), 9.19(ii), and 9.22, the smallest ideal C in 81 
which includes C has the desired property; if B is any other ideal in 
8l with the same property, it can easily be shown to be identical 
with C by means of 7.1(ii),(iii) and 9.1. 

Theorem 9.25. If C is a semi-ideal, or an ideal, in a G.(J.A. 81, 
it is also a semi-ideal, or an ideal, in the disjunctive G.C.A. 31. 
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Proof: by 8. 1G, 8.17, and 9.1. 

Ideals provide us with a rather general method of contructing 
infinitely additive and infinitely refining equivalence relations. 
This method is based upon the following: 

Df:finition 9.26. Let 3f = (A, +, 23) ^ G.C./l., and let C 

be an ideal in ?(. Two elements a, b e A are called congruent modulo 
C\ in symbols y a ^ b, if there are elements a', b' e C and c e A such that 
a = a' + c and 6 = 6' + c. 

Theorem 9.27. Let 31 = (v1, +, 23) ^ C.A., and let C be an 

ideal in 31 . Then for any a^b e A the following conditions are equivalent: 

(i) a W b; 

(ii) there are elements a', 6' c C for which a + 6' = 6 + a'; 

(iii) there is an element c € C with a + c == ?; + c. 

Proof: (ii) follows directly from (i) by 9.26. To derive (iii) 
from (ii), we put 

c = 00 -a' + 00 -6', 

and apply 9.1(ii). (i) can be derived from (iii) by means of 2.6 

(or 2.3) and 9.1 (i). 

Theorem 9.28. Let 3( = {A, +,^) be a C.A.y and let a^hyC e A. 

(i) If C I{c ) , we have a^b if, and only ifyO qo -c = 6 + oo • c. 

(ii) If C = A{c), where A{c) is the ideal o/ 9.15, we have b if y 

and only ?/, a + c = 6 + c. 

Proof: first part by 9.9 and 9.27; second part by 2.6, 9.15, and 
9.27. 

Theorem 9.29. If C is an ideal in a C.A.y or G.C.A., 31, then 
^ is an infinitely additive and infinitely refining equivalence rela- 
tion in 3t, and hence 3t/^ is a C.A,, or G.C.A.; moreover, C coincides 
with the coset of the zero element, 0/^. 

Proof: In the proof we apply 9.1 and 9.26 several times. The 
relation ^ is clearly reflexive and symmetric; by means of 2.3 we 
show that it is transitive. From 6.4 we easily see that it is infinitely 
additive; to show that it is infinitely refining, we make use of 1.1. VI 
and 6.7. Hence, 3f./^ is by 6.10 a C.A., or G.C.A. The last part 
of the conclusion follows easily from 6.3. 

From 9.28(ii) and 9.29 we can derive, e.g., with the help of 7.13, 
various properties of the relation R which holds between two ele- 
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merits a and 6 of a C.A. 3t if, and only if, a + c = 6 + c (where c 
is any fixed element of 3t). Most of these properties, however, have 
been established in Part I directly; for instan(;e, Theorems 2.10 and 
2.18 show that the relation in question is additive and refining. 

The following theorem is a converse of 9.29. 

Theorem 9.30. Let R he an infinitely additive equivalence relation 
in a G.CA. = (A, +, Z)). U R is finitely or infinitely refining 
in ?t — or, more generally , if %/R is a G.C.A. — then the coset 0/R is 
an ideal. 

Proof: By 6.3, the set 0/R is a subset of A. If a is in 0/R and 
b ^ a, we obtain, by applying G.3-G.5 and by passing to cosets, 

b/R S Cb/R = 0/72; 

and since %/R is a G.C.A. and 0/R is its zero element (cf. G.G and 
G.IO), we conclude by 5.19 that 

h/R = 0/R; 

thus, b is in 0/fi, and 0/R is a semi-ideal by 9.l(i). From G.3 and 
6.4 we easily see that 0/R satisfies also the condition stated in 9.1 
(ii), and hence is an ideal. 

It should be emphasized that the method of constructing infinitely 
additive and infinitely refining eijuivalence relations with the help 
of ideals, as provided by 9.29, is by no means universal. In fact, 
two different relations R and S with these properties can generate 
the same ideal (in the sense of 9.30); e.g., if R is any one of the rela- 
tions 'a which will be discussed in §11, then 0/72 = 1(0) (cf. 11.13 
and 11.25). 

In general, the variety of ideals in a C.A. or a G.C.A. can be 
very small, and in fact much smaller than the variety of elements. 
We see, for instance, from 9.13 that the ideals generated by two 
elements a and oo - a are always equal, even if the elements them- 
selves are different; and this will be further emphasized by Theorem 
10.13 below which shows that the variety of ideals in an arbitrary 
C.A. SI is the same as that in a special subalgebra of SI constituted 
by all idem-multiple elements. We now want to consid(;r the 
extreme case when an algebra has only two different ideals. 

Definition 9.31. A G.C.A. St = (A, -f-, Z^) is called simple 
if there are no ideals in Si different from A and 1(0). 
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Examples of simple algebras will be found in §14. 

Theorem 9.32. For every G,C,A. 3t = {A, the following 

conditions are equivalent: 

(i) 3t is simple] 

(ii) / (a) = 7(6) for any a^h e A with a + 0 and 6 4 = 0; 

(iii) if a, b e A and 6 + 0, then there are elements ao , cu , ■ * * > > 

• • e A such that 

a = Z) 

*<80 

and ai ^ h for every ^ < oo . 

Proof: (i) clearly implies (ii) by 9.11, 9.12, and 9.31. If (i) does 
not hold, there is an ideal C different from A and 7(0). We consider 
an element a in C different from 0, and an element b in A which is 
not in C; and we easily see from 9.10 and 9.11 that 7(a) + 7(6) (since 
7(a) isasubset of C), so that (ii) fails. Furthermore, in view of 9.11, 
(iii) amounts to saying that a c 7(6) and 6 e 7(a) for any a + 0 and 
6 + 0; and this is clearly equivalent to (ii) by 9.10. 

Theorem 9.33. 7/ 3( = (^4, +, ^) is a simple G.C..4., and a 
is an m finite element of A, then a is idem-multiple and is the unique 
infinite element of A; and we have b ^ a for every b € A, 

Proof: The ideals ^(a) of 9.15 and 7(a) are different from 7(0), 
as is seen from 4.10, 9.11, and 9.15; hence, by 9.31, they are identical. 
Consequently, by 9.16, a is idem-multiple, and therefore, by 4.3 
and 9.32, 

6 ^ 00 -a = a for every b e A, 

If 6 is also infinite, we have for the same reasons 

a g 00 -6 = 6 , 

so that a and 6 must be identical. 

Theorem 9.34. For a C.A, 3t = {Ay to be simple it is 

necessary and sufficient that A contain no two different iniinite elements. 
Proof: The condition is necessary by 9.33 for arbitrary G.C.A.’s. 
If the condition is satisfied, we have, by 4.12, 

00 -a == 00-6 for any ay b c A with a + 0 and 6 + 0 ; 

hence by 9.14 we obtain 9.32(ii), so that ?( is simple. 
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From examples in §14 it will be seen that the condition of 9.34 
is not sufficient for 21 to be simple in case 2( is a G.C.A., and not 
a C.A. 

Theorem 9.35. Let 21 = (A, +, 2) be a G.C.A., and let a be 
an indecomposable element of A. For 21 to be simple, it is necessary 
and suffwient that, for every b e A, there be an integer n ^ oo such 
that b = n^a. 

Proof: An elementary argument based upon 4.38 and 4.40 shows 
that the condition of the theorem is equivalent to 9.32(iii) — under 
the assumption that a is indecomposable. 

Corollary 9.3G. If 2( == (A, +, 2^) ts a ^mple G.C.A., then 
A contains no two different indecomposable elements. 

Proof: by 9.35 and 4.42. 

Theorem 9.37. 7/ 2t = (A, +, 2) « dmple G.C.A., 

0 < n < 00 , do , , * * • , Ui , • • • f A, and n,<n exists, then we 
have 

n ai ^ atn for some m < n, 

<<n 

Proof: We can put 

(1) n a,- + bj =s aj for j < n, 

*<n 

If = 0 for some m < n, the conclusion obviously holds. If, on 
the contrary, 4= 0 for every j < n, we show by induction with 
respect to n and with the help of 9,32(iii) that there is an element 
X such that 

(2) re 4= 0, and x ^ for f < n. 

From (1) and (2) we easily conclude that 

n a» + a; ^ ay for j < n, 

*<n 

and hence 

n a< + x = Da,-. 

* <n % < n 

Consequently, by 4.10, the element n,<„ai is infinite. Hence, by 
4.15 and 9.33, all the elements Oo , ai , • • •, a< , • • • are infinite and 
ecpial to each other, so that the conclusion again holds. 
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Theorem 9,38. 7/ 21 = (A, +, X) ^ simple G.C.A., 
0 < n < 00 , ao , tti , • • a* , • • • e A, and Ui<n exis/s, tlwn we 
have 

U a* = am for some m < n. 

< <n 

Proof: By 9.33 the conclusion certainly holds if one of the ele- 
ments Oi is infinite. Otherwise, U.<„ a; is finite by 4.17. We put 

(1) a,- + bj = U at for j < n. 

%<n 

By 4.21 and 9.37 we obtain 

(2) U Oi = U + n fci = U o< -f 6™ for some m < n. 

t<n i<n t<n t<n 

(2) implies by 4.10 that bm = 0, Hence, by (1), the conclusion. 

Corollary 9.39. 7/ 3t = (A, +, 2) is a simple G.C.A.j then 
for all a, h e A the following conditions are equivalent: 

(i) a ^ b or b ^ a ; 

(ii) a Ci b exists; 

(iii) a U 6 exists. 

Proof: by 9.37 and 9.38. 

The problem remains open whether there are simple G.C.A.^s 
in which 9.39(i) fails for some a and 6, i.e., which are not simply 

ORDERED. 



§ 10. ALGEBRA OF IDEALS 


We proceed to the construction of the algebra of ideals. 

Definition 10.1. Let SI = (A, +, By the sum B + C 

OF TWO IDEALS B and C in S( wr ^inderstand the snudlest ideal in St 
which includes both B and C; similarly we define the sum 

OF AN INFINITE SEQl'ENCE OF IDEALS ^tn , .1 1 , • * , • • • iu St. 

2'hc algebra constituted by the family I of all ideals in St and by the 
operations + and 52 defined is called the ideal algebra of St, 
in symbol Sy 

Wi) =- (i,+,E). 

Theorem 10.2. Let St = (*'1, +, 22) l>e a (L(\A. The sum 
B + C of any two ideals B and (J in St alivays exist Sy and it consists 
of all elements a c A with a — /> + c for some b c B and c c C. Simi- 
larly y the sum 5I,<oo At of any infinite sequence of ideals .lo , /li , • • 

At y • • • tn S( always cxistSy and it consists of all elements a e A with 

a == 2 ^ 

» <00 

where at c At for every i < ^ . 

Proof: B and C b(‘iug any ideals in St, the set of all elements 
h A- c F A with b e B and c e C is an hleal in St by 2.4, 5.1. II, and 9.1 ; 
it is tlie smallest ideal which includes B and C by 9.2 and 9.3; and 
hence it coincides with B + by 10.1. Similarly for any infinite 
sequence of ideals, with 2.4 and 5.1. 1 1 replaced by 2.2 and 5.22. 

Theorem 10.3 (fundamental theorem of the ideal algebra). 
7/ St = {Ay is a GX-.A.y then the ideal algebra 3 (St) is an 

idem-multiple C A ., and the ideal 1(0) is the zero clement of this algebra. 

Proof: From 10. 1 and 10.2 we easily see that Postulates 1.1.1 IV 
hold in 3(S(). By 9.12 and 10.1 we liave 

B + 1(0) = 7(0) + B = B 

for every ideal B in St; thus, Postulate 1.1. V is satisfied, and 7(0) 
is the zero element of St. To obtain 1.1. VI, we assume that 

+ c = T, Ai 
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for given ideals C, Ao , Ai , — • ,A^ , • • • . We define Bi to be the 
intersection of B and Ai ; and similarly we define Ci . By 9.6, 
Bi and Ci are ideals. By 10.1, B is included in ^i<ooAi ; hence, 
by 10.2, B consists of elements b with 

b = ^ tti where a* € A^ for i = 0, U 2, • • • . 

< <00 

From 9.1 we see that these elements a, arc also in B. Hence 
€ Bi for i = 0, 1, 2, ••*. 

Therefore, by 10.2, B is included in the sum whereas, 

by 10.1, it includes this sum; so that finally 

B = E Bi. 

i <00 

Similarly we obtain 

C = E C. , and = B. + C'. for f = 0, 1, 2, • • • . 

1 <00 

Thus, the ideals and Ct satisfy the conclusion of 1.1. VI. 

Now to derive l.l.VTI, we consider ideals A, and Bi such that 

(1) An == Bn + An+\ for 71 = 0, 1,2, ••• . 

From 10.1 we conclude by induction that An^t and Bn-^i are subsets 
of An for every i < oo . The intersection C of A( , Ai, • • • , A^ , • • • 
is an ideal by 9.6. Let a be any element in . We put Oo = a. 
By (1) and 10.2 we have 

ao = fco + CLi with bo c Bn and ai £ A n^i . 

By continuing this procedure indefinitely, and then by applying 
5.1.V (to elements ao , ai , • • • , 6o , 6i , • • • e C), wc arrive at 

(2) Op = c + X) ^P+i where ap e A„+p and bp e Bn+p for 

< <00 

p = 0, 1, 2, • • • . 

Hence, by 9.1, c is in , /l„+i , • • • , yln 4 . , • ■ • and therefore also 
in C (the sequence At^, Ai , •• • , Ai, ••• being decreasing). For 
p = 0, (2) gives 

a = flo = c + E : 

i <00 
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and this shows by 10.2 that a is in C + • Thus, An is 

included in C + C, Bn, J5n+i , ••* being 

subsets of An , the inclusion in the opposite direction results from 
10.1, so that finally 

An = c + ^ Bn^i for n = 0, 1, 2, • • • ; 

t <00 

in other words, C satisfies the conclusion of 1.1. VII. Thus, 3(?D 
is a C.A.; and from 8.1 and 10.1 it is seen that 3i(?l) is an idem-mul- 
tiple C.A. 

Theorem 10.4. If % = (A, +, is a G.C.A., then the relation 
^ in the ideal algebra 3(?() coincides with set-theoretical inclusion; 
and the set A is the largest clement in this algebra, i.e., we have B ^ A 
for every element B of the algebra. 

Proof: by 9.4 and 10.1. 

Theorem 10.5. Let 31 = (A, +, G.C.A,, and let A,- 

be elements of the ideal algebra 3 (31) (i.e., ideals in 30 correlated with 
elements i of an arbitrary set I, Then fltr/ Ai*always exists; and, in 
case the set I is not empty, fljt/A, coincides with the set-theoretical 
intersection of all ideals A* . 

Proof: by 3.1, 9.6, 10.1, and 10.4. 

Corollary lO.G. For any ideals B and C in a G.C.A, 31 = (A, 
+ , the following conditions are equivalent: 

(i) 0 is the only common element of B and C; 

(ii) 6 n c = 0/or every b e B and c e C; 

(iii) JS n C = /(O) in the ideal algebra 3(31). 

Proof: The equivalence of (i) and (ii) follows from 9.1 and 9.2; 
the equivalence of (i) and (iii) is a consequence of 9.12 and 10.5. 

Theorem 10.7. Under the hypothesis of 10.5, Uic/At always 
exists; it is the smallest ideal which includes all the ideals A* , and it 
consists of all elements a e A which can be represented in the form 

a = a* 

k<n 

where n g oo , and ak e Aij^ for some elements iu e I such that ik 4= ii 
for k < I < n. 

Proof: Let B be the set of all elements a which have the represen- 
tation given in the theorem. By means of 1.44, 2.2, 9.1, and 9.3, 
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we easily show that B is an ideal, and in fact the smallest ideal which 
includes all ideals ^4, . Hence, by 3.2 and 10.4, 

B = U . 

It is seen from 10.7 that the ideal is the set-theoretical 

union of all ideals Utfj A j where J is any at most denumerable sub- 
set of /. 

Corollary 10.8. 7/ 31 = « G.C.A,, n ^ oo, and 

Aq , Ai , • • • , A^ , • • • with i < n are ideals in 3(, then 

U yli = z 

t < n t < n 

and ./I t consists of all elements a e A of the form 

a = ^ Oi 
t<n 

where ai € Ai for every i < n. 

Proof: by 8.2, 9.2, 10.3, and 10.7. 

Theorem 10.9. If B is an ideal in a G.C.A. 31 = (^, +, 
and if Ct are ideals in 3t correlated with elements i e 7, thc7i 

Bcwj Ci = u (i? n C\). 

tel tel 

Proof: By 10.1, 10.5, and 10.7, all the bounds involved exist in 
the algebra 3(31) and are ideals in 31. If, moreover, 

(1) xe^nUCi, 

iel 

we have by 10.5 and 10.7 

X £ By and x = Ck where Ck £ for k < ii] 

k<n 

hence, by 9.1 and 10.5, 

X — ^ Ck where Ck £ B C\ Ci^ for k < n; 

k<n 

and therefore, again by 10.7, 

( 2 ) X £ U (H n Ci). 

iel 

Thus, (1) implies (2) ; by 10.4, this gives 

H n U ^ U (B n Ci). 

iel iel 



ALGEBRA OF IDEALS 


125 


From 3.1 and 3.2 we easily obtain the inequality in the opposite 
direction, and hence finally the desired equation. 

It should be noticed that the dual distributive law fails in general; 
it holds, of course, by 3.30 and 10.3 in case the set / is at most de- 
numerable. 

Theorems 10.3, 10.5, 10.7, and 10.9 provide us with an exhaustive 
characterization of the ideal algebra In §15 (Theorem 15.25) 

these results will be given a more convenient and familiar form. 

Theorem 10.10. Lei 31 = {A, +, X)) ^ G.C.A. If n ^ oo 

a7id ao , ai , • • • , , • • • e A, then 

a — ^ Gt implies /(a) = ^ I (ad. 

I < n i < n 

Tn case the elements a, ao , ai , • • • , a» , • • • arc idem-multiple, the im- 
plication in the opposite direction also holds. 

Proof: If 

(1) a = 2^ a,, 

*<n 

we see by 9.1, 9.3, and 9.10 that 1(a) is the smallest ideal which 
includes all the ideals /(«»); the existence of these ideals is secured 
by 9.11. Hence, by 10.1, we arrive at the conclusion. 

If now a, Go , ai , • • • arc idem-multiple and 

/(a) = E Had, 

t<n 

we conclude by 7.12, 9.10, and 10.8 that is in A; hence by 

the first part of the theorem 

Ha) = /(E a,); 

i<n 

and by 4.3, 7.12, and 9.14 we obtain (1). 

Theorem 10.11. Let 3t = (A, +, 2^) he an idem-multiple G.C.A. 
Then the junction f such that f(x) — I (x) for every x € A maps 31 iso- 
morphically onto a generalized cardinal subalgebra 33 of the ideal al- 
gebra 3(81). 

Proof: by 4.3, G.l, 8.1, 9.10, 9.14, and 10.10. 

Theorem 10.11 does not apply to arbitrary G.C.A.^s or even 
C.A.’s. 
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Theorem 10.12. If B is an ideal in a G.C.A, ?l = {A, +> 2)> 
then the set of all ideals in ® = (J5, +, is an ideal in the ideal 
algebra 3(?0 {in fact, it is the smallest ideal which contains B ) ; and 
3(93) is a cardinal subalgebra of 3(?t)) the same zero element /(O). 
Proof: by 9.18, 9.19, 9.21, and 10.1-10.4, without any difficulty. 

Theorem 10.13. Let 93 = {B, be the subalgebra of a C,A, 

3t = (^ > + » X) ) constituted by the set B of all idem-multiple elements 
in A ; and let, for every ideal X in ?I, F{X) be the intersection, of X and 
B, Then F maps 3(3t) isomorphically onto 3(93), so that 

3(20 ^3(93). 

Proof: By 8.4, 93 is an idem-multiple cardinal subalgebra of 9t, 
and by 4.2 the zero elements in and 93 are identical. Hence, X 
being an ideal in 3t, F{X) is by 9.21 an ideal in 93. Conversely, Y 
being an ideal in 93, 9.20 implies that there is an ideal X in 31 such that 

F{X) = F. 

Thus, D{F) and C{F) are the families of all ideals in 3t and 93 respec- 
tively. Furthermore, for any ideals C and D in 3t, the formula 

(1) C ^ D 
implies 

(2) F{C) ^ F{D); 

we apply here 10.1, 10.4, and the definition of F. If now (2) holds, 
then, for the same reasons, D is an ideal which includes F{C) . More- 
over, for every c in C, oo -c is in C by 9.1(ii) ; it is also in B by 4.5, 
and therefore, by the definition of F, oo -c is in F{C) and in D; hence, 
by 9.1 (i), c is in Z). Consequently, (1) holds. Thus, formulas 
(1) and (2) are equivalent for all ideals in 31. By now applying 
8.21 and 10.3, we immediately arrive at the conclusion. 

Theorem 10.14. Let fi be a closure of its subalgebra 3t = 
(A, +, ^);and let, for every ideal X in S, F{X) be the intersection 
ofX and A, Then F maps 3(S) isomorphically onto 3(21), so that 

3(2t) ^ 3(3). 

Proof: The reasoning is entirely analogous to that in the preceding 
proof. Instead of 4.2 and 8.4 we apply 6.13, 7.1, and 7.2; and 9.24 
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shows at once that (2) implies (1), since C must coincide with the 
smallest ideal which includes F(C). 

Thus, instead of studying ideals in arbitrary G.C.A.’s, we can 
restrict ourselves to the discussion of ideals in C.A.’s (by 10.14), 
and even in special, idem-multiple C.A.’s (by 10.13). 

Corollary 10.15. If 3l is a closure of its subalgebra ?(, then ?( 
is simple if, and only if, S is simple. 

Proof: by 9.31, 10.1, and 10.14. 

The last three theorems of this section will have a more special 
character; they will be applied in §12. 

Theorem 10.16. Let St = (A, be a G.C.A, such that every 

element a in A can be represented in the form 

a = ^ ai with n ^ oo 

i<n 

where the elements ai are indecomposable in the disjunctive algebra 
— i.e., 0 and, for any x,yeA,a — x-^y and x r\ y = 0 imply 

that a; = 0 or 2/ = 0. Then every ideal B in St can be represented 
in the form 

B — \J Bi where Bi 0 Bj = I (0) for i, j e I and i j 

iel 

and where the ideals are indecomposable in the disjunctive ideal 

algebra ^(St) — i.e., Bi 7(0) and, for any ideals X and Y in St, = 
X + y and Z n F = 7(0) imply that X = 7(0) or Y = 7(0). This 
representation is unique apart from order. 

Proof: We shall consider first the particular case when B — A. 
Let K and L be families of ideals defined by the conditions: 

(1) X f K if, and only if, for some ideal F in St, A = X + F 

and X n F = 7(0); 

(2) X eL if, and only if,X e K and X is indecomposable in ^(Sl). 
We notice the following: 

(3) if z is indecomposable in St, X and F are ideals in St, ze X + Y, 

and X n F = 7(0) , then zeXorzeY. 

This is seen from 4.38, 8.16, 10.2, and 10.6. Hence and from (1) 
we conclude by 10.6: 

(4) if z is indecomposable in ^ and X e K, then either z e X or 

a; n « = 0 for every xeX. 
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Given an element a indecomposable in 31, there are ideals X e K 
which contain a; e.g., as is seen from (1), 10.3, and 10.4, A is such 
an ideal. Let Xo be the intersection of all ideals X with this property; 
and let Yq be the set of all elements y such that 

a; n 2/ = 0 for every x e Xo , 

By 9.17, Yo is an ideal; hence by 10.6 

(5) Zo n Fo = 7(0). 

Let y be any element which is indecomposable in ^l. If y is not 
in Xo , there is an ideal X ^ K which includes Xo , but does not con- 
tain y. Hence, by (4), x fl y = 0 for every x c X and a fortiori 
for every x e Xq ; and therefore y is in Fo . Thus, every element 
which is indecomposable in 31 is either in Xo or in Fo ; by 9.3, 10.2, 
and the hypothesis of the theorem, we conclude hence that 

(G) Xo + Fo = A. 

Furthermore, Xo contains the indecomposable element a, and hence 
by 4.38, 8.17, and 9.12 

(7) Xo + 7(0). 

Assume now that, for some ideals Xi and Fi , we have 

(8) Xo = Xi + Fi and Xi 0 Fi = 7(0). 

By (3) and (8), a must belong to one of these ideals Xi and Fi , 
say, to Xi . From (5), (6), and (8) we easily obtain with the help 
of 3.12, 10.3, and 10.4 

Xi + (Fi + Fo) = A and Xi fl (Fi -f Fo) = 7(0); 

thus, by (1), Xi is in K. Therefore, by (8), 10.1, and the definition 
of Xo , the ideals Xo and Xi must be identical, and Fi must be equal 
to 7(0). Thus, (8) implies that 

Xi = 7(0) or Fi = 7(0); 

and hence, by (7) and with the help of 4.38, 8.16, 8.17, 10.1, and 10.3, 
we conclude that 

(9) Xo is indecomposable in ^(31). 

From (1), (2), (5), (6), and (9), we see that Xo e L. 
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We have thus shown that every element a indecomposable in 31 
belongs to an ideal Xq in L. Hence, by the hypothesis, every ele- 
ment a in A can be represented in the form 

a = ^ ai with n ^ oo 

*<n 

where each a^ belongs to a certain ideal by 9.3, we can replace 

in this representation all terms belonging to the same ideal Xi by 
their sum. By applying 10.7, we infer that 

(10) A = U X. 

XcL 

Consider finally any two ideals A"i , X 2 i' L. By (1), (2), 10.3, and 
10.4, there is an ideal Yi with 

X 2 g Xi + Yi and Xi H Yi = 7(0); 

hence, by 3.13, 

X2 = (Xi n X2) + (Fi n X2) and (Xi n x) n (Ki nx^) 

= /(O); 

and since X 2 is indecomposable in /(?(), we conclude by 4.38 and 
8.16 that 

A", n X 2 = X 2 or Xi n X 2 = 7(0). 

Similarly, 

Ai n A 2 = Xi or Xi n A 2 = /(O); 
and consequently 

(11) if Xi, Xi f L and Xi + X 2 ,' then X, PI X 2 = 7(0). 

From (2), (10), and (11') \vc see that the ideal B = d has the repre- 
sentation required in the conclusion. 

The result thus obtained can easily be extended to an arbitrary 
ideal B in ?l. For 33 = L) G.C.A. by 0.13 and 9.18; 

and it obviously satisfies the hypothesis of the theorem (in view of 
9.1). Hence, B has the desired representation in the ideal algebra 
3(33); and with the help of 9.1 and 10.12 we conclude that this will 
also be a representation in 3(?(). 
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Finally, assume B to have two such representations: 

B= U Hi = U C, . 

iel jeJ 

We then obtain by 10.9 

Bi= \j (Bi n C,) for i e I, and C, = U fl C,) for j e J. 

jeJ iel 

Hence we easily conclude, Avith the help of 4.42 and 10.8, that the 
two representations of B differ at most in order (cf. the proof of 
4.45 and the remarks preceding 1.38). This completes the proof. 

Theorem 10.16 applies, in particular, to all those C.A.’s ?l in which 
every element can be represented as a sum of elements which are 
indecomposable in 3t itself (and not only in 31). The class of such 
C.A.’s, however, is much less comprehensive than that actually 
considered in 10.16. The latter contains, e.g., all C.A.’s 31 = 
(A, +, in which the set A is simply ordered by the relation g or, 
more generally, in which no two elements different from 0 are dis- 
joint. It is, however, by no means true that in such an algebra 3t 
every element is a sum of elements which are indecomposable in 31. 

Theorem 10.17. 31 = {A, be a G.C.A. in which there 

is no infinite sequence of elements ?>o , 5i , • * • ,bi, • • • e A with bi 4= 0 
and bi C\ bj = 0 for i < j < , Then every ideal B in 31 can be 

represented in the form 

B = ^ Bi where n < oo , and Bi CiBj = I (0) for i <j < n, 

t<n 

and where the ideals Bi are indecomposable in the disjunctive ideal 
algebra ^(31); this representation is unique apart from order. 

Proof: The algebra 3t satisfies the hypothesis of 10.16, even in 
a stronger form, with ‘n ^ oo’ changed to ‘n < oo’. This is seen 
by applying 4.49 to the algebra 31 (in view of 8.16 and 8.17). Hence 
the conclusion of 10.16 holds. By 4.38, 8.17, and 10.3, all ideals 
involved in this conclusion are different from /(O). Hence the set 
of all these ideals must be finite, for otherwise, by 9.12 and 10.6, 
we should arrive at a contradiction of the hypothesis. By now 
applying 10.8, we obtain the conclusion of our theorem at once. 

When speaking in our further discussion of finite, denumerable, 
etc., ALGEBRAS 31 = (A, +, ]C)> ^e shall have in mind that the sets 
A are finite, denumerable, etc. 
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Theorem 10.18. Every at most denumerable C.A. 3( = Xl) 

satisfies the hypothesis, and hence also the conclusion, of 10.17. 

Proof: If the hypothesis of 10.17 were not satisfied, we should 
have an infinite sequence of elements hi with 

0 and 6, fl = 0 for i < j < ^', 
and we could form the set B of all elements b of the form 

h = E h, 

i <00 

where ko , ki , • • • , kt , • • • is an increasing seciuence of non-negative 
integers without repetitions. We could then easily show by means 
of 3.12 that two elements b corresponding to two different sequences 
k^ are different; and that consequently the set B has the same power 
as the set of all sequences k, , and cannot be denumerable. This 
completes the proof. 

Theorem 10.18 cannot be extended to arbitrary G.C.A.’s; this 
can easily be shown by means of trivial examples of G.(^A.\s de- 
scribed in §5 (cf. the remarks which follow 5.2). 
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There is a class of equivalence relations which, as we shall see in 
our further discussion, yields many interesting instances of C.A.’s 
and G.C.A.’s, especially when applied to multiple-free algebras. 
We arrive at these relations by considering partial automorphisms 
of G.C.A.’s. As is well known, an automorphism of a given algebra 
is a function which maps this algebra isomorphically onto itself. 
We define: 

Definition 1 1.1. Let ?t = (A, -f, be a G.C.A. A function 
f is called a partial automorphism in 21 if D(f) and C(J) are semi- 
ideals in 21 and if f maps (/)(/), -|-, isomorphically onto {C{f), 

+> 23 )- 

It would actually be sufficient for our purposes to consider only 
those partial automorphisms whose domain and counter-domain 
are principal semi-ideals, S{a), 

Theorem 11.2. Let 2t = (A, +, ^) 6^ a G.C.A. The following 
conditions are necessary and sufficient for a function f to be a partial 
automorphism in 21: 

(i) D(f} and C(f) are semi-ideals in 2t; 

(ii) for any elements a, 6, c € D{f) the formulas 

a = 6 + c and f{a) = ffb) + /(c) 
are equivalent. 

Condition (ii) can be replaced by the following: 

(ii') for any elements a, Oo , ai , • • • , a, , • • • e D{f) the formulas 

a = ^ a^ and /(a) = ^ /(a*) 

» <00 t <00 

are equivalent. 

Proof: by (>.2, 6.13, 9.18, and 11.1. 

Corollary 11.3. If f is a partial automorphism in a G.C.A. 
2( = (A, +, ]^), then 

(i) /(O) = 0; 

(ii) for any a c A and b e D{f)j the formulas 

a ^ b and f(a) ^ /(6) 


are equivalent; 
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(iii) for any a e D{f) and ao , ai A with i <n ^ oo , 

the formulas 

a — ^ Oi ami f(a) = X) fM 

i<n * < n 

are equivalent. 

Proof: by 9.1 and 11.2. 

Corollary 11.4. Let f he a 'partial automorphism in a G.C.A, 

9t = (A, + , 23)* 

(i) If a € D(f), b € Ay and b ^ /(a), then there exists an element 
a' £ A with a' S a, andf{a') — b. 

(ii) Ifn ^ 00 , a e: /)(/), , 6i , • • • ,b^y • - eA, and 

/(«) = 

*<n 

then there exist elements ao , ai , • • • , ai y • • • e A such that 
a = ^ a^ y and /(a,) = bi for every i < n. 

i<n 

Proof: by 9.1, 11.1, and 11.3. 

Corollary 11.5. If n ^ oo and if f is a partial automorphism in 
aG.C.A. 31 = {Ay +, ^),thenyforany ayOo ,ai , • • • ,ai , • • * £D(f)y 

(i) the formulas 

a = U at and f{a) = U /(a*) 

< < n * < n 

are equivalent; 

(ii) in case n 4= 0, the formulas 

a =(] Qt and f{a) = fl /(a,) 

i < n * < n 

are also equivalent. 

Proof: by 3.1, (or 3.16), 3.17, 11.3, and 11.4. 

We shall use the following notations applying to functions. The 
IDENTITY FUNCTION /, with f{x) = X for every x, will be denoted 
by ; we shall assume that the domain of i is restricted to elements 
of a given algebra 21. The inverse of a biunique function / will be 
denoted by Given a function / and a set By we shall denote 

by the function g obtained by restricting the domain of / to 
elements of B] i.e. g(x) = f{x) if x is both in D{f) and in By and 
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D{g) is the intersection of D{f) and The composition of two 
FUNCTIONS / AND Q, i.e., the function h such that h{x) = figix)), will 
be denoted by ^fg ^ ; the domain of fg is the set of all elements x such 
that g(x) is in D(/), while the counter-domain of fg is the set of all 
elements /(a;) with x in C(g). 

Theorem 11.6. Let %be a G.CA. 

(i) The identity function i is a partial automorphism in St. 

(ii) If f is a partial automorphism in St, the same applies to 

(iii) Iff is a partial automorphism in St, and B is a semi-ideal in St, 
thenf^^^ is a partial automorphism in St. 

(iv) Iff and g are partial automorphisms in St, the same applies tofg. 
Proof: by 6.1, 9.1, 9.4, 9.5, and 11.1-11.4. 

The next few theorems concern extensions of partial automorphisms. 

Theorem 11.7. If f is a partial automorphism in a G.C.A. St = 
+> )> Ihere is a uniquely determined partial automorphism 

g in St with the following properties: 

(i) g{x) = f{x) for every x e D{f); 

(ii) D{g) consists of all elements a>i where n ^ oo , ao , ai , 
• • • , a* , • • • f D(/), and both sums 2t<n a^ and '^^<nf{a^) are %n A ; 

(iii) C{g) consists of all elements 2i<n f(a^) subjected to the same 
conditions. 

Proof: Let B be the set of all elements ^i<n subjected to the 
conditions in (ii). Thus, for every 6 c 5, we have 

6 = X Ui with n g 00 and ao , ai , • • • , a< , • • • e D(f); 

*<n 

and the element 

C = Z / («<) 

*<n 

is in By means of 1.44, 2.1, and 11. 3 (iii) we easily show that 
this element c depends solely on b (and not on the way in which ao , 
ai , • • • ,ai , • • • have been chosen), so that we can nut 

c = g{b). 

The remaining part of the proof is obvious; we apply 2.2, 9.1, and 
11.2-11.4 several times. 
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Corollary 11.8. // / is a partial automorphism in a C,A, 2t, 
then there is a uniquely determined partial automorphism g in 31 with 
the following properties: 

(i) g{x) = f{x) for every x e D(J ) ; 

(ii) D{g) is the smallest ideal in 31 which includes D(J ) ; 

(iii) C(g) is the smallest ideal in 3t which includes C(J), 

Proof: by 9.7, 11.1, and 11.7. 

In our further discussion we shall often use operation and relation 
symbols provided with dots, like ^^nd According to 

the agreement at the beginning of §6, these symbols will denote 
operations and relations in the disjunctive algebra 31 correlated 
with a given G.C.A. 31 (cf. 8.16). 

Theorem 11.9. Let 3t = (A, +, ^) 6^ a G.CA., and let n 
g 00 . ///o , /i , • • • , /t , • • • with i < n are partial automorphisms 
in 31, and a, 6, ao , , • • • , at , • • • are elements in A such that 

(0 « = 2 ^ for i < n, 

t < n * < w 

then there is a uniquely determined partial automorphism f in Sf with 

(ii) D{f) = aS(o), C{f) = S{h), and f{x) = fi(x) for x ^ a» 
and i < n. 

Proof: We shall apply Theorem 3.13 many times. By this theo- 
rem, 8.16, and the hypothesis, every element x ^ a can be uniquely 
represented in the form 

X = ^ Xi with Xi g a,- for i < n\ 

*<n 

in fact, 

Xi = xd ai and a; = 2!^ (a; H a*). 

*<n 

Similarly, by 3.13, 8.16, 11.3, and 11.4, every element y ^ b has a 
representation 

2/ = 2 n ai) where x S a, 

*<n 

In view of this, we define the function /by putting 
(1) f{x) = Y!ifi{^dai) for every xeS(a)] 

i<n 
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we conclude, with the help of 9.11 and the hypothesis, that 

(2) D(f) = S{a) and C(f) = S(h), 
and consequently 

(3) D(f) and C(f) are semi-ideals. 

Furthermore, we show that for any x,yyZ e D{f) 

(4) the formulas x = y + z and f{x) = f{y) + f{z) are 
equivalent. 

In fact, from the first formula we get by 3.14, 8.16, 9.11, and (2) 

re n a, = (yO ai) -f (2 fl a*) for every i <n, 

and hence, by 9.1, 11.3(iii), and (1), we obtain the second formula; 
to derive the implication in the opposite direction, we apply 3.13 
(several times), 11.3, and 11.4. By now applying 11.2 again, we 
conclude from (3) and (4) that 

(5) / is a partial automorphism in ?t. 

Moreover, we easily see by (1), 8.1G, 9.11, and 11.3(i) that 

(6) f{x) — fi{x) for X ^ at and i < n. 

By (2), (5), and (6), / satisfies the conditions of the conclusion. 
Finally we show, by means of 3.13, 8.16, 9.11, and 11.2, that con- 
ditions (2), (5), and (6) imply (1). Thus, the function / which 
satisfies these conditions is uniquely determined; and the proof is 
complete. 

Theorem 11.10. Let 51 = {A, +,^) he a finitely closed G.C.A. 
and letnhe < 00 . 

(i) ///o ,/i , • • • , /t , • • • withi < n are partial automorphisms in 31 

such that D(Ji) and C{fi) are ideals with 

D{fi) n D{f,) = m = c{ft) n ap for i <j < n, 

then there is a uniquely deteiinincd partial automorphism f in 31 with 
the following properties: 

Dif) = E C{f) = 2 : C(f,), and 

* < n < < n 

fix) = fi(x) for X E Difi) and i < n. 

(The symbols ‘0’ and ‘2^’ refer to the ideal algebra 3(Sl).) 
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(ii) In case 31 is a (7. A., (i) also holds for n = oo. 

Proof: The method is analogous to that used in the proof of 11.9. 
By means of 3.11, 10.6, and 10.8, we show that every element 
X in ^(/i) can be uniquely represented in the form 

X = ^ Xi where x^ € D(fi) for every i < n\ 

t<n 

and we define the function / by putting 

fix) = 22 fiixd. 

I < n 

The notion of a finitely closed algebra has been defined in *5.26. 

Th? 20 rem 11.11. If f is a partial automorphism in a G.C.A. ?t, 
it is also a partial autornmphism in the correlated disjunctive G/'t.A . ?(. 
Proof: by 8.16, 9.2*5, 11.2, 11.3(i), and 11..5(ii). 

Our next theorem is of a more special and less elementary char- 
acter than the theorems stated so far in this section; it will find some 
important applications in our further discussion. 

Theorem 1 1.12. Let f arid g he partial automorphisms in a (7.(7. A. 

31 = (^1, +, 2 !^); hd u be any integer urilh 0 < n ^ oo, and let ao , 

Ui , • ‘ , • • • ,6, and c be elements in A such that 

X) j ^ + c c A ami /(X^ + c) =6 4- f/W. 

t<n i<n »<n 

Then there are elements 6o , 6i , • • • , 6^ , • • • , Cn , Ci , • • • , c* , • • • in 
A until 

6 = X 6i , c = X^ Ci , ami f(ai 4- C/) = 6,- 4- 

i<in I < n 

for every i < n. 

Proof: Our reasoning will be carried through within the algebra 
31 = (A, +, X^) defined in 8.16; we must remember that 3*1 is a 
multiple-free G.C.A., and that / and g, as well as f~^ and g~^, are 
partial automorphisms in this algebra; cf. 8.17, 11.6(ii), and 11.11. 
To simplify the argument slightly, we restrict ourselves to the case 
when = oo ; it is easily seen by 11.3 that this does not involve 
any loss of generality. 

For every i with 0 < ^ < qo we define recursively a sequence of 
elements Ct.o , c^,x , • • • , Ci,k , * * * by putting . 
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(1) c,,o = 0, and c.-,jh-i = 9 ‘[Sf(c) A /(a< + «<.*)] for k = 

0 , 1 , 2 , ■ . 

Assume that, for a given k < oo, all the elements c,-,* exist and 

(2) Ci,k ^ c. 

Hence, by the hypothesis and 11.3(ii), 

di -f* Ci.fc ^ Qi c and /(Ut "i" ^ ^ “t" (/W* 

i<n 

^ being multiple-free, we conclude by 4.37 and 8.13(i), (ii) (or else 
by 3.13 and 8.16) that the element 

dk = g{c) A/(ai 4- Ci,k) 

exists. By 11.4(i), dk is in C(g) = Dig"^); and therefore, by (1) 
and 11.3, c,-,t+i exists and 

(3) Ci,k+i ^ 9~\g(c)) = c. 

Thus, (2) implies (3); and since, by (1), (2) obviously holds for 
fc = 0, it holds for every k < <x>. We also show by an easy induction 
with respect to k that 

(4) Ci,k ^ c,.t+x for 0 < i < 00 and A: < oo 
and 

(6) Ci,k A Cj,k = 0 for 0 < t < jf < 00 and k < <x>. 

The proof rests upon (1), (2), 8.13 (or 8.16), 11.3, and 11.5. By 
applying 7.11, we conclude from (2) and (4) that the elements 

(6) c<+i = U Ci+i.fc for f < oo 

Aj<oo 

exist, and in fact that 

(7) Ci^\ ^ c. 

(The same conclusion can be reached by means of (2), 4%36, and 
8.13.) Formulas (4) and (5) imply 

Ci,kCiCj,i = 0 for 0<i<j<oo and fc<Z<oo. 
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Hence and from (6) we easily obtain by 3.32 

Ci n cy = 0 for 0 < i < j < 00 ; 
and, by applying 7.12, we get in view of (7) 

^ ^ Ct-j-i = Cl Ct-i-i ^ c. 

*<00 »<oo 

Consequently, there is an element Co such that 

(8) Co 4- 2 Ci+i = £ Ci = c. 

t <00 t <00 

Furthermore, we show, by arguing as in the derivation of (3), that 
the element 

[(/(c) (1 /(«. 4- Ci)l 

exists for any given i with 0 < ^ < co ; and we derive from (1) and 
(6), by applying successively 3.20, ll.5(i), 3.32, and again 11.5(i), 

f1/(o< 4- c.)l = U !7“‘[(;(c) 4- Ci,*)]; 

fc <00 

hence 

(j~^\g{c) C\!{ai 4- c,)] = U c,,fc+i = c, , 

k<<io 

and finally 

(9) g{c,) = g{c) f{ai 4- c,) for 0 < f < «. 

This implies the existence of elements 6i , , * * * with 

(10) /(tti 4- Ci) = bi 4- fir(c.) for 1 ^ f < «. 

From (8), (10), and the hypothesis we obtain by 11 .3 

9{Ci+l) — 23 /(^i4-l + ^i+l) ^ b 4- (/(c). 

*<00 »<oo *<00 

Hence, by 3.3, 4.37, and 8.13, 

bi+i 4- Z) g(ci+i) ^ b + [g{c) n 2 /(«.+! 4- c.+i)]. 

*<00 »<00 *<00 

On the other hand, we have by (9) and 3.10 

^(c) f*i 23 /(c^t+i "I” Ct+i) ^ 23 s^(ct4-i)* 

*<00 *<00 
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The last two inequalities give 

(11) 22 hi+i + ^ !/(c£+i) ^1^+2 s(ct+i); 

t <00 t <00 *<00 

the existence of the sum on the right side of this formula follows 
from ( 8 ), 11 . 3 , and the hypothesis. Since all elements in 31 are 
finite by 4.27 and 8.13, we apply 4.19 to (11), and we obtain 

23 6,+i ^ b. 

»<00 

Consequently, there is an element K with 

(12) 6o •4" ~ 

*<00 t <00 

By (8) , ( 1 0) , (1 2) , 1 1 .2, and the hypothesis we have 

/(cf-o " 4 " Co) - 4 " ^ ^ /(c^t+i “ 4 “ Cj-f-i) ~ [ 6 o ”4“ {/(co)J "4~ /(^*+i "4“ C 14 . 1 ), 

t < o 0 »<00 

and by applying 4.19, 4.27, and 8.13 again (or else by 8.1 G and 3.9), 
we get 

(13) /(flo + Co) = bo + g{co). 

By ( 8 ), (10), ( 12 ), and (13), the proof is complete. 

We obtain a simple particular case of 11.12 by putting 6 = 0; 
we can take, in addition, the identity function i for g. Some further 
consequences of 11.12 arc stated in the following 

Theokkm 11.13.'* Ut / arul g be partial automorphisms in a Q.C.A. 

31 = (vl, +, 23 )- have: 

(i) if a, b £ A, a ^ b, and Jib) ^ g{a), then there are elements 

c, d,e£A such that a = c + e,b = d + e, gia) = fid) 4- &(c). and 
fib) = gic) +fie); 

(ii) ifa,b,CEA,agbgc, and gia) g /(c), then there are elements 

d, e £ A swh that b = d + e and gia) g fid) -f fif(c) ^ /(c). 

Pkoof; (i) By 8.17, 11.4, and 11.11 there is an element c' such that 

( 1 ) c' ^ a g 6 and gic') = fib) ^ gia). 

* Particular cases of this theorem and of the related theorem 11.29 can be 
found in the literature; cf. footnote 17 in §16. 
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Hence we have for some ao and ai 

(2) a = ai 4* c' and b — ao a. 

(1) and (2) imply 

/(flo 4- + <^0 = f7(c'). 

By applying 11.12 (with 6 = 0) to this formula, we conclude that 
there exist elements Cq and Ci for which 

(3) = Co 4" ^1 ) /(^o 4“ ^o) ~ ff(^o)y B<nd f(ai 4“ Ci) = fif(ci). 

By putting now 

(4) c = Co , d = ao 4“ Co , and c = ai 4" Ci , 

we see from (l)-(4) and 11.2 that the elements c, d, and c satisfy 
the conclusion of (i). 

(ii) We have for some ao jGi , and 1/ 

(6) 6 = ai 4- c = ao by and /(c) — 6' + ( 7 (a). 

Hence 

/(ao 4- ai 4- a) = + o(a)- 

By applying 11.12, we conclude that there are elements bo y bi 
Co , and Ci such that 

(6) a = Co 4- Cl, b' ^ bo + bi y and /(a, 4- c^) = bi + g{cy) 

for = 0, 1. 

We now put 

(7) d = ai 4- Cl and c = Co ; 

and from (5)“(7) we easily see that the conclusion of (ii) is satisfied. 

In view of 8.18, we can drop the dots over the operation and 
relation signs in 11.12 and 11.13 if we assume ?l to be multiple-free. 
Moreover, an analysis of the proof shows that 11.12 and 11.13 thus 
transformed can be extended to a wider class of algebras; i.e., to 
all those G.C.A.’s in which every element is finite and in which 
a U 6 exists for arbitrary elements a and b with a common upper 
bound. (Only the argument leading to formula (8) in the proof of 
11.12 has to be modified in this case.) 
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Definition 11.14. Let G be a set of 'partial automorphisms in 
a G.C.A. 31 = (4, +, X))- elements a, b e A are called con- 
gruent UNDER G, in symbols, 

Gab, 

if there is a function f e G with /(a) = 6. 

Corollary 11.15. If G is a set of partial automorphisms in a 
G.C,A. 31 = {A, we have 0 "S' 0 unless G is empty; and, for 

every a e A, each of the formulas a 'S* 0 and 0 'ST a implies a = 0. 

Proof: by 11.3(i), 11.6(ii), and 11.14. 

Theorem 11.16. Let G be a set of partial automorphisms in a 
G.C.A, 3( = (A, +, X))* If 0 < n < oo, and a, b, n^a, n-b e A, 
then n-a n-b. implies a^ b. 

Proof: If/isinGand 

f(n-a) = n*6, 
we obtain by 11.2 and 2.34 

n-f(a) = n*b and /(a) = b. 

Hence, by 11.14, the conclusion. 

Theorem 11.17. If G is a set of partial automorphisms in a G.C.A. 
St, then is a finitely and infinitely refining relation both in 31 and 

Proof: by 6.7, 11.2, 11.4, 11.11, and 11.14. 

Some deeper properties of the relation can be derived from 
11.12 and 11.13. We obtain, however, a simpler and more inter- 
esting formulation of these properties by subjecting the set of trans- 
formations G to certain additional assumptions; compare Theorem 
11.29 below. 

Definition 11.18. A set G of partial automorphisms in a G.C.A. 
31 is called a quasi-group, or simply a group, if it satisfies the following 
conditions: 

(i) i e G; 

(ii) if f eG, then e G; 

(iii) if f,g e G, then fg e G. 

We shall mostly employ the term ‘group, ^ although this is not quite 
consistent with the usual terminology (since functions in G are not 
supposed to have a common domain and counter-domain). 
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Corollary 11.19. If G is a group of partial automorphisms in 
a G,C.A. ?t, then is an equivalence relation both in ?t arid ?l. 

Proof: by 8.16, 11.14, and 11.18. 

The congruence relations discussed so far are not, in general, 
additive. Therefore, we cannot use them in constructing homo- 
morphic images of G.C.A.’s and apply to them the results obtained 
in Part I — in the way indicated in 7.13. Hence the idea occurs of 
extending these relations to additive ones. This can be done in 
the following way: 

Let Ghea set of partial automorphisms in a G.C.A . ?( = (^ , + 1 )• 

We call two elements a and h in ?l equivalent by (i) finite, or (ii) 
INFINITE, DECOMPOSITION UNDER G, in symbols, 

a ^ b, or a ^ b, 

if there is a number (i) n < oo , or (ii) n = oo , and elements ao , ai, 
^ i bo , bi , • • • £ A such that 

a = ^ ai, b = ^ bi, and a^ ^ for every i < n. 

i<n i<n 

It is clear that the relation thus defined is finitely additive, and 
that the relation ? is infinitely additive. Moreover, it can easily 
be shown that both these relations are finitely and infinitely refining, 
and that they are equivalence relations in case G is a group; the proof 
is analogous to that of 7.14. 

Assuming now that G is a group, we conclude by 6.10 that ?t/? 
is a G.C.A. , and hence we get a great deal of information concerning 
This does not apply, however, to the relation (which, on the 
other hand, plays a more important role than ^ in certain applica- 
tions) . We can still formally apply 6.3 to this relation and construct 
the coset algebra ?(/'?'. However, the sum of an infinite sequence 
of cosets does not, in general, exist in this algebra, even if the sum of 
corresponding elements exists in the original algebra 3(. C'onse- 
quently, 31/^ is not a homomorphic image of 3(, and is not, in gen- 
eral, a G.C.A. The situation does not change essentially if we decide 
to regard G.C.A.^s as algebras with binary addition as the only 
fundamental operation and to modify Definition 6.3 correspondingly 
(cf. the remarks which follow 1.36, and the beginning of §13 below). 
Since the relation is finitely additive, 3(/'S' proves in this case 
to be a homomorphic image of the G.C.A. 31; it is, however, by no 
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means a G.C.A. itself. In consequence, the study of the relation 
is more difficult than that of and the results are of a more restricted 
nature. 

From the point of view of applications the only important case 
is the one when the relations ^ and ^ are applied to multiple-free 
G.C.A.’s. If we arc interested only in this particular case, we may, 
from the beginning, replace ordinary sums which occur in the def- 
initions of these relations by disjunctive sums in the sense of 8.16, 
and refer subseciuent remarks to the algebra 31 instead of to ?t. 
However, another procedure turns out to be more suitable here. 
Instead of introducing new relations into the discussion, we shall 
single out certain special kinds of automorphism sets, to which we 
shall refer as finitely and infinitely additive sets of partial 
automorphisms. It will be seen from Theorem 11.23 that the dis- 
cussion of the equivalence relations ^ and ? in multiple-free algebras 
under arbitrary groups G reduces to the discussion of congruence 
relations 'JT under finitely or infinitely additive groups H. This 
will permit us to establish in a roundabout way some rather inter- 
esting properties of equivalence by finite decomposition in multiple- 
free algebras. 

Definition 11.20. A set G of partial automorphisms in a G.C.A. 
?t = ( A , -f, 5 ^) called finitely additive^ or infinitely additive, 
if it satisfies the following condition: 

Let n ~ 2 {in the case of finite additivity) , or n ~ co {in the case of 
infinite additivity); let ^ f\ , • * • j /i > * * * he functions in G; and let 
a, b, ao , ai , •••,«», • • • he elements in A such that 

a = 53 ^ = 23 ^ ^(/<) for i < n\ 

1 < n i<in 

then there is a function f in G with 

D{f) = S{a), C{f) = S{h), and f{x) = fi{x) for x ^ a^ 
and i < n. 

CoROLLAKY 11.21. Every infinitely additive set of partial auto- 
morphisms in a G.C.A. 3t is also finitely additive. 

Proof: by 11.3(i) and 11.20. 

Theorem 11.22. The set of all partial automorphisms in a G.C.A. 
SI is an infinitely additive group. 

Proof: by^ll.6, 11.9, 11.18, and 11.20. 
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Theorem 11.23. For every grenip G of 'partial automorphisms 'in 
a G,CA, 31 = iJiere is a smallest Jinitely additive group 

H of partial automorphisms which includes G. Given any elements a 
and bin Ay we have 

a ff h 

ify and only ify the follomng conditiofi is satisfied: 

(i) there is a number n < oo and there are elements Uq , ai , • • • 
bo , bi , • • • y bi , • • • e A such that 

a = S a* > b = b,, and a, 7 b, for every i < n. 

i<in t<n 

The theorem remains true if ivc replace finitely additive^ by ^infinitely 
additivef and ‘n < by ^n — 

Proof: By 11.21 and 11.22 there are finitely additive groups ot 
partial automorphisms in 3t which include G, From 1 1.18 it is easily 
seen that the intersection 11 of all such groups is again a group; 
moreover, II is finitely additive since the function / whose existen(*e 
is required in 11.20 is uniquely determined by 11.9. Thus, 11 is 
the smallest finitely additive group which includes G. Now let K 
be the set of all partial automorphisms / in 3( such that, for any 
a, b e Ay the formula /(a) = b implies condition (i) stated in our 
theorem. By 11.14, K obviously includes G. With the help of 
11.18-11.20, we easily show that K is a finitely additive group; to 
prove that K satisfies 11.18(iii) we apply 2.1, and to show that K 
is finitely additive we make use of 2.4, 8.10, 11.2, and 11.9. Hence, 
K includes H] and therefore, by 11.14, the formula 

a H b 

implies condition (i) for any ay b e A. The implication in the op- 
posite direction follows easily from the fact that H is a finitely 
additive group which includes G; we make use of 11.14 and 11.20. 
(We can also apply here Theorem 11.24 below, whose proof does 
not involve 11.23.) — The proof for infinitely additive groups is prac- 
tically the same. 

Theorem 11.23 remains true if we replace ‘groups by ‘set'; the proof 
is then much simpler. 

Theorem 11.24. If G is a finitely y or infinitely, additive set of 
partial automorphisms in a G.C.A, 31, then H is a finitely y or infinitely y 
additive relation in the G.C.A, S. 
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Proof: by 6.4, 8.16, 8.17, 9.11, 11.2, 11.14, and 11.20. 

Theorem 11.25. If G is an infinitely additive group of partial 
automorphisms in a G.C,A, ?l, theji 'S' is an infinitely additive and 
infinitely refining equivalence relation in the G.C.A, S, and S/'S' is 
a G,CA, 

Proof: by 6.10, 8.17, 11.17, 11.19, and 11.24. 

By this theorem, all the arithmetical results of Part I hold in 
every coset algebra S/7 where G is any infinitely additive group 
of partial automorphisms in ?t. 

As regards the case when the group G is finitely additive, we can 
repeat the remarks previously made in connection with the relation 
7. By applying 6.3, we can construct the algebra S/7 in this case 
as well. This algebra, however, will not be a G.C.A., and it will 
be a homomorphic image of the G.C.A. S only under binary addi- 
tion. Nevertheless, we can extend to such algebras S/7 a number 
of arithmetical theorems stated in Part I; and among them some 
results which are not of an elementary nature. All these results can 
be derived from a few simple postulates. We introduce a special 
term to denote algebras satisfying these postulates, since we shall 
have to refer to them several times in our further discussion. 

Definition 11.26. An algebraic system 31 = 2) 

called a refinement aloebra, for abbreviation ^ an R.A., if it satisfies 
the following five postulates: 

I. // a, 6, a + 6 £ A, then a + 5 = 6 + a. 

II. If a, by c, a + by {a + b) + c € A, then b + ce A and {a + b) + 
c = a + (5 + c). 

III. There is an element z e A such that a + z = a for every a e Ay 
and a + b = z implies b = z for every a, 6 f A. 

IV. If ai y 02 , bi y b 2 y ai + (h € A and Ui + U2 = 5i + ^2 , then there 
are elements Ci , C2 , Ca , C4 c A such that 

= Cl + C2 , ^2 = C3 + C4 , 61 = Cl + C3 , and 62 = C2 + C4 . 

V. If ai , a2 , by Cy Ui + a2 , (ui + 02 ) + c e A and (ai + 02) + c = 
6 + c, then there are elements 5i , 62 , Ci , C2 c A such that 

b = bi A" b 2 y c = Cl “h C2 , cti “h Cl = 61 -f- Cl , and 


02 + C2 = 62 + C2 . 
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The term ‘refinement algebra^ has been chosen in view of the 
fact that two of the postulates listed above, namely, IV and V’*, have 
the character of refinement theorems; in fact, they differ from 2.3 
and 2.18 (with n = 2) only by the presence of existential assump- 
tions. It is easy to formulate one postulate which can equivalently 
replace both IV and V. 

As is seen from Definition 11.20, infinite addition Yh 
volved in the postulate system at all; hence, tlie term ‘refinement 
algebra^ can be more properly applied to algebras with one (binary) 
operation, discussed in Part HI of this work. 

Theobem 11.27. Let H = (A, +, ^) 6c a G.C.A, Then 

(i) is an R.A.; 

(ii) if G is a finitely additive group of partial automorphisms in 2(, 
the-n 31/^ i^ ^I'^o R-A. 

Proof: The first part of the theorem is obvious; compare 11. 2() 
with 5.8, 5.9, 5.4 and 5.19, 5.23 for n = p ~ 2 {in view of 5.0), and 
2.18 for n = 2. As regards the second part, Postulates 11. 20.1 -TV 
can be derived diiectly for the algebra 3V7 from the coi*responding 
theorems of the arithmetic of O.C.A.’s just listed; for, whenever any 
one of these postulates holds in a given algebra ?(, it also holds in 
every coset algebra 31/7? generated by a finitely additive and finitely 
refining equivalence relation R. (Here we apply 0.3, 0.4, 0.7, 11.17, 
11.19, and 11.24.) Postulate 11.20.V does not have this property, 
and hence it cannot be obtained directly from the corresponding 
arithmetical theorem (2.18); it follows immediately, however, from 
11.12 (with 71 = 2) and 11.14. 

In our further discussion we shall come across certain interesting 
examples of R.A.’s obtained with the help of 11.27(ii). 

Theorem 11.28. Let A — (A, +, S) 5c an R.A. We extend 
to 3t all definitions stated in Part I; instead of 1.3, however , we assume 
a recursive definition of the sum of a finite sequence: 

23 «t = 0, and 23 = 23 for every n < ^ 

t<0 i<n4-l »<n 

{in case 23 23 A), 

»<n ^<n 

Then the following theorems^ when restricted to finite sequences^ sumsy 
and multipleSy and when provided with existential assumptions required 
in G,C.A.^s, hold in the algebra 
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(i) all theorems of §1 {except 1.10, 1.29, 1.36, and 1.37); 

(ii) Theorems 2.1-2.5, 2.16-2.18, 2.27 with n = 1, 2.28, and 2.30 
with n = p = i of §2; 

(iii) Theorems 3.3-3.5, 3.7, 3.8, 3.10-3.18, 3.23, and 3.31-3.34 
of §3; 

(iv) Theorems 4.2, 4.3 without (iii), 4.4, 4.6-4.9, 4.11, 4.13-4.15, 

4.18, 4.27-4.37, and 4.39-4.48 of §4. 

Proof: The proofs of most theorems of §1 either remain unchanged 
or (as in the case of 1.7 and 1.11) can be replaced by simple inductive 
proofs based upon 11.26.I-IIL By taking for h in 11.26.V the zero 
element z of 11.26.ITI, we easily obtain 1.30 and 1.31, and also, 
by induction, 1.46 and 1.47. In §2, Theorem 2.3 coincides with 
11.26.1V; 2.1 follows from 2.3 by induction, and 2.2, 2.4, and 2.5 
are simple consequences of 2.1 and 2.3. Furthermore, 2.16 and 2.17 
can be obtained by induction from 11.26.I-III. 2.18 obviously 
holds for n = 1, it follows directly from 11.26.V for n = 2, and the 
result can be extended by induction to an arbitrary n < , 2.27 

with n = 1 is an immediate corollary of 2.18 (for n = 2), and it 
implies in turn 2.30 with n = p = 1. The original proof of 2.28 
shows that this theorem for n = p = 2 can be derived from 2.3 
and 2.27 (with n = 1) ; an extension by induction to arbitrary n < oo 
and p < oo presents no difficulty. The proofs of theorems in §§3 
and 4 remain practically unchanged; in 3.31 and 4.35, the second 
variants of the proofs are used. (In view of the elementary nature 
of the arguments, the lack of the closure postulate 1.1.1 does not 
cause any essential difficulties.) 

As regards arithmetical theorems which have not been listed 
in 11.28, in several cases examples are known which show that these 
theorems may fail in R.A.'s, and in particular, in coset algebras 
of Theorem 11.27; this applies, e.g., to Theorems 2.6-2.9 and 

2.19. In other cases the problem remains open. It is not known, 
for instance, whether 3.29 holds in refinement algebras. On the 
other hand, the distributive law 3.30 for n < co can be derived 
from the dual distributive law, 3.32, which has been listed in 11.28. 
It seems, however, that in this case the hypothesis of 3.30 must be 
provided with stronger existential assumptions; even the assump- 
tion of the existence of all bounds which are directly involved in the 
conclusion of 3.30 does not seem to suffice. 
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Notice that the fundamental theorems on finite elements, 4.16 
and 4.19, have not been listed in 11.28. It would probably be more 
convenient to define a finite element (of an R.A.) as an element c 
which satisfies 4.19(ii); under this definition almost all theorems 
on finite elements of §4 would prove to hold in R.A.’s. 

A detailed study of R.A.’s will not be undertaken here. The fol- 
lowing rather interesting property of these algebras can easily be 
established: 

Let 2t = (A, +, 5^) a finitely closed /?.A., and let c be an element 
of A. We agree to call two elements a and b equivalent under c 
a ^ by if a c = b + c. Then ^ is a finitely additive and finitely 
refining equivalence relation in 3(, and ?(/« is again an R.A. 

By modifying the definition of c, we can extend this result to 
arbitrary R.A.’s. 

Some further arithmetical results applying to coset algebras 
of 11-27 can be obtained by specializing the assumptions which 
concern 31 or G; these results will be discussed briefly in §16. 

From 11.25 and 11.27(ii) we can derive various deeper properties 
of the congruence relation 7 under a finitely or infinitely additive 
group G of partial automorphisms. Thus, for instance, if G is 
infinitely additive, we can apply 7.13 by taking the algebra 31 for 3f 
and the relation for K. The following theorem shows that some 
of the conclusions thus obtained — in fact, (i), (ii), (iii) with n < oo, 
and (vi) of 7.13 — still hold in the case when G is finitely additive. 

Theorem 11.29. Let 3( = {A, +yj^) be a G.C.A., and let G be 
a finitely additive group of partial automorphisms in 3t. We then 
have for any elements a, a', ao , ai , • • • , 6, 5', c, c' e A: 

(i) if a ^ by a' ^ 5', a ^ 6', and b a', then a 'if a' and b '2' b' ; 

(ii) if a ^ b ^ c and a c, then a'f b'f c; 

(iii) if n < oo and ai , ai + b £ Ay then 

a>i b o b 

*<n 

implies that ai ^ b b for every i < Uy and conversely; 

(iv) if a ^ b ^ Cy a' ^ c' y a a', and c 'S' c', then there is an ele- 

ment b £ A such that a' ^ (/ ^ c' and b b\ 
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Proof: entirely analogous to that of 7.13; we take into account 
8.17, and apply the properties of 7 and stated in 11.17, 11.19, 
11.24, 11.27, and 11.28. 

We can also derive the conclusions of 11.29 directly from 11.13, 
without the help of 11.27 and 11.28. For instance, by applying 
11.14 to the hypothesis of 11.29(i), we obtain two partial auto- 
morphisms / and g in G such that 

f{h) = a' and g{a) = 6'. 

Thus, the hypothesis of 11.13(i) is satisfied; and we have for some 
c, d, and e 

a = c + c, a' = g{c) + /W, h = d + e, and 6' = /(d) + g{e). 

Hence, by means of 6.4, 11.14, and 11.24, we obtain the conclusion 
of 11.29(i). In an analogous way 11.29(iv) can be derived from 
11.13(ii); while 11.29{ii) and 11.29(iii) are simple consequences of 
11.19 and 11.29(i). Such a direct proof of 11.29 is even more ad- 
vantageous, for it shows that most conclusions of the theorem can 
be obtained under a weaker hypothesis. In fact, 11.29(i),(iv), 
can be derived under the assumption that G is an arbitrary finitely 
additive set (and not necessarily a group) of automorphisms; 11.29(ii) 
and the first half of 11.29(iii) require the additional assumption 
that G contains the identity automorphism; and the fact that G is 
a group is used only in deriving the second part of 11.29(iii). 

We now want to discuss briefly a special congruence relation 
— that of HOMOGENEITY. 

Definition 11.30. Let 31 = (A, +, $3) 6e a G.C.A. Two 
elements a, b e A are called homogeneous, in symbols, 

a b, 

if they are congruent under the set of all partial automorphisms in 3(. 

Theorem 11.31. SI = (^4, +, X) 6e a G,C.A. For any 
a, b e A the formulas 

a b and S{a) = S{b) 

are equivalent. 

Proof: by 6.1, 6.13, 9.11, 11.3, 11.4, 11.6(iii), 11.14, and 11.30, 
without any difficulty. 
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Theorem 11.32. The relation ^ in an arbitrary G,CA, is an 
infinitely refining equivalence relation in ?{; moreover, it is an infinitely 
additive and infinitely refining equivalence relatim in the G.C.A. 
and hence 21/^ is a G,CA, 

Proof: by 11.17, 11.19, 11.22, 11.24, 11.25, and 11.31. 

It should be noticed that the relations of homogeneity in 21 
and ^ in ^ do not necessarily coincide. However, Theorem 11.32 
in its part referring to ^ remains true if we replace in it by 
this is clearly seen from 8.17 and 8.18. 

Theorem 11.33. Let 21 = (A, +, he a G.CA. If n ^ oo 
anda, b,n-a,n‘b € A, thena ^bimplies n-a ^ n*b;ifO < n < oo, 
then the converse implication also holds. 

Proof: If / is a partial automorphism and /(o) = b, then by 
11.7 there is a partial automorphism g with gin-a) — n-b. Hence, 
by 11.14 and 11.30, we obtain the first implication at once; the 
converse follows from 11.16 and 11.30. 

Corollary 11.34. Lei 21 == {A, be a G,C,A. If a, b, 

CO - a, CO - b e A, then a b implies I{a) ~ I[b); if the elements a and 
b are idem-multiple, then the converse also holds. 

Proof: by 9.13, 11.31, and 11.33. 

The last two theorems in this section refer to the algebra of ideals 
which was discussed in §10. 

Lemma 11.35. Let % = {A, be a G,C,A,; for every partial 

automorphism f in 21 and for every ideal X in 21 which is included 
in D(f), letf*{X) be the set of all elements f(x) with x e X; and let G be 
the class of all functions /* thus defined. Then 

(i) G is a group of partial automorphisms in the ideal algebra 3^(21); 

(ii) G is finitely additive in case 21 is a finitely closed G.C.A,, and 
is infinitely additive in case 21 is a C,A ,; 

(iii) the formulas 

B C and B ^ C 

are equivalent for all ideals B and C in 21. 

Proof: (i) The reasoning is obvious and requires no special idea. 
We use 0.1, 9.1, 9.2, 9.12, 10.1-10.4, 11.1-11.3, and 11.0. With the 
help of these definitions and theorems we easily establish the fol- 
lowing facts: 
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(1) if i is the identity function in 21, then i* is the identity function 

in 3(20; 

furthermore, / and g being any partial automorphisms in 2(, we have 

(2) f* is biunique and (/*)~^ = 

(3) f*g* = (fg)*] 

(4) D(J*) and C(f*) are semi-ideals in 3(2t) ; 

(5) the formulas H = C + D and/*(H) = f*{C) + f*{D) are equiva- 
lent for any ideals H, (7, and D in 21. 

Hence the conclusion follows by 11.1, 11.6, 11.18, and the definition 
of G. 

(ii) Consider partial automorphisms ft in 2( and ideals B,C, 
and At such that 

(G) H 2 At, C = X /*(At), and AieD(f*) for i < w, 

i <n 1 <n 

where n = 2 in case 2( is a finitely closed G.C.A., and n — oo in 
case 2( is a C.A. 

The functions 

gi = 

are again partial automorphisms by 11.6(iii); and we have by (6), 
8.1G, and 10.3 

D{gt)(\D{g,) = AtHA^^AO) 

and 

C{gt) n C{g,) = /*(At) n/*(A,) = 7(0) 

for all i and j, i < j < n. Hence, by 11.10, there is a partial auto- 
morphism / in 21 with 

D{f) A,, C(f) = i: and f(x) = ^,(x) = f,ix) 

i< n »< n 

for X e Ai. 

We easily conclude by 9.11 and 10.4 that 

(7) Din = SiB) and C(/*) = S(C); 

(8) f*{X)=f*{X) f(jr X^Ai (X an ideal in ?0. 

(The symbols ‘g’, and ‘S(Cy in (7) and (8) apply to the 

algebra 3f(3t).) Thus, (6) implies the existence of a function / which 
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satisfies (7) and (8); hence, according to 11.20, G is finitely, or in- 
finitely, additive in 3i(?0- 

Finally, (iii) follows easily from G.l, 6.13, 9.1, 11.1, and ll.G(iii). 
This completes the proof. 

Theorem 1 1 .3(). Let ?f be a G.C.A . 

(i) The relation of isomorphism ^ between ideals in ?( is an in- 
finitely refining equivalence relation both in the ideal algebra 3(31) 
and in the correlated disjunctive algebra ^(31). 

(ii) If 3f is finitely closed, then the relation ^ is fhnilely additive in 
^(3t), and the algebra ^(31)/= is an R.A . 

(iii) If 3t is a C.A ., then the relation = is infinitely additive in (^(3() 
and^(%)/^isaG.C.A. 

Proof: by 10.3, 11.17, 11.19, 11.24, 11.27, and 11.35. 

Notice that, by 11.14, 11.30, and 11.35, the tsomorphism of two 
ideals implies their homogeneity in the ideal algebra. I'he converse 
in general fails (it probably holds in idem-multiple algebras). Thus, 
in case 3( is a C.A., (5'(3()/~ and (>(30/= arc both G.C.A.’s (by 11.32 
and 1 1 .36) , but they by no means coincide. 



§ 12. ISOMORPHISM TYPES OF CARDINAL 
ALGEBRAS 

Algebras of isomorphism types under cardinal multiplication, 
which will be studied in this section, are related to the ideal algebras 
constructed in §10, and especially to their coset algebras under 
the relation of isomorphism discussed at the end of §11. 

When speaking here of an algebra 31, we shall always understand 
an algebra with a zero element. 

Definition 12.1. By the isomorphism type (or simply the type) 
t(30 of an algebra 31 = (A, +y Yl) we understand the class of 
all algebras isomorphic with 3t; ol is called an isomorphism type if 
there is an algebra 3t for which a = t(30* 

The notion of an isomorphism type thus defined may appear anti- 
nomial; and this applies even more to various classes of isomorphism 
types which will be involved in our further discussion, e.g., to the 
class of all isomorphism types of C.A.’s. The doubts which may 
arise in this connection cannot be entirely dispelled without a de- 
tailed discussion of the set-theoretical foundations of our work. 
This is, however, a task which we have no intention of undertaking 
here.® One who is acquainted with modern investigations into the 
foundations of set theory will certainly agree that a satisfactory 
solution of the problem is not only possible but can be obtained in 
many different ways; the difficulties can be removed, e.g., by a 
restriction to algebras and sets of not too high a power, or by a strict 
differentiation between sets and classes, and possibly some ‘super- 
classes.' (This differentiation, by the way, is not carried through 
consistently in the present work.) 

On the other hand, we could avoid any appearance of antinomial 
constructions by dispensing with notions like that of isomorphism 
type (or, e.g., cardinal number) altogether, or at least by refraining 
from any discussion of sets of such types and numbers. This would 
not impoverish the mathematical content of our results, but would 
prevent us from putting some of them in a simple and suggestive 
form. 

* The reader interested in the foundations of set theory may be referred to 
the most recent work in this domain — Bernays [1]: he will find there a bibliog- 
raphy of the subject. 
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We shall be interested here mainly in types of C.A/s and G.C.A.’s; 
however, we shall formulate explicitly certain elementary theorems 
applying to arbitrary isomorphism types. It will be seen in the 
appendix to this work that some results obtained for types of C.A.’s 
and G.C.A.^s in the present section can be considerably generalized. 

Definition 12.2. (i) By the cardinal {or direct) product 

rit>/ otx OF ISOMORPHISM TYPES ai Correlated vnth elements i of an 
arbitrary set I we understand the unique type a which satisfies the 
following condition: if are any algebras such that 

a, = r(?J[,) for every iel, 

then 

a = r (II ?t,) . 

iel 

(ii) If I consists of two numbers^ 0 and 1, and if ao = 0 and ai = 7 , 
we put 

a = X 7 . 

(iii) Similarly we define the strong and the weak cardinal product 

OF ISOMORPHISM TYPES, 

n. ai and n» ai. 

iel iel 

Compare here Definition 6.11. 

We shall pay but little attention to strong and weak cardinal 
products of types — for the reasons which have been explained in 
connection with 6.12. 

Theorem 12.3. Let ai be isomorphism types correlated with ele- 
ments i e L Then: 

(i) IIt>/ ol'^o.ys exists and is again an isomorphism type; and 
if I consists of one element j, we have 

n®. = «y- 

iel 

(ii) The same applies to JJ, a* and IIw ai ; moreover, if I is finite, 

iel iel 

or at most denumerable, we have 

n = TLw ai , or II = H, ai , 

iel iel iel iel 
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respectively {so that, in particular, a x is also the strong and the 
weak product of a and p). 

Proof: by 6.1, 6.11, 12.1, and 12.2; we notice that two products 
of pairwise isomorphic algebras are always isomorphic. 

In addition to the general closure postulate 12.3, cardinal products 
satisfy the most general commutative and associative laws: 

Theorem 12.4. Let I and J be any two sets, and let f he a function 
which maps I onto J in a one-to-one way. If, for every i e I, ai is 
an isomorphism type and ai = , then 

n«< = n ft- 

iel jeJ 

Similarly for strong and weak cardinal products. 

Proof: We notice that 6.11 implies a formula for products of 
algebras, which is analogous to that given in the conclusion, but 
in which ‘ = ’ is replaced by hence, by 12.1-12.3, the conclusion. 

Theorem 12.5. Let a set Ji be correlated with every element i e I; 
let K be the set of all ordered couples {i, j ) with iel and j e Ji . If, 
for every {i, j) in K, aij is an isomorphism type, then 

n ai., = n n«i.y- 

id jeJi 

Similarly for strong and weak cardinal products. 

Proof: analogous to that of 12.4. 

We shall concern ourselves with algebras (T, x, m where T 
is a class of isomorphism types; the symbol ‘H’ occurring in the 
denotation of such an algebra is understood to refer to products of 
infinite sequences only (cf. the remarks which follow 8.7), but 
otherwise it will be used in the unrestricted sense. According to 5.2, 
all the arithmetical notions introduced in Part I are automatically 
extended to algebras (T, x, m ; we use here, however, a multiplica- 
tive terminology, and, in case T is the class of all isomorphism types, 
we omit the reference to the algebra concerned. Thus, we say 
that a type a is a factor of a type (and not that a ^ fi) \i there 
is a type y for which a x 7 = /3. Similarly, as is seen from Theorem 
12.7 below, the zero element of the algebra of all isomorphism types 
is denoted by 
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Definition 12.G. By the unit type^ 1, loc understand the common 
isomorphism type of all algebras ?( = 23) 'oihere A consists 

of one element z and where 

Z + Z ^ ^ z = z, 

t<00 

Theorem 12.7. (i) The isomorphism type 1 exists^ and we have 

axl = lxa = a for every type a, 

(ii) ai being isomorphism types correlated with elements i e 7, we have 

n«< = 1 

tel 

if, and only if, «; = 1 for every i e I. Similarly for strong and weak 
cardinal products. 

Proof: by 6.1, 6.11, 12.1, 12.2, and 12.8. 

By extending Definition 4.38 to the algebra of isomorphism types, 
we obtain 

Definition 12.8. An isomorphism type a is called indecom- 
posable t/ a 1 and if, for any types f and rj, a ^ x rj implies 
that ^ = 1 or 7) = 1. 

Turning now to types of C.A.’s and G.C.A.^s, we have first 

Theorem 12.9. Let ai be isomorphism types correlated with ele- 
ments i e I. 

(i) In order that Ute/ a* be the type of a C.A., or of a G.C.A., or 
of a finitely closed G.C.A., it is necessary and sufficient that, for every 
i e I, be the type of a C.A., or of a G.C.A ., or of a finitely closed G.C.A . 

(ii) The same applies to and— in the case of G.C.A.^s and 

iel 

of finitely closed G.C.A.'s—also to R a, . However, JJu, ai is 

tcl III 

never the type of a C.A., unless there are only finitely many elements 
iel for which a^^ 1. 

Proof: by 6.11, 6.12, 12.1-12.3, and 12.6. 

Theorem 12.1 0. 1 is the type of a C.A . 

Proof: by 1.1, 12.(), and 12.7(i). 

Theorem 12.11. lAd ?( = {A, -\-,^) be a G.C.A., and let ai 
be isomorphism types correlated with elements i of a set I. In order 
that 

r(3i) = n«i 

id 
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it is necessary and sufficient that it be possible to correlate an ideal Ai 
in with every element i e /, so as to satisfy the following conditions: 

(i) A = \JuiAi, and At n Ay = 7(0) for all i, j e I with i 4= j; 

(ii) if n S ak e and ik e I for every k < n^ and ik 4= ii for 
all k and I with k <l <n, then ^k<n a* £ A; 

(iii) +, Yi)) = ai- 

Proof: Assume that ideals A* which satisfy (i)-(iii) are given, 
and let 

(1) = {Ai , +, Z))* 

We form the cardinal product 

(2) n Sti = <F, +, E)- 

is I 

By 6.12, 6.13, and 9.18, 

(3) n 2li is a G.C.A. 

%tl 

By 0.11, the set F in (2) consists of functions / with 

D{f) = 7, and fii) e Ai for i e 7. 

Moreover, there are at most denumerably many elements i e I for 
which f{i) 4: 0. We arrange all such elements i in a sequence to , 
t'l , • • • , ik j • • • with k < n ^ oo (and without repetitions) . By 
(ii), the sum of corresponding function values /(4) exists, and we put 

a = G{f) = E fdk). 

k< n 

The domain of the function G thus defined is F; from (i), 6.11, and 
10.7 we see that its counter-domain is A. Thus, 

(4) DiG) = F and C{G) = A. 

Consider now any three functions /, g, and h'm F; and let 

(5) a = G(f), b = G{g), and c = G{h) 

be the correlated elements of A. From 6.11 and the definition of 
G we easily conclude that the formula 

(6) f = g -{■ h 
implies 

(7) a = b + c. 
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Now, conversely, assume (7) to hold. We arrange all those elements 
i e I for which /(^), g{i), or h{i) is different from 0 in one sequence 
^ , ••• , iky ••• with k < n ^ CO (and without repetitions). 
We then obtain by (5) 

« = L b = Y, 9(ik), C = 'E, h{ik), 

k< n k< n k< n 

and hence 

( 8 ) a = E m = E [gin) + h{ik)]. 

k<n k<n 

We have 

( 9 ) f(ik), g{ik), hiik) e Ai^] 

the sets Ai^ being ideals by hypothesis, we get further by 9.3 

(10) g(ik) + h(ik) e for k < n. 

Moreover, the ideals A^J^ are by (i) pairwise disjoint. Hence and 
from (8)-(l0) we easily conclude by means of 3.11 and 10.6 that 

f{ik) = g(ik) + hiik) for fc < n. 

Consequently, 

fii) — gii) + hii) for every i e /, 

and, in view of 6.11, wc arrive at (6). Thus, the formulas 

f = g + h and Gif) = Gig) + Gih) 

are equivalent for any functions fy g, h e F. By applying 6.2 we 
infer hence from (2)-(4) that G maps Xlic/ isomorphically onto 
?(, and that in consequence 

?t ^ n 2t.- . 

iel 

Hence, by (iii), (1), and 12.1-12.3, 

(11) r(2()=n«i. 

iel 

This completes the proof of our theorem in one direction. 

Now assume (11) to hold. By 12.1, 12.2, and 12.10, there exist 
G.C.A.^s 


?l,- = {Aij +i, Yli) 
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such that 

= n 5t*- . and T(?ti) = a, for every id. 

id 

Ijet H be the function which maps 31 isomorphically onto IIw/ 3f<. 
Thus, a being any element in A, H (a) is a function / with 

D(J) = I, and f{i) e At for i e I] 
and the set of all elements i £ 7 for which 

fii) + 0< 

is at most denumerable. For any given element i e I, let At be 
the set of all elements ae A such that 

/O') = 0,- for / = II{x) and for every / £ I with j =b i. 

The proof that the sets At thus defined are ideals in 31 and that they 
satisfy conditions (i)-(iii) of our theorem is based upon 6.1, 6.11, 
9.1, 10.6, and 10.7, and presents no difficulty. Thus, Theorem 12.11 
holds in both directions. 

CoHOLLAKY 12.12. Let 31 = {A, +, '^) be a G.C.A., and let ao , 
, •••>“<> • ■ • i < n ^ ao be isomorphism types. In order 

that 

7(31) = n«i 

i<n 

it is necessary and suffixnent that it he possible to correlate an ideal A* 
in 3( with every i < n, so as to satisfy the following conditions: 

(i) A = X^i<n A» , and Ai (1 A,- = J(0) for all j with i <j < n; 

(ii) if ai € Ai for every i < n, then a^ e A ; 

(iii) r((Ai, +, X)) = a^ for every i < n. 

Proof: by 9.2, 10.8, and 12.11. 

Theorem 12.13. Theorem 12.11 applies to weak cardinal products 
if we replace in it condition (ii) hy the following one: 

(ii') ifn ^ oo,ak € A^J^ ci,nd ik e I for every k < n, and n + iifor 
all k and I with k < I < n, then ^k<n Ok is in A if, and only if, 
n < 00 . 

Proof: entirely analogous to that of 12.11. 

We could also transform 12.11 so as to make it apply to strong 
cardinal products; this would require, however, a more radical change 
in the formulation of the theorem. 



ISOMORPHISM TYPES OF CARDINAL ALGEBRAS 161 


The value of Theorems 12.11-12.13 lies in the fact that they reduce 
the study of cardinal products of algebras and isomorphism types 
to the discussion of relations between certain subalgebras (ideals) 
of one algebra; this topic will be discussed further in the appendix. 
Theorems 12.11-12.13 will find important applications in the present 
section. In the first place, we obtain with their help the following 
result, which constitutes an essential addition to tlic arithmetic 
of types: 

Theorem 12.14 {general refinement theorem for isomorphism 
types). 1j\ fo7' all i e T and j t* ./, and are isomorphism types 
of G.C.A .’s, and if 

n a. = n A , 

iel jeJ 

then there are isomorphism types of G.C.A.\s such that 

«» = n yt,] ft = n 7t./ for all iel ami j e J. 

J cj %£ I 

Similarly for weak cardinal products. 

Proof: By 12.9 

(1) « = n a< = n A 

iet jcJ 

is a type of a G.C.A. According to 12.1, let 
3f = {A, +, 2) 

be a G.C.A. with 

(2) r(30 = a. 

By (1), (2), and 12.11, there are ideals Ai in 31 which satisfy condi- 
tions 12.11(i)-(iii) ; and also ideals Bj which satisfy the same con- 
ditions (with I = J and Aj = Bf). By 9.6, 10.1, and 10.5, the sets 
Ai n Bj are also ideals in 3t. We put 

(1) r«A.nB,,+,2:)); 

by 6.13 and 9.18, the types jtj thus dehned are types of G.C.A.'s. 
By 12.1 l(i) we have 

A = \J Ai= U Bj ] 

tel jeJ 

4» n Ajfe = I{0) for i, k e I with i 4= k. 
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Hence we obtain by 10.9 for any given j e J 

(2) Bi = B, n U = U (A< n B,), 

xcJ id 

and also, in view of 10.3, 

(3) (i4i n Bj) n (i4*, n Bj) = /(O) for i, kef with i ^ k. 

Since, by 9.21 (ii) and 10.5, the Ai f) Bj are ideals in (Bj , 
we see from (l)-(3) that conditions (i) and (iii) of 12.11 are satisfied 
if we replace in them 'A' by 'Bj ’, and 'At' by 'Ai fl B/-, the same 
applies to condition (ii) since At 0 Bj are subsets of Ai . Hence, 
by 12.11, 

ft = '^((^7) +) 2^)) = n tm- 

id 

In a similar way we obtain 

~ H Tt,7 j 

jeJ 

and the proof is complete. The proof for weak products is prac- 
tically the same; instead of 12.11, we apply 12.13. 

Theorem 12.14 can be extended to strong cardinal products also. 
12.14 implies various corollaries concerning indecomposable types 
of C.A.^s and G.C.A.’s; they arc analogous to certain theorems of §4 
(e.g., 4.43-4.4G), but apply to products of arbitrarily many factors. 
Thus, for instance, we can easily show that every type of a G.C.A. 
has, apart from order, at most one representation as a product of 
indecomposable types. 

From theorems stated so far in this section it is seen that Postu- 
lates l.l.I-YI are satisfied in the algebra of types of arbitrary G.C.A.’s. 
Our next task is to show that Postulate 1.1. VI I also holds if we re- 
strict ourselves to types of C.A.’s, and that consequently the algebra 
of these types is itself a C.A. 

Theorem 12.15. // = (A, +, is a C,A,, and if T is the 

set of all types of subalgebras 33 = (B, +, Yl) constituted by ideals 
B in ?(, then the algebra (T, x, n) is a G.C.A, and is isomorphic 
with ^(31)/^. 

Proof: X being an ideal in 31, and X = (X/^) the corresponding 
coset in ^(3l)/~ (cf. 0.3, 8.16, and 10.1), we correlate with X the 
isomorphism type 

( 1 ) 


V!>(X) = t((X, +, Z^)). 
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By 6.3 and 12.1, ip is obviously a biuniqiie function which maps the 
family of all cosets X onto the set T. We show without difficulty 
that for any integer n ^ oo and for any cosets a, ao , ai , • • • , a:, , 
• • • in ^(H)/= the formulas 

(2) a == «t and ip{d) = H ip{a^ 

i< 7t t< n 

are equivalent. The proof is based essentially upon 11.36 and 12.12; 
we also use 6.3, 6.4, 6.13, and 10.12. By applying 6.1 (and 12.2) 
now, we conclude that the algebra (T, x, JI) is isomorphic with 
^(?l)/=; hence, by 11.36, this algebra is a G.C.A. 

Corollary 12.16. // o^o , ai , • • * , , • • • , jSo , iSi , • • • , jS,- , • • • 

are types of C.A's and — fin x «n 4 i for every n < oo, then there is 
a type y of a C.A . such that 

= 7 X IT i^n+t for every n < oo . 

t<oo 

Proof: By 12. 1 , 12.2, and 12.9 there is a C.A. ?l with 
r(3l) = n IIA; 

t<oo i<oo 

and, by 12.5 and 12.11, a, and fir are types of certain subalgebras 
of ?( constituted by ideals. Hence, by 12.15, we can apply 5.1.V 
(with ‘ + ’ replaced by to a, and ; and, in view of 12.9, we 
obtain the conclusion. 

Theorem 12.17 (fundamental theorem of the algebra of 
ISOMORPHISM types). T being the class of all types of C.A.*Sj the 
algebra T = (T, x, H) is itself a C.A . 

Proof: by 1.1, 12.2, 12.4, 12.5, 12.7 (i), 12.9(i), 12.10, 12.14, 
and 12.16. 

It will be seen from 12.18 that Theorems 12.15-12.17 cannot be 
extended to types of G.C.A.’s or even of finitely closed G.C.A.’s. 
It may be noticed that the only reason why the proof of 12.15 does 
not apply to G.C.A.’s is that condition (ii) in 12.12 is automatically 
satisfied and hence can be omitted in case is a C.A. — while the 
same condition is essential if ?l is an arbitrary G.C.A. 

Theorem 12.18.® Let Ti , or T 2 , be the class of all types of finitely 
closed G.C.A.^Sy or of arbitrary G.C.A.^s. Then 

® The first part of Theorem 12.18 is due to B. Jdnsson; the proof outlined here 
uses essentially Jdnsson’s idea. 
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(i) the algebras Xi = {Ti, x, H) and 52 = {T 2 , x, II) are 
not G.C.A.'s; 

(ii) more generally, no operation U' on infinite sequences of types 
can he defined for which the algebra (Ti , x, II'). or {T 2 , X, II'), 
is a G.C.A. {the symbol ‘x’ being used in its original meaning). 

Proof: Assume, to the contrary, that there is an operation H' 
for which the algebra 

r = <Ti , X, II') (or r = (Ta , X, II')) 

isaG.C.A. 

We construct a C.A. 31 = (A, + , 53 ) io which the set A contains 
just two distinct elements, say, z and u; for this purpose, we put: 

a + b = zif a = b = z, and a + h = u otherwise ; 

= s if tti = 2 for every i < co , and ^ a^ = u otherwise; 

i<oo t<co 

where a, 6, ao , ai , • • • , a» , • • • are arbitrary elements of A. Let a 
be the type of 31. As is easily seen from 6.11, 12.1, 12.2, 12.6, and 
12.8, 

( 1 ) a is indecomposable. 

We now put: 

(2) /3 = II a (i.e., /3 == II where ai = a for z = 0, 1, 2, • • •) 

t <00 »<oo 

and 

(3) = 

i<oo 

By 12.9, is the type of a C.A., and jS' is the type of a finitely closed 
G.C.A., but not of a C.A.; hence 

(4) fi'. 

At any rate, however, a, and P' are in Ti (and in T 2 ). From (2) 
and (3) we obtain by 12.5 

(5) p z= ax 0 and jS' = a: x /S'. 

Hence, by applying 5.1.V (with an = /S, or = I3\ and bn == a) to 
the algebra 5', we conclude that the type 

(6) 7 = II' « 

t<00 
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exists and belongs to Ti , and that 

(7) = 7 X 5 and /S' =7x5' for some 5, 5' c Ti . 
Moreover, by applying 5.1.1 to J', we obtain from (6) 

(8) 7 = a X 7. 

By (2) and (7) we have 

7x5 = nQ' = d. 

t<00 

Hence, by 12.2, 12.5, 12.7, 12.8, 12.14, and (1), we easily conclude 
that 

(9) y = n « for some n < oo , or else 7 = /S. 

t< n 

Similarly, (1), (3), and (7) imply 

(10) 7 = XI«; « foi' some n < or else 7 = jS' . 

»< n 

(4), (9), and (10) give in view of 12.3(ii) 

7 = n O' for some n < 00 . 

i<.n 

Hence and from (8) we infer by 4.3 that a is idem-multiple, i.e., 
that 


a — a X a. 

This, however, clearly contradicts (1) (cf. 4.39 or 12.8). Thus, we 
must reject our original assumption; and the proof is complete. 

Although the algebra Xi from 12.18 is not a G.C.A., it has never- 
theless some interesting arithmetical properties; for, as we shall 
show in 12.21, it proves to be an R.A. 

Theorem 12.19. If ?t = {A, +,23) is a finitely closed G.C.A. ^ 
and if T is the set of all types of suhalgehras = (7i, +, 23 ) con- 
stituted hy ideals B in 3(, then the algebra (T, x, II) is an R.A. 

Proof: We proceed as in the proof of 12.15; i.e., we define the 
function (p by means of formula (1) of that proof, and we show that 
<p maps in a one-to-one way the family of all cosets of the algebra 
^(§l)/~ onto the set T. However, formulas (2) now prove to be 
equivalent only in case n < 00 . (This depends on the fact that 
condition 12.12(ii) is now automatically satisfied only in the case 
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of a finite sequence of ideals.) In other words, maps (T, x, H) 
isomorphically onto only in the domain of binary operations; 

i.e., it satisfies conditions 6.1(i)-(iii) without necessarily satisfying 
6.1(iv). This is, however, sufficient for our purposes. For 5^(3t)/= 
is an R.A. by 11.36; and since in the postulates characterizing R.A.’s 
only the binary operation is involved (cf. 11.26), we conclude that 
(T, X, H ) is also an R.A. 

Corollary 12.20. // ai , 0:2 , jS, o.nd y are types of finitely closed 

G.C.A.’s, and if ai x x y — x y, then there are types y P 2 , 
7 i , and 72 such that 

P == pi X p 2 y 7 = 7i X 72 , X 7i = jSi X 7i , o.nd 
0:2 X 72 = /32 X 72 . 

Proof: analogous to that of 12.16, with 12.15 and 5.1.V replaced 
by 12.19 and 11.26.V. 

Theorem 12.21. Ti being the class of all types of finitely closed 
G.C.A,^Sy the algebra Zi = {Ti , x, IJ) is a finitely closed R.A. 

Proof: by 12.2, 12.4, 12.5, 12.7(i), 12.9(i), 12.10, 12.14, and 12.20. 

Thus, all the arithmetical theorems listed in 11.28 hold in the 
algebra Xi ; they do not have to be provided with existential assump- 
tions (required in arbitrary R.A.^s) since the algebra is finitely 
closed. Among these theorems, 1.31 and 2.28 are perhaps the 
most interesting. By 1.31, the factor relation — which is obviously 
reflexive and transitive in the class of all isomorphism types — proves 
to be antisymmetric when applied to types of the class Ti , and hence 
to establish in Ti a partial order; by 2.28, this relation has in addition 
the interpolation property. Notice that an alternative formulation 
of 1.31 (1.47 with n = 2) gives: 

If ay Py and 7 are types of finitely closed G.C.A .^s and a x p x y = 
7 , then a xy = p xy = y. 

As regards the algebra J 2 of 12.18, i.e., the algebra of types of 
arbitrary G.C.A.'s, no general arithmetical results are known which 
hold in this algebra and are not more or less trivial consequences 
of elementary theorems stated in the earlier part of this section 
(with 12.14 included). We are lacking, however, in counter-ex- 
amples which would definitely show that various theorems applying 
to the algebra Xi by virtue of 12.21 actually fail in the algebra X 2 ; 
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it would be interesting to know, for instance, whether or not the 
factor relation establishes a partial order in T 2 . Nor do we know 
whether various special theorems of Part I which are not listed in 
11.28 hold in the algebras and 3^2 — although, by 12.17, they cer- 
tainly hold in the algebra T. This applies, e.g., to Theorem 2.34; 
we do not know whether for all types a and of G.C.A.^s, or of 

finitely closed G.C.A.’s, a x a = x implies a = Finally, 
there are problems of the same nature which remain open even with 
regard to the algebra J. It is not known, for instance, whether 
any two types a and of C.A.^s have a least common multiple, 
i.e., a least upper bound in the algebra X; we shall see later that two 
such types do not always have a greatest common factor, i.e., 
a greatest lower bound in the algebra X- 
It can be shown that the algebra X of 12.17 is not only a sub- 
algebra but also a homomorphic image of the algebras Xi and X 2 
of 12.18; and this remains true even in case we regard the operation 
JJ in these algebras as applying to sets of elements with an arbitrary 
power. In fact, a being the type of a G.C.A. ?t, let a be the type of 
all C.A.’s S which are closures of 31; and let R be the relation which 
holds between two types a and 0 of G.C.A.’s if, and only if, a = )§. 
By 7.13, a is uniquely determined by a. By 17.17 we have, for any 
types ai of G.C.A.^s, 

n = n . 

iel iel 

Hence we conclude that R is an infinitely additive (or rather mul- 
tiplicative) equivalence relation both in Xi and 1 : 2 , and that 


X ^ Xi/R ^ X 2 /R. 

R can also be shown to be finitely refining in Xi (but not in 3 : 2 ). 
These results, however, do not provide us with any interesting 
information about the algebras Xi and X 2 . 

In view of 12.3(ii), Theorems 12.15-12.21 apply automatically 
to strong cardinal products. It is also obvious that Theorems 
12.18-12.21 apply to weak products as well; although 12.15-12.17 
fail in this case (as is seen from the last part of 12.9). It may be 
noticed that if we replace in the algebras 3'i and X 2 plain products 
by weak ones, then Xi proves to be a homomorphic image of X 2 ; 
to show this, we proceed as above in the case of X — ^using, however, 
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the notion of a finite closure instead of that of a closure (cf. 7.18 
and the subsequent remarks). 

The last three theorems of this section are of a more special nature 
since they apply to isomorphism types of rather restricted classes 
of C.A.^s. 

Thp]OREM 12.22. Let % = (A, +, 23) 6c a C,A, in which every 
element a e A can he represented in the form 

a = ^ ai with n ^ oo 

t< n 

where all elements ai with i < n are indecomposable in the disjunctive 
algebra 31. Then r(3l) can he represented in the form 

r(2l) =n«< 

id 

where all types with i e J are indecomposable; and this representation 
is unique apart from order. 

Proof: By 10.16 and 12.11 vve obtain a representation of r(?0: 

’•(St) = II«i with a, = T{{Ai, +, X))) for every i?I, 

id 

where the A^ are ideals in ?t which are indecomposable in the dis- 
junctive ideal algebra ^(31)* Hence we easily conclude that all 
the types a, are indecomposable in the sense of 12.8; we apply here 
in the first place 12.12, and also 8.16, 9.12, 10.1, 10.3, and 12.6. 
The unicity of representation follows easily from 10.16 and 12.11, 
or else it can be derived from 12.5, 12.7, 12.8, and 11.14 (cf. the 
proof of 4.45). 

As was pointed out in connection with 10.16, the class of C.A.’s 
involved in 12.22 contains as a subclass the class of those C.A.’s 3t 
in which every element can be represented as a sum of elements 
that are indecomposable in 31 itself (and not only in ^I). We shall 
see in 14.10 that, with regard to algebras of the latter class, the 
conclusion of 12.22 can be strengthened considerably; the type of 
every such algebra is a cardinal power (i.e., a product with identical 
factors) of a well-determined indecomposable type a, in fact, of the 
type of the algebra of non-negative integers. 

Theorem 12.23. Let 31 = (A, A’t he a C.A. in which there 
is no infinite sequence of elements h , hi , • • • , , • • • with hi 0 
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and bi Obj — 0 for i < j < «> . Then t(?I) can be represented in the 
form 

T( 3 t) == n '^iih n < 00 

t< n 

where all types ax with i <n are indecomposable; and this representation 
is unique, apart from order. 

Proof: entirely analogous to that of 12.22, with 10. IG replaced 
by 10.17. 

Corollary 12.24. The conclusion of 12.23 applies to all at most 
denumerable C.A.^s, 

Proof: by 10.18 and 12.23. 

We shall see in the appendix that 12.23 is but a particular case 
of a theorem of general algebra, and that the validity of its con- 
clusion does not depend on any specific properties of C.A.^s. In 
particular, 12.23 (but not 12.24) can be extended to arbitrary G.C.A.’s, 
although this is not directly seen from the proof of the theorem; 
cf. the remark which follows 12.17. Some other theorems of gen- 
eral algebra which concern the decomposition of types into indecom- 
posable factors and can be applied to C.A.’s and G.C.A.’s will also 
be found in the appendix. 

In connection with 12.22-12.24 the problem arises whether every 
type of a C.A. can be represented as a product of indecomposable 
factors. It can easily be shown that this is not the case. We can 
even obtain a much stronger result: there are types a of C.A.’s whi(;h 
are different from 1 and have no indecomposable factors at all. In 
fact, we can construct a C.A. ?t = (7l, +, 2) with the following 
properties: there are elements a 4= 0 and 6 4= 0 in A such that 
a n 6 = 0 and c ^ a -f- 6 for every c e A) and any two elements 
a 4= 0 and 6 4= 0 in A are homogeneous in the sense of 11.30. (It 
is well known that there are complete Boolean algebras with these 
properties, e.g., the Boolean algebra of all regular open sets of a Eu- 
clidean space under set-theoretical addition^; and, as we shall see 
in §15, every complete Boolean algebra is a C.A.) The type a of 
such a C.A. 21 clearly satisfies the following conditions: 

a = a X a 4= 1; and a = f x ry implies that f = 1 
or f = a. 

’ This follows from Theorem 7.23 and 7.26 in Tarski [7], p. 178 f . 
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Hence it follows at once that a has no indecomposable factor. It 
should be pointed out, however, that a is itself indecomposable in 
a weaker sense mentioned in connection with 4.38; and the problem 
remains open whether every type a 1 of a C.A. has a factor which 
is indecomposable in this weaker sense. 

In conclusion, we want to discuss briefly certain variants of the 
notion of a cardinal product, which are different from those defined 
in 6.11 and 12.2. We have to use here the familiar notion of a 
cardinal number (which will be discussed systematically in §17 — 
in its relation to the general theory of C.A.’s). Let v be any cardinal 
different from 0; and let be algebras with zero elements Ot cor- 
related with elements i of a set L By the cardinal product of the 
algebras Sli with the rank v we understand the subalgebra of the 
strong cardinal product of 3L constituted by those functions / for 
which the set of all elements i € I with f{i) =(= Oi has a power smaller 
than p (cf. 6.11). We extend this notion to isomorphism types by 
changing Definition 12.2 correspondingly. 

The cardinal product with the rank p = is simply the weak 
cardinal product, and that with the rank p = coincides with the 
plain cardinal prodiK^t; here is, as always, the smallest infinite 
cardinal, and is the smallest cardinal > . Cardinal products 

with a rank i' > >Ji have practically the same properties with regard 
to G.C.A.’s as the strong product; we do not want to go into certain 
details here connected with the extension of 6.12 and 12.9 to such 
products. They are useful, however, as a source of various examples. 
Consider, for instance, the cardinal p = , i.e., the smallest cardinal 

p such that the set of cardinals < p is non-denumerable. Let a 
be the type of a C.A. with just two different elements (cf. the proof 
of 12.18); let be the strong cardinal product of p factors each of 
which equals a, and let be the cardinal product of the same factors 
with the rank p. By arguing as in the proof of 12.18, we can show 
that and constitute an example of two types of C.A.'s which 
have no greatest common factor.® It may be noticed that the types 
0 and 0' constructed in the proof of 12.18 have also the same prop- 
erty; in this case, however, /?' is not the type of a C.A. 

As regards cardinal products with a finite rank Py the case p — I 
is trivial; the case when 2 < p < seems to be unnatural and can 
hardly lead to any interesting results. The remaining case p — 2 

* This example was found by B. Jdnsson. 
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deserves some attention only if we happen to be interested in algebras 
which, like G.C.A/s, are not assumed to satisfy the closure postu- 
lates; for, as is easily seen, the cardinal product of algebras ?(t with 
the rank 2 is never finitely closed unless there is at most one i such 
that Sit has two or more distinct elements. However, the cardinal 
product with the rank 2 of arbitrary G.C.A.\s is always a G.C.A. 
This notion is very closely related to that of cardinal addition which 
will be discussed in §18, and has the same fundamental properties; 
the class of all isomorphism types — not only of types of G.C.A. \s — 
proves to be a C.A. under this sort of cardinal multiplication, and 
every type can be uniquely represented as a product with the rank 2 of 
indecomposable factors. (Of course, ‘indecomposable’ means some- 
thing else in this context than in 12.8, for the product with the 
rank 2 does not coincide with the ordinary product even in the 
case of two factors.) The proof of these results will not be outlined 
here; the proofs of Theorems 18.6 and 18.7 below give a very ade- 
quate idea of the method to be applied. 




PART III 

CONNECTIONS WITH OTHER 
ALGEBRAIC SYSTEMS 




§ 13. SEMIGROUPS 


In this part of our work we want to discuss relations between 
C.A.’s and G.C.A.’s on the one hand, and certain algebraic systems 
well known from the literature on the other. In most cases it proves 
convenient here to regard C.A.’s and G.C.A.’s as algebras with a 
single operation, in fact, with binary addition. 

Definition 13.1. An algebra = (A, +) is called a (7.A., 
or a G.C.A., if there is an operation X) infiiiite sequences of ele- 
ments of A such that (A, is a C.A. in the sense 0 / 1.1, or a 

G.C.A. in the sense of 5.1. {Under the same conditions we say that A 
is a C.A., or a G.C.A,, under the operation +.) 

In addition to C.A.’s and G.C.A.’s, we shall be interested in various 
other algebras 3t constituted by a set A and a binary operation +. 
The following definition applies to arbitrary algebras of this kind: 

Definition 13.2. We extend to algebras % = {A, +) the 
definitions of the element 0, the relation the greatest lower bound, 
and the least upper bound (1.2, 1.5, 3.1, and 3.2). We define the sum 
of a sequence of elements Oo , Ui , • • ^ , ai , • • • e A by putting 

2 Oi = 0 {in case the element 0 is in A), 

X) cit + for n < 00 {in case X^ a< and 

»<n 4 -l i<n »'<»»’ 

X^ Of + an are in A), 

i<n 

X) = U X3<*t {i^ oase all sums X '^ith n < <x> are in 

*<00 n<00 *<n *<n 

A and their least upper bound exists). 

Furthermore, we extend to arbitrary algebras 31 = {A, +) th^ 
definitions of the remaining notions introduced in §§1-12, by omitting 
in these definitions— -except 1.4, 0.4, 6.7, 7.1, and 9.1 — all references 
to infinite operations. 

Thus, for instance, by applying 8.7 and 8.16, we can construct 
from an algebra 3t = {A, +) two new algebras, S = (A, U) 
and ^ = (A, +)• Oii the other hand, when speaking of ideals in 
an algebra 3t = {A, + ), we shall use the term ‘ideal’ in exactly the 
same sense in which it was originally defined in 9.1. 
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It may be noticed that we shall be concerned merely with algebras 
3t = {A, + ) in which the operation + is commutative; this explains 
why we have not introduced in 13.2 two different relations 
Definitions 3.1 and 3.2, as well as the definition of an infinite sum 
(stated in 13.2), will be applied almost exclusively to those algebras 
21 in which the set A is partially ordered by the relation ^ . 

Corollary 13.3. If 2t = (A, +) is a C.A. or a C.C.A., then 

(i) the operation ^ on finite sequences defined in 13.2 coincides 
with that defined in 1.3; 

(ii) the operation X) on infi7iite sequences defined in 13.2 is the only 
operation which satisfies the conditions of 13.1. 

Proof: (i) by 1.8 and 1.17; (ii) by (i) and 3.19. 

The simplest examples of G.C.A.’s can be found among semi- 
groups and LATTICES. In this section we shall concern ourselves 
with semigroups; the discussion of lattices will be found in §15. 

Definition 13.4. Let 2t = {A, +). 

(i) 21 is called a groupoid (or, strictly speaking, a commutative 
groupoid) if it satisfies the closure postulate 1.1. 1, the postulate of 
the zero element 1.1. V, and the commutative and associative laws 1.13 
and 1.14. 

(ii) 21 is called a semigroup {or, strictly speaking, a commutative 
semigroup) if it is a groupoid and satisfies the cancellation law for sums: 

If a, b, c € A and a + o = 5 + c, then a = b. 

Corollary 13.5. /n a semigroup 2t = (A, +) oil elements of 
A are finite. 

Proof: by 13.2 (4.10) and 13.4. 

In our further discussion we shall often apply 13.1-13.4 without 
referring to them explicitly; 13.1 and 13.2 will, of course, be implicitly 
involved in all those cases in which we shall use definitions and 
theorems of §§1-12. Various elementary consequences of 13.4 
are assumed to be known. It is easily seen, for instance, that most 
of the theorems stated in §1, when restricted to finite sums and 
multiples, apply to arbitrary groupoids and semigroups. 

Every finitely closed G.C.A. is obviously a groupoid. Moreover, 
we have 
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Theorem 13.6. Let 2t = {A^ -{-)he a G.C.A, For % to he a semi- 
group it is necessary and sufficient that ?l be finitely closed and that 
every element in A be finite. 

Proof: by 4.19, 5.26, and 13.5. 

Corollary 13.7. No C.A. = (A^ +) is a semigroup unless 
A contains only one element. 

Proof: by 4.12 and 13.6. 

Theorem 13.8. If % = (^, +) is a C.A. or a finitely closed 
G.C.A, and if B is the set of all finite elements of A, then 33 = (/i, + ) 
is a G.C.A . and a semigroup. 

Proof: By 4.10, 4.13, 4.14, 4.16, 6.13, 9.1, and 9.18, 93 is a finitely 
closed G.C.A., and every element of 93 is finite; hence, by 13.6, 
is also a semigroup. 

Corollary 13.9. For a C.A. % = {A, + ) to he a closure of a 
semigroup, it is necessary and sufficient that every element a c A can 
be represented in the form 

a = ^ 

»<oo 

where all elements a^ with i < oo are fmite. 

Proof: by 7.1, 7.6, 13.6, and 13.8. 

We know from 13.6 under what conditions a given G.C.A. is a 
semigroup. More interesting is the question under what conditions 
a given semigroup is a G.C.A. To answer this (luestion, we shall 
first distinguish certain special kinds of semigroups. 

Definition 13.10. An algebra 31 = {A, +) is called partially 
ORDERED, or SIMPLY ORDERED, or WELL ORDERED, if the sct A is partially 

ordered, or simply ordered, or well ordered, by the relation ^ . 

This definition, like 13.1 or 13.4, will often be used without ex- 
plicit reference. 

Corollary 13.11. Let 3t = {A, +). 

(i) In case 3t is a groupoid, it is partially ordered if, and only if, 
a + 6 + c = c implies a + c= 6 + c = c for all a,b, c e A. 

(ii) In case 31 is a semigroup, it is partially ordered if, and only if, 
a A- b = 0 implies a = 6 = 0 for all a,b c A. 

Proof: by 13.10, without any difficulty. 
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In the next few theorems we state some elementary, though less 
familiar, properties of partially ordered semigroups. 

Theorem 13.12. Let 3( == (A, + ) a partially ordered groupoid. 
For any elements ai ,bi e A correlated with elements i of a non-empty 
set /, and for any elements a,h, c e A, we have: 

(i) if di + 5, = c for every i e /, and Utf / hi exists, then flte/ a* 
also exists and 

n "h U 6t — C] 

id id 

(ii) if a U b exists, then a C\b also exists, and (a fl 6) + (u U 5) = 
a + 6. 

Proof: (i) can be derived in the same way as the corresponding 
part of 4.21 (since 4.20 obviously holds for arbitrary elements of 
a semigroup), (ii) is a particular case of (i); cf. the proof of 4.22. 

Corollary 13.13. If 3t = (A , + ) fs a partially ordered semigroup, 
a,b, c € A, a C[ c = 60 0 , and a U c = 6 U c, then a = b. 

Proof: by 13.12(ii). 

As is known, the distributive laws 3.30 and 3.32 with n < oo can 
be derived from 13.13 if provided with suitable existential assump- 
tions; it seems that these assumptions must be stronger than those 
actually stated in 3.30 and 3.32.^ Two other distributive laws, 
3.25 and 3.26, also hold for semigroups, and can even be generalized 
to sets of an arbitrary power. This will be shown in the following 

Theorem 13.14. Let 3( = (A, + ) 6o a partially ordered semigroup-, 
let a be in A , and let bi be elements of A correlated with elements i of 
an arbitrary non-empty set I, We then have: 

(i) if either Uidbi or U,>/ (a + bi) exists, then both these bounds 
exist, and 

a + U 6. == U (a + bi); 

id id 

(ii) ifO td {cL + bi) exists, then (!«/ 6,- also exists, and 

a -f" fl 6* = fl (a -j- 6i). 

id iel 

1 By a theorem in Bergmann [1], p. 273, the distributive laws 3.30 and 3.32 
with n < 00 can be derived from 13.13 in case the semigroup 21 is lattice-ordered 
in the sense of 13.22. An analysis of Bergmann’s proof shows that his result 
can be extended to arbitrary partially ordered systems by providing the dis- 
tributive laws with sufficiently strong existential assumptions. 
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Proof: (i) Assume, e.g., U»e/(a + b*) to exist. By 3.2, we have, 
for every i e I and for some c e 

(1) o, "j" bi ^ U (a “h = a + c, 

id 


and hence 

( 2 ) 

If, for every i e /, 


we also have 


hi ^ c. 
bx ^ X, 


CL bt CL ~]r X\ 


therefore, by (1), 

a + c ^ a + X and c ^ x. 


Hence, and in view of (2), 

(3) c=\Jbi. 

(1) and (3) imply the conclusion. The proof of (i) under the alter- 
native assumption is essentially the same; and the derivation of 
(ii) is quite analogous. 

It is easily seen that the converses of 13.12(ii) and 13.14(ii) may 
fail in partially ordered semigroups. In fact, let / be the set of all 
negative and positive integers, with —1 (and 0) excluded. I is 
clearly a partially ordered semigroup under ordinary multiplication. 
We have in this semigroup 2 (1 3 = 1 ; however, neither 2 U 3 nor 
(a'2) n (a-3) for any a e I,a ^ exists. Notice in this connection: 

Theorem 13.15. Let % = {A, + )bea 'partially ordered semigroup^ 
and let a and b be any elements of A, For a\i h to exist it is necessary 
and sufficient that (a + ^) H (5 + x) exist for every x e A. 

Proof: The existence of a U 5 implies that of (a + x) fl (6 + x) 
by 13.1 2(ii) and 13.14(i). Assume now (a + a:) fl (6 + x) to exist 
for every x c A. Thus, in particular, a f) b exists, and we can put 
(by 3.1) 

(a n 6) + c = a + 6; 


hence we obtain 


a ^ c and b ^ c. 
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Now if 

a ^ X and b ^ x, 
then, by our assumption and 13.1 4(ii), 

{a r\ b) + c = a + b ^ (a + .r) fl (6 + a;) = {a f] b) + x, 
and consequently 

c ^ X. 

Thus, by 3.2, 

c = a U />; 

and the proof is complete. 

Thkokem 13.1(). Let = (A, + ) be a partially ordered semigroup, 
and Icta^ ,a\ , ' ‘ • , a* , • • • , 6o , 6i , • • • , 6t , • • • be any elements in A . 

(i) X^Koo is in A, then both these sums are in A, 
and ive have 

= fto “b • 

1<00 »<00 

(ii) If ^ y tVoo > ^L/i<oo bi € A, then 

53 (^t + = 53 + 53 • 

»<oo i<oo <<00 

Proof: In view of 13.2, (i) is but a particular case of 13.14(i); 
we take for / the set of all finite integers, and put 

a = ao, and bn = 53 ^^i+i for n = 0, 1, 2, • • • . 

<< TO 

As regards (ii) , it is easily seen that 

X («• + &<) ^ L o< + ^ b, for ?i = 0, 1, 2, • • • . 

<<n <<00 <<oo 

Now if 

53 (<^< + bi) ^ X for every n < oo , 

<<n 

then we clearly have 

53 «< + ^ &< = ^ for n, p = 0, 1, 2, • • • ; 

»<n i<P 

and, by applying 13.14(i) twice, we obtain 

53 Ui + 53 bi ^ X. 

<<00 <<00 
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The conclusion of (ii) follows by 3.2. 

Theorem 13.17. Let 31 = {Ay + ) be a partially ordered semigroup; 
letnhe^ oo , and let ao , ai y • • • , a* , • • • be elements in A such that 
ai U aj = ai + a,- for all i and j with i < j < n. We then have 

U at = X) 

i < n t < n 

in case n < oo ; and the same holds in case 71 = oo , provided n* 

or Ut<oo Oi is in A, 

Proof: The conclusion obviously holds for n = 0. Assume it 
to hold for a given n p < oo. We then obtain with the help of 
3.2, 13.14(i), and the hypothesis 

ttt = \J ai + Op = U (at + ap) = U (a^ U a^) = U a^ . 

i<2)+l *<P »<P i<P 

Thus, the conclusion proves to hold for n = p + 1. By 13.2, the 
result can be extended at once to the case n — <x>. 

Notice that the condition 

a^ LJ a^ ~~ at “f” Oj , 

which occurs in the hypothesis of 13.17, implies by 13.12 in every 
partially ordered semigroup 

ai n aj = 0. 

The implication in the opposite direction fails in general; it holds 
in those special semigroups and groupoids which we are going to 
discuss now. 

Definition 13.18. An algebra 3t = (A, +) is said to have the 
REFINEMENT PROPERTY if it satisfies Postulate 11. 20. TV. 

Groupoids with the refinement property are closely related to 
what we have called refinement algebras (cf . 1 1 .20) . In fact, we have 

Corollary 13.19. Finitely closed R.A.^s 31 = (A, +) coincide 
with partially ordered groupoids which have the refinement property and 
satisfy 11.20.V. 

Proof: by 5.20, 11.20, 13.10, and 13.18; it follows from 11.28 that 
every R.A. is partially ordered. 

Corollary 13.20. Every partially ordered semigroup 3f with the 
refinement property is a finitely closed R.A, 
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Proof: by 13.19. Postulate 11.26.V is obviously satisfied in 
every semigroup 21; to obtain elements which satisfy the conclusion 
of 11.26.V, we put 

6i = cti , 62 = ^2 , Cl = c, and C2 = 0. 

By 13.20, all theorems listed in 11.28 hold in every partially 
ordered semigroup with the refinement property.^ It is easily seen 
that most of these theorems apply to a wider class of algebras — in 
fact, to arbitrary partially ordered groupoids with the refinement 
property, even to those which do not satisfy 11.26.V. There are, 
however, a few important exceptions: 2.18, 2.27, 2.28, 2.30, 3.16, 
and 3.17. 

Theorem 13.21. For a semigroup 2t = (A, +) to have the refine- 
ment property, it is necessary and sufiicient that the interpolation 
theorem 2.28 with n = p = 2 hold for arbitrary elements of A. 

Proof: By applying 13.18 and by analyzing the proof of 2.28 
for n == p = 2 we easily see that the condition of our theorem is 
necessary. Now assume this condition to be satisfied; and let ai , 
a 2 ,bi , and 62 be any elements in A for which 

(1) ai + a2 = 61 + &2 • 

We have thus 


(12 ^ cii -j- U2 > bi ^ ai 02 f 02 ^ bi A" CL 2 y and bi ^ bi A' 02 • 
Hence, by 2.28, there is an element Ci such that 
(2) bi ^ Cl A- 02 S ai A- 02 and Ci A- 02 ^ bi A- 02 • 
Consequently, 


Cl g Oi and Ci g 61 , 


so that we can put 

(3) Cl + C 2 = oi and Ci + C3 = &i. 

2 Partially ordered semigroups with the refinement property have been 
discussed in Riesz [1], p. 175. Cf. also Birkhoff [2], pp. 327 ff.; Theorem 13.21 
is closely related to Birkhoff’s Theorem 49. 
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We now have by (2) and (3) 

Cl + Ca ^ Cl + and Ca ^ aa ; 
hence, for some C 4 , 

(4) Ca + C 4 = tta , 
and from ( 1 ), (3), and (4) we obtain 

(5) C 2 + C 4 = 62 . 

Thus ( 1 ) implies the existence of elements c* which satisy (3) -(5); 
and therefore, by 13.18, ?t has the refinement property. This com- 
pletes the proof. 

Definition 13.22. A partially ordered algebra SI = (A, +) is 
called 

(i) FINITELY COMPLETE {oR LATTICE-ORDEREd) y 

(ii) COUNTABLY COMPLETE^ 

(iii) COMPLETE J 

according as the greatest lower bound and the least upper bound exist 

(i) for any elements a^ b c A, 

(ii) for every infinite sequence of elements a, c A, 

(iii) for any elements a^ c A correlated with elements i of an arbitrary 
non-empty set /. 

Definition 13.23. A partially ordered algebra St = (A, +) is 

called FINITELY COMPLETE IN THE WIDER SENSE if a Ci b CXistS fOT 

any a^bcA such that c ^ a and c ^ b for some c c A, and if aU b 
exists for any a,b c A such that a ^ c and b ^ c for some c € A, Simi- 
larly we define the notion of a countably complete, or complete, 
algebra in the wider sense— in analogy to 13.22(ii),(iii). 

Theorem 13.24. Every finitely complete semigroup St has the 
refinement property,^ 

3 A discussion of finitely and countably complete semigroups is implicitly 
contained in Birkhoff [2]. Actually, Birkhoff discusses the so-called lattice- 
ordered groups; however, in view of a result of J. von Neumann quoted loc. cit., 
p. 306, all his theorems can be automatically applied to finitely complete semi- 
groups. In particular, our Theorem 13.24 and a half of Theorem 13.26 (the 
fact that conditions (i) and (iii) imply (ii) and (iv)) follow from Birkhoff^s 
results, loc. cit., pp. 321 f. and 328. On the other hand. Theorems 13.12-13.17, 
which apply to arbitrary partially ordered semigroups, contain extensions of 
some results of Birkhoff. 
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Proof: By 13.22, Theorem 2.28 with n = p = 2 obviously holds 
in ?(; hence, by 13.21, the conclusion. 

Theorem 13.25. Let 3t = (A, + ) 6c a finitely complete semigroup] 
and let ai and hi be elements in A correlated with elements i of a non- 
empty set L If ai + 6t = c for every i € I and if exists, then 

Ut£/ hi also exists, and we have 

n -f- u hi == c. 

iel iel 

Proof: We show first that 3.17 holds for every finitely complete 
algebra, and that it can be extended even to arbitrary collections 
of elements a* ; instead of 2.28, we make use of the fact that any two 
elements of the algebra have a greatest lower bound (cf. 13.22). 
Hence we derive 13.25 by arguing as in the proof of 4.21. 

Theorem 13.2G. Let 3( = (A, + ) 6c a partially ordered semigroup. 
Eaeh of the following conditions is necessary and sufficient for 31 to he 
finitely complete or — what amounts to the same thing — to he finitely 
complete in the under sense: 

(i) a n 6 exists for any a, b e A; 

(ii) a U 6 exists for any a, h c A. 

Similarly, each of the following conditions is necessary and sufficient for 
31 to he countably complete in the wider sense: 

(iii) n.<„a. exists for any a^ , ai , •••,«», • • • f A ; 

(iv) U.<„6, exists for any 6o , 6i , • • • , 6^ , • • • e A provided there 
is an element c c A such that ht ^ cfor t = 0 , 1 , 2 , • • • . 

Proof: The first part of the theorem follows easily from 13.15, 
13.22, and 13.23. As for the second part, we see that the necessity 
of (iii) follows directly from 13.23 (since 31 has a zero element). Now 
assume (iii) to hold. By the first part of our theorem, this implies 
that 31 is finitely complete; and hence 13.25 applies to 3t. Consider 
any elements 6 * , c e A with h^ ^ c for 2 = 0, 1, 2, • • • . We have 
thus 

ai A" ht = c 

for some elements ai e A, i — 0, 1,2, •• • ; and since n»<oo is assumed 
to exist, U»<oo hi also exists by 13.25. Thus, (iii) implies (iv). Simi- 
larly, assume (iv) to hold, and consider any elements ao , ai , • • * , 
a^ , • • • e A. By our assumption and 13.12(ii), ao fl ai exists for 
every t < oo , and we can put 

(ao n a.) + hi = ao for z = 0 , 1, 2, • • • . 
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Hence, again by our assumption and by 13.12(i), nt<oo («o H a,) 
exists, and we obviously have 

n «» = n («o n a,). 

i<oo <<00 

Thus, (iii) holds; and (iii) and (iv) together imply by 13.23 that 
is countably complete in tlie wider sense. The necessity and suf* 
ficiency of conditions (iii) and (iv) have thus been established. 

In c(3nnection with this theorem, it is interesting to note that a 
semigroup ?! is never countably complete, unless it has only one 
element (for otherwise 31 would have an infinite clement oo • a, in 
contradiction to 13.5). 

By modifying in an obvious way conditions (iii) and (iv) in 13.20, 
we obtain necessary and sufficient conditions for 3( to be complete 
in the wider sense. 

We now turn to the problem of establishing conditions under 
which a given semigroup is a G.C.A. 

Theorem 13.27. For a semigroup 3t = (d, +) to be a G,(',A.y 
it is necessary and sufficient that 3( he partially ordered^ have the refine- 
ment property, and satisfy the following condition: 

if) if ao ,ai , • • • • ,b e A and Un ^ a,, 1 1 ^ bfor every n < oo , 

then U,<oo Rj exists. 

Proof: The necessity of the conditions follows from 7.11 and 
13.18. Now assume these conditions to be satisfied. We consider 
the operation on infinite se(|uences defined in 13.2; our purpose 
is to show that 31' = (A, +, is a G.C.A. in the sense of 5.1. 
Postulates 5.1.1 and IF hold in 31' by 13.10 and by condition (i); 
5.1.11T is obviously satisfied. To derive 5.1.V, consider elements 
a, and bi such that 

(1) ar, = b^ + an+i for n = 0, 1,2, •••. 

We obtain by induction 

Oo = S hi + an for n — 0, 1, 2, • • • . 

i<n 

Hence, by (i), 5Zi<oo b^ exists and is less than or equal to . We 
therefore have 

(2) U/Q c ~f” bi , 

<<o0 

and we conclude from (1) and (2), by means of 5.1.1 and the can- 
cellation law for sums, that 

an — c + br+i for a = 0, 1, 2, • • • : 

»<«? 
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Thus, c satisfies the conclusion of 5.1. V. Finally, to obtain 5.1.IV, 
we consider elements a, 5, Co , Ci , • • • with 

(3) a + 6 = 2 Ci . 

t<00 

We put 

(4) = a and = 6. 

We then have by 5.1.1 

do + = ro + Ci+i ; 

»<00 

and by applying the refinement theorem 2.3, we obtain elements 
ao , bo ,di , and Ci for which 

d{) = flu + di , Co = 5o + Cl , Co = Uo + 6o , 

and 

di + Cl = X3 G+i = Cl + S Ci+2 . 

t<oo i<oo 

In view of the last formula, we can continue this procedure indefi- 
nitely; and we arrive at four sequences a^ ,b^,d^y and c, such that 

(fi) dn 0/n "f” dn^i , C,» = bn “f" ^n-{l y 

(fi) Cn = «n + bn (aud (/„ + Cn = ^n+t) 

T<00 

for every n < oo . By applying 5.1.V to (5), we obtain two elements 
c' and c" such that, in view of (4), 

(7) a = c' -f X] and 6 = c" + X^ 6, . 

t<00 »<00 

Hence, by (3), (6), and 5.1.IT, 

a + b = ^ c, = c' + c" Y. i.ai + bt) = c’ + c” + Y c.- . 

i<oo i<oo i<oo 

Consequently, by 13.1 l(ii), 

c' + c" = 0, c' = c" = 0, 
and therefore, by (7), 

(8) a = Y and b = Y bi . 

i<oo i<oo 

By (6) and (8) the elements Ut and satisfy the conclusion of 5.1. IV. 
In view of 5.1 and 13.1, the proof is complete. 
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Theorem 13.28. Every semigroup ?l which is countably complete 
in the wider sense is a G.C.A . 

Proof: By 13.23 and 13.26, 31 is partially ordered, finitely complete, 
and satisfies 13.27(i). Hence, by 13.24, 31 has also the refinement 
property; and therefore, by 13.27, it is a G.C.A. 

Among semigroups which have thus proved to be G.C.A. ^s we 
find various familiar algebraic systems; some of them will be dis- 
cussed in §14. 

The question arises whether the results obtained in the preceding 
parts of this work have any interesting implications for the semi- 
groups considered in 13.27 and 13.28. In the first place we have in 
mind here the arithmetical results of Part I. The arithmetic of 
semigroups is, in general, much simpler than that of C.A.’s. Owing 
primarily to the cancellation law for sums, many theorems of Part 1 
(like 2.10-2.15) become trivial when applied to semigroups, whereas 
the proofs of some others (e.g., 2.28) undergo a far-reaching 
simplification. 

The situation is different with regard to the cancellation laws 
for multiples (2.33 and 2.34) and their consequences (e.g., Euclid’s 
theorem 2.37). A direct proof of these theorems for arbitrary 
finitely complete semigroups — and hence, in particular, for the semi- 
groups considered in 13.28 — is rather simple."* We see, however, 
no possibility of essentially simplifying the involved proof of these 
results outlined in § 2 , if we want to apply them to all the semigroups 
considered in 13.27. It may be interesting to notice that the can- 
cellation laws for multiples do not hold in arbitrary partially ordered 
semigroups with the refinement property. For instance, the set of 
all real numbers x with | a; | ^ 1 and .t 4 = — 1 forms a semigroup 
under ordinary multiplication; as is easily seen, this semigroup is 
partially ordered and has the refinement property, but does not 
satisfy the cancellation laws 2.33 and 2.34 for m = 2, since, e.g., 
3.3 = (_ 3 ).(— 3 )^ although 3 4= —3. This shows that condition 
13.27(i) must play an essential part in the derivation of these laws, 
and seems to indicate the necessity of an infinite construction. 

The fact that the cancellation laws for multiples hold in the semi- 
groups which satisfy the conditions of 13.27 has some further con- 

* 2.33 and 2.34 for finitely complete semigroups have been established in 
Birkhoff [2], p. 308 (cf. the preceding note). By simplifying the original proof 
of 2.37, we can show that this theorem holds in every (commutative) semigroup 
which satisfies 2.33. 
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sequences. Thus, the smallest group in which every such semi- 
group can be imbedded is a torsion-free Abelian group, i.e., an Abelian 
group without elements of a positive finite order. Or, to give another 
example: If = (A, +) is a partially ordered semigroup in which 
the cancellation law 2.34 holds, then the order established in A by 
the relation ^ can always be extended to a simple order; i.e., we can 
construct a relation ;< with the following properties: 

(i) A is simply ordered by ; 

(ii) for any a^b.ce A,a <b implies a + c < b -|- c; 

(hi) for any a,b c A,a ^b implies a <b (and hence 0 < a for every 
a £ A)^ 

In view of 14.0, this result automatically applies to all finitely closed 
G.C.A.’s without infinite elements. By using the properties of 
finite closures (ci. the end of §7), we can easily extend the result to 
arbitrary G.C.A.’s without infinite elements, thus, e.g., to all mul- 
tiple-free G.C.A.’s; of course, we have to assume that the sums 
involved in (ii) are in A. 

From the results obtained in §12 we can derive directly certain 
conclusions regarding isomorphism types of semigroups. We notice 
first 

Theorem 13.29. All the theoretns of §12 which apply to arbitrary 
algebras = (A, +, S) a^pply also to arbitrary algebras 3( = (A, + ) 
{with a zero clement)] and those which apply to C.A.^s and G.C.A.^s 
in the sense of 1 .1 and 5.1 apply also to C.A .^s and G.C.A .^s in the sense 

0/13.1. 

Proof: The first part of the theorem is obvious. To obtain the 
second part, we show that the algebra of types of C.A.’s in the sense 
of 1.1 (or G.C.A. ’s in the sense of 5.1) is isomorphic under cardinal 
multiplication with the algebra of types of C.A.’s (or G.C.A.'s) in 
the sense of 13.1; the proof is based upon 6.1, 6.11, 6.12, 12.1, 12.2, 
and 13.1-13.3, and is quite elementary. 

In view of 13.7, the fundamental result of §12— Theorem 12.17— 
finds no direct application in the theory of semigroups. On the other 

® An analogous result for torsion-free Abelian groups has been obtained by 
the author and stated (without proof) in Tarski [6]; a proof is outlined in 
Birkhoff [2], pp. 312 f. The extension of the result to partially ordered semi- 
groups which satisfy 2.34 presents no difficulty. 



SEMIGROUPS 


189 


hand, we can apply Theorem 12.21 to those semigroups which have 
proved to be G.C.A.’s. We obtain thus: 

Theorem 13.30. T being the class of types of all semigroups which 
are countably complete in the wider sense (or which satisfy the hypothesis 
of 13.27), (T, x) is a finitely closed RA. 

Proof: By 13.4 and 13.28 (or 13.27), T is a subset of the types 
of all finitely closed G.C.A.^s. It is also easily seen that, for any 
types a and /3, a x /3 is in T if, and only if, both a and ^ are in T. 
Hence the conclusion follows by 5.26, 11.26, and 12.21 (13.29). 

Further results concerning types of semigroups will be found 
in the appendix. We shall sec, for instance, that the refinement 
theorem 12.14 applies to types of arbitrary partially ordered semi- 
groups; and that 13.30 can be extended to a wider class of these 
algebras. We shall also come across a rather (comprehensive class 
of semigroups whose types constitute a C.A. 

In conclusion we want to call attention to certain algebras which 
are in the same relation to groupoids and semigroups as G.C.A.\s 
to C.A.’s; they may be called generalized groupoids and semi- 
groups. An algebra = (A, -f) is a generalized groupoid if it 
satisfies Postulates 11.26.1, II. 26.11, and l.l.V; it is a generalized 
semigroup if, in addition, it satisfies the cancellation law for sums 
stated in 13.4(ii) — under the assumption that the sums involved 
are in A . Thus, in particular, all R.A.’s are generalized groupoids. 
By following the lines of the proof of 7.7 and 7.8, we can show that 
every generalized groupoid 31 which has the refinement property and 
in which 1.34 holds (i.e., every algebra satisfying 11.26.TTV) can be 
imbedded in a groupoid 31' with the same properties, which is a finite 
closure of 31 in the sense of 7.18; if, moreover, 31 is a generalized 
semigroup, 3t' proves to be a semigroup. We can also show, by 
arguing as in the proof of 7.14, that the groupoid (or semigroup) 31' 
which satisfies these conditions — i.e., which is a finite closure of 
the generalized groupoid 31, which has the refinement property, and 
in which 1 .34 holds — ^is uniquely determined by 31 up to isomorphism. 
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Theorems 13.27 and 13.28 of the preceding section provide us with 
various simple examples of G.C.A.’s. We have, for example, 

Theorem 14.1. / being the set of all finite non-negative integers, 
and N the set of all finite non-negative real numbers, the algebras = 
{I, + ) and 91 = {N, + ) {where + is ordinary arithmetical addition) 
are finitely closed G.CA.^s. 

Proof: by 13.23 and 13.28. 

Hence we obtain further examples by applying general methods 
of construction which have been discussed in §6. Thus, the algebra 
91 of 14.1 has a great variety of generalized cardinal subalgebras; 
one of them is, of course, the algebra 3. The strong cardinal powers 
of 91 are algebras constituted by all functions /, with a given domain 
D, which assume non-negative real numbers as values; in particular, 
the ^cardinal square’ of 91 is the G.C.A. of all complex numbers 
r + s-i with r ^ 0 and s ^ 0. As an isomorphic image of 91 we 
obtain the algebra of all real numbers r ^ 1 under ordinary multipli- 
cation; and among generalized cardinal subalgebras of the latter 
we find the multiplicative algebra of positive finite integers, which is 
isomorphic with a weak cardinal power of 3». 

The construction of C.A.’s which are closures of 3^ and 9t is very 
simple; we include the infinite number oo in the sets I and N by 
stipulating, as usual, that 

r '-[-00 = 00 -|-r=CO -|“®0 = 00 

for every non-negative number r. In fact, we have the following: 

Theorem 14.2. 1 being the set of all non-negative integers, and N 
the set of all non-negative real numbers, both with qo included, the 
algebras 3 = (/, + ) and 9i = {N, + ) {where + is ordinary arith- 
metical addition) are C.A.’s, and are closures of the algebras 3 and 
9t of 14.1, respectively. 

Proof: It is easy to verify directly that the algebras (7, + ) and 
{N, + ) when supplemented with the operation ^ of 13.2 satisfy 
all postulates of 1.1 and all conditions of 7.1. The following argu- 
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merit, however, is perhaps somewhat shorter and more interesting. 
Consider, e.g., the G.C.A. {Ny +) of 14.1. By 7.8 and 13.1 there 
is a C.A. {N'y +') which is a closure of {N, + ). From 9.32 we 
conclude that (N, +) is simple; hence, by 10.15, {N\ +') is also 
simple. Therefore, by 4.12 and 9.34, N' has just one infinite element 
oo'; by 4.4 and 9.33, we have 

7*+'oo'= oo'+'r = oo'+'oo'= oo' for every r e N\ 

From 7.1(iii) and 13.3 we see that every element r e is the least 
upper bound of a sequence of elements Si e N; and we easily conclude 
(e.g., with the help of 2.22, 4.12, and 4.14) that if r is not itself 
in Ny it must be infinite, and hence equal to oo'. We can now con- 
struct a function/ which (according to 6.1) maps {N'y +') isomor- 
phically onto {Ny +); we simply put 

/(r) —r for every reNy and /(oo') = oo. 
Consequently, (N, + ) is a C.A. and a closure of (Ny + ). 

The C.A.^s 3 aiid ill of 14.2 have certain simple, but rather interest- 
ing, algebraic properties, which will be discussed in the next few 
theorems. We want to show first that every C.A. which is not idem- 
multiple contains a subalgebra isomorphic with 3?. 

Theorem 14.3. Let 3t = {Ay + ) he a C.A.; let a be an element in 
Ay and let B be the set of elements n-a with n ^ oo . Then 33 = (^, + ) 
is a cardinal subalgebra of 31; and, if a is not idem-multiple y 33 is 
isomorphic with the algebra^ of 14.2. {If a = 0, 7^ consists mily of 0; 
and if a is idem-multiple but 4= 0, then B consists of two elementSy 0 
and ay and in this case 33' = {B'y + ) where B' consists only of a is 
also a cardinal subalgebra of 31.) 

Proof: If a is not idem-multiple, we have by 4.3 

n-a = p-a q-a if, and only if, n — p q 

for any integers n, p, and q. Hence, by 6.2, 6.13, and 14.2, S3 is 
isomorphic with 3? Rnd is a cardinal subalgebra of 3t. (If a is idem- 
multiple, the proof is obvious; we apply 4.3 again.) 

The question arises under what conditions a C.A. 3t contains 
a subalgebra 33 which is isomorphic with the algebra 91 of real num- 
bers. In this connection the following result may be mentioned: 

Let 3t = {Ay -{-) he a C.A.; let a be an element in A such that all 
multiples r-a with a real r ^ 0 exist. If a is not idem-multiple y and 
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if B is the set of all these multiples r-a, then S = {B, +) is a cardinal 
subalgebra of and is isomorphic vnth the algebra 91 of 14.2. 

The proof will not be given here; regarding the notion of a real 
multiple and conditions for the existence of such multiples, compare 
the closing remarks of §2. 

Theorem 14.4. Each of the following two conditions is necessary 
and sufficient for a C.A. 3t = (A, +) be isomorphic with the C.A, 
3 of 14.2: 

(i) A has no two different infinite elements {i.e., % is simple) and 
has an indecomposable element; 

(ii) there is an element a e A such that a is not idem-multiple, and 
A cmsists only of elements n • a with n ^ qo . 

Proof: The necessity of (i) is obvious (cf. 4.38 and 9.34); by 
4.39 and 9.35, (i) implies (ii) ; and the sufficiency of (ii) follows from 
14.3. 

Theorem 14.5. The following conditions are severally necessary 
and jointly sufficient for a C.A, 31 == (A, +) to be isomorphic with 
the C.A. m of 14.2: 

(i) A has no two different infinite elements (i.e., 3( is simple); 

(ii) A has no indecomposable elements; 

(iii) A has at least one finite element besides 0; 

(iv) A is simply ordered by the relation ^ {i.e., 3t is simply ordered). 

Proof: The necessity of conditions (i)“(iv) is obvious (cf. 4.10, 

4.38, 9.34, and 13.10). Now assume these conditions to be satisfied. 
Let B be the set of all finite elements of A. From (ii)~(iv), 4.14, 
4.38, 7.11, and 13.8 it is easily seen that the algebra S3 = {B, +) 
has the following properties: it is a commutative semigroup which 
is simply ordered, has at least two different elements, has no smallest 
element 0, and in which every increasing sequence of elements 
in B which is bounded above has a least upper bound. It is known, 
however, that these properties characterize up to isomorphism the 
G.C.A. 91 of 14.1 ; ® hence, 33 and 9^ are isomorphic, and S3 is a G.C.A. 
If a 0 is an element of B, then by (i) and 4.12, qo - a is the only 
element in A which is not in B. Hence, by 7.1, we easily conclude 
that 3f is a closure of 33, while, by 14.2, 9t is a closure of 9f. By 
applying 7.14 now, we obtain 

31 ^ 9i. 

® Cf., e.g., Huntington [1], p. 277. 
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This completes the proof. 

Theorem 14.6. The following algebras ^ ai'e the only cardinal 
subalgebras of the algebra 91 of 14.2 {i.e., the only C.A.’s constituted 
by a set of nan-negative real numbers under ordinary addition): 

(i) the algebra 9t itself; 

(ii) the algebras {P, +) where P is the set of all multiples n-r of 
a given real number r, 0 < r < qo (n being an integer ^ oo ) ; 

(iii) the algebras (P, + ) where P consists only of 0 or only of oo 
or of both these numbers. 

Proof: By 6.13, 14.2, and 14.3, all algebras ‘JJ listed above are 
cardinal subalgebras of 91. Now let ^ = (P, + ) be any cardinal 
subalgebra of 9t; thus, P is a set of non-negative real numbers. If 
P contains no finite number r 0, ^ obviously coincides with one 
of the algebras listed in (iii). If P has a smallest finite number 
r 4= 0, then, by 4.38, r is indecomposable in and hence, by 14.4, 
^ must be one of the algebras listed in (ii). If, finally, P contains 
a finite number r 4= 0, but has no smallest such number, there must 
be an infinite sequence of numbers n) , , • • • , r, , • • • v P which 

are different from 0, but which approach 0. As is easily seen, every 
real number a: ^ 0 can then be represented in the form 

X = ^ rivri 

t<oo 

where no , ni , * * • ? n^ , • • • are integers ^ oo ; and a simple argument 
shows that the operations ^ in "ip and 9? coincide. Hence, P is 
the set of all real numbers (with oo included), and ^ — 9i. The 
proof is thus complete. 

Theorem 14.7. For a C.A. = {A, +) to be isomorphic with 
one of the algebras ^ of 14.6 it is necessary and sufficient that satisfy 
conditions (i) and (iv) of 14.5 {i.e., that ?t be simple and simply ordered). 

Proof: The necessity is obvious. Now let ?( = {A, -f) be a 
C.A. which satisfies 14.5(i),(iv). If A has no finite element 4= 0, 
then A has at most two different elements, and the proof that is 
isomorphic with one of the algebras (P, + ) of 14. 6 (iii) is obvious. 
Otherwise we apply either 14.4(i) or 14.5 — depending on whether 
or not A has an indecomposable element. 

Theorem 14.8. Theorems 14.5 and 14.7 remain valid if condition 
14.5(iv) is replaced by any one of the following conditions: 

(i) a Ob exists for any a^b c A ; 

(ii) a U 5 exists for any a, b e A; 
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(iii) every subset B of A which is well ordered by the relation g is 
at most denumerable; 

(iv) every subset B of A which is inversely well ordered by the relation 
^ (i.e., which is well ordered by the relation is at most denumerable. 

Proof: By 9.39, conditions 14.5(iv), 14.8(i), and 14.8(ii) are 
equivalent for every C.A. % which satisfies 14.5(i). Moreover, 
we see from 14.7 that every C.A. which satisfies 14.5(i),(iv) satis- 
fies 14.8(iii),(iv) as well. Finally, by 3.35 and 3.30, condition 
14.8(iii) implies 14.8(i), and condition 14.8(iv) implies 14.8(ii). 

The question arises whether condition (iv) in 14.5 and 14.7 (or 
the equivalent conditions in 14.8) can be entirely omitted. This 
is a problem which was mentioned already at the end of §9 — that 
of the existence of a simple C.A. which is not simply ordered; now, 
however, it assumes the form of a problem concerning an axiomatic 
characterization of the algebra of real numbers. 

We are now going to show that the C.A.^s of 14. G and 14.7 are 
simple not only in the sense of 9.31 but also in another, probably 
stronger, sense: they have no coset algebras which arc C.A.’s, except 
the Trivial^ coset algebras mentioned in §6 in connection with 6.10. 
It is easily seen from 9.30 that every C.A. which is simple in the 
new sense is also simple in the old sense; the problem, however, 
remains open whether the converse also holds. 

Theorem 14.9. Let ^ = (P, +) be a C.A. constituted by a set 
P of non-negative real numbers under ordinary addition. The only 
infinitely additive equivalence relations R which generate new C.A.^s 
^/R are: the universal relation {xRy for any x, y e P), the identity 
relation (x R y if, and only if, x = y), and the relation which holds 
between two elements x,y e P if, and only if, either x == y — 0 or else 
X 0 and y 4= 0. 

Proof: Assume R to be different from the identity relation. 
We then have, in view of 14.6, 

{r + s) R s for some r, s e P with r 4= 0. 

Hence, by 7.13(iii), 

(1) (oo-r + s) R s, i.e., ^ R s. 

Now if a; and y are any numbers in P different from 0, we have 

(2) s ^ n-x ^ CO and s ^ n-y ^ co for some n, 0 < n < oo. 
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(1) and (2) imply by 7.13(ii) 

(n-x) R (n-y), 

and consequently, by 7.13(v), 

X Ry. 

Hence we see that R is either the universal relation, or else the 
relation which holds between x,y e P if, and only if, a; = 2 / = 0 or 
a; 4= 0 and t/ 4= 0. This completes the proof. 

Theorems 14.3-14.5 can be slightly modified so as to apply to 
algebras and 9? of 14.1 ; for this purpose it suffices to consider 
finitely closed G.C.A.’s instead of C.A.’s, to exclude all infinite 
elements, and to stipulate in 14.4(i) that A has just one indecom- 
posable clement. On the other hand, Theorems 14.0-14.9, with 
the changes just indicated, do not apply to arbitrary subalgcbras 
) of but only to a rather special class of such subalgebras, 
in fact, to those in which P, together with any numbers r and s, 
contains not only r + s but also | r — s \. The algebra has also, 
however, many other generalized cardinal subalgebras which cannot 
be characterized in the way indicated in 14.6 or 14.7 and which, in 
particular, are not simple. As an example we can give the sul)- 
algebra constituted by all numbers n + p • \/2 where n and p are 
finite non-negative integers. It is interesting to notice that if we 
include 00 in this subalgebra, we obtain, not a C.A., but ^almost 
a C.A.; in fact, an algebra which satisfies Postulates 1.1. 1-V and 
1.1. VII as well as the refinement theorem 2.3, but not the refinement 
postulate l.l.VI. An analogous remark applies, e.g., to the mul- 
tiplicative algebra of positive integers previously mentioned. 

We have considered so far subalgebras, isomorphic images, and 
coset algebras of the algebras of integers and real numbers. As 
regards cardinal products, we state the following rather obvious 
theorem applying to the algebra of integers: 

Theorem 14.10. For every algebra SI = (A, +) the following 
two conditions are equivalent: ^ _ 

(i) there is a set B such that St ^ 3^ where 3 is the algebra of integers 
of 14.2; 

(ii) St is a C.A., and every element a e A can be represented in the 
form 

a = ^ ai 

i<n 
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where n g oo, and the elements ai with i < n are indecomposable. 
If these conditions are satisfied^ we can take for B in (i) the set of all 
indecomposable elements in A , 

Proof: The algebra Q of 14.2 obviously satisfies (ii), the number 1 
being by 4.38 the (only) indecomposable element of 3?; hence, by 6.1 
and 6.11 we conclude that (i) implies (ii). Now assume (ii) to hold, 
and let B be the set of all indecomposable elements of A. By 1.42 
and 4.45, every element a e A can be uniquely represented in the 
form 

(1) a — ^ m^bi 

i<n 

where n ^ oo , mo , ?Ri , • • • are integers 4= 0, and 6o , bi , • * • are dis- 
tinct elements of B. Hence, we can correlate with every a in A 
a function /a by putting 

fa{b) = m if 6 occurs in (1) with the coefficient m, 

and 

fa{b) =0 ifb e B and b does not occur in (1) . 

From 6.1 and 6.11 we easily see that/ maps ?( isomorphically onto 
3^, which completes the proof. 

A similar theorem applies to the algebra 3 of 14.1 : 

Theorem 14.11. For every algebra ?l = (A, -f ) the following 
three conditions are equivalent: 

(i) there is a set B such that ?l = where 3f is the algebra of finite 
integers o/ 14.1 ; 

(ii) is a finitely closed Cr.f/.A., and every element a e A can be 
represented in the form 

a = Yi ai 

*<n 

where n < ^ and the elements ai with i < n are indecomposable; 

(iii) ?( is a groupoid, and every element a e A has, apart from order, 
a unique representation described in (ii); the term 'groupoid^ can be 
replaced here by ^ semigroup,^ 

If these conditions are satisfied, we can take for B in (i) the set of all 
indecomposable elements in A, 
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Proof: By arguing as in the preceding proof, we show that (i) 
implies (ii), and (iii) implies (i); (ii) implies (iii) by 4.45. Finally, 
it is easily seen that the iinicity of representation in (ii) implies 
the cancellation law for sums; hence, we can replace in (iii) ‘groupoid^ 
by ^semigroup.' This completes the proof. 

Conditions (ii) and (iii) of this theorem can be modified in several 
ways. Thus, the condition that every element a in a G.C.A. or 
a groupoid has a representation described in (ii) can be replaced 
by the finite chain condition: 

// Uo , ai , • • • , Ux , •••,60,61, • • • , 6x , • • • € A and an = K + Un+i 
/or n = 0, 1 , 2, • • • , then there is an integer m < co such that bm+i = 0 
for i = 0, 1, 2, • • • . 

When applied to G.C.A.’s, this condition can also be expressed in 
the following way: 

7/ao , ai , • • • , Ux* , • • • and ]Ct<oo ai are in A, then there is an inkger 
m such that am+i = 0 /or i = 0, 1, 2, • • • . 

On the other hand, the condition that every element a in a groupoid 
has at most one representation of the kind considered can be replaced 
by the condition that the groupoid has the refinement property (in 
the sense of 13.18). 

An important notion applying to arbitrary algebras but essentially 
involving real numbers is that of measure.^ 

Definition 14.12. Let ?I = {A, + ), and let u be any element of A, 
By a {finitely additive) measure in ?l normed by u {or with 
THE UNIT u) we under stand a function f satisfying the following conditions: 

(i) D{f) = A and C{f) is a set of real numbers x with 0 ^ x ^ 00 ; 

(ii) if a,b,a + h € A, then f{a + 6) = /(a) + /(6); 

(iii) f{u) = 1. 

Thus, in case 31 is finitely closed, we can say that a measure is a 
function / which maps 31 homomorphically onto a subalgebra ^ of 
the algebra 91 of 14.2, and correlates the number 1 with a given 
element u of 3t. 

In connection with the following discussion, and in particular for the proof 
of 14.13, see Tarski [1]. 
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The problem arises of establishing simple and ‘workable’ criteria 
(i.e., necessary and sufficient conditions, or even only sufficient 
conditions) for the existence of a measure in any given algebra 2t. 
The solution of this problem assumes a simple form if we restrict 
ourselves to the case when St is a groupoid: 

Theorem 14.13. Let St = {A, + )he a groupoid, and let u be any 
element in A . In order that there exist a finitely additive measure in St 
normed by u it is necessary and sufficient that u satisfy the following 
condition: 

(i) (n + 1) -w ^ n-w does not hold for any n < oo . 

In case St is a partially ordered groupoid, this condition can be replaced by 

(ii) n • 16 #= (n + 1) * for every n < oo . 

The proof of this theorem can be found in the literature and will 
not be given here.* The necessity of the conditions is obvious, and 
the second part of the theorem follows obviously from the first. 

Corollary 14.14. If St = (A, + ) is a partially ordered groupoid 
in which 2.12 or 2.34 holds, then the condition (ii) of 14.13 can be 
replaced by 

(iii) u =}= 2'U. 

This also applies to the case when St is an arbitrary G.C.A. 

Proof: 14.13(ii) obviously implies (iii). The implication in the 
opposite direction under the assumption that 2.12 holds is also 
obvious. From 2.34 we can easily derive 2.12; if, in fact, for any 
given a,b,c e A, 

a + = 6 + 

we obtain by induction 

m-a + n-c = m-b + n-c for every m < oo (m 4= 0 if n 4= 0), 
and hence, by taking m — n and by applying 2.34, 
a + c = b + c. 

The result obviously applies to arbitrary C.A.’s; and it can be ex- 
tended to G.C.A.’s by 7.8. 

Corollary 14.15. 7/ St = (A, +) is a partially ordered semi- 
group, then the condition (ii) of 14.13 can be replaced by 

(iv) w =t= 0. 


* See the preceding footnote. 
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The result also applies to the case when 21 is an arbitrary G.C.A. in 
which every element is finite. 

Proof: The result is obvious in case 2t is a partially ordered 
semigroup; hence, by 13.6, it applies to the case when 21 is a finitely 
closed G.C.A. in which every element is finite; and, with the help 
of 7.6, 7.8, and 13.8, we easily show that the restriction to finitely 
closed G.C.A.’s is not essential. 

A measure / in an algebra 2t = (A, +) normed by an element 
u £ A is called infinitely additive if, in addition to 14.12(i)-(iii), 
it satisfies the condition: 

(iv) if ao , aiy • • • , a* , • • • , and a* are in A, then 

/ (Z a<) = Z /(ffli). 

t<oo t<oo 

It is called strictly positive if 

(v) /(a) = 0 implies a = Q for every a e A, 

The problem of establishing general criteria for the existence of an 
infinitely additive measure, or of a measure which is strictly positive 
and infinitely — or even only finitely — additive, remains open. 
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A LATTICE can be regarded as a system formed by a non-empty 
set A and a binary relation ^ ; the relation ^ is assumed to establish 
in A a partial order, and the bounds a Cl b and a U b are assumed 
to exist for any elements a and 6 in A.® For our purposes, however, 
it is more convenient to treat lattices as algebras constituted by a set 
and a binary operation; moreover, we restrict ourselves to the con- 
sideration of lattices with a zero element. 

Definition 15.1. An algebra == (A, +) is called a lattice 
if it is an idem^multiple and finitely complete groupoid. 

It will be seen from Theorem 15.3 that the condition of finite 
completeness in 15.1 can be replaced by a weaker condition. 

Theorem 15.2. Let 5( = (A, +) be an idem-multiple groupoid 
or, in particular, a lattice. We then have for any elements a, b, ao , 
^1) ***>^»> *’* ei A* 

(i) a ^ b if, and only if,a + b — b; 

(ii) a U 5 = a + ^; 

(iii) U,<n«i == in case n < oo. 

The last formula also holds in case n — co, under the assumption 
that liicndi or exists. 

Proof: We easily obtain (i) by 8.1 ; (ii) follows from (i) by 3.2. 
In case n < oo, we derive (iii) from (ii) by induction; and by 14.2 
the result can be extended to the case when n = oo . 

Theorem 15.3. Let 31 = {A, be an idem-multiple groupoid. 
Then 

(i) 31 is partially ordered; 

(ii) for 3t to be a lattice it is sufficient and necessary that a Hb exist 
for any a, b c A. 

Proof: by 13.10, 13.22, 15.1, and 15.2(i),(ii). 

We distinguish various kinds of lattices. In view of 13.22 and 
13.23 we can speak of countably complete and of complete lattices 
(in the strict sense and in the wider sense). Furthermore, we define: 

• In connection with this section consult Birkhoff [3]. 
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Definition 15.4. Let 3t = (A, +) a 'partially ordered algebra. 

(i) 21 is called finitely distributive if Theorems 3.30 and 3.32 
with n < CO hold for any elements in A . 

(ii) 21 is called countably distributive if these theorems with 
n ^ CO hold for any elements in A . 

(iii) 21 is called completely distributive if analogous laws apply 
to every element a e A, and to any elements bi e A correlated with ele- 
ments i of an arbitrary set /. 

If we apply this definition to algebras which are finitely, count- 
ably, or simply complete, the existential assumptions in the dis- 
tributive laws 3.30 and 3.32 can, of course, be partially or entirely 
removed. Thus, for instance, a lattice 2f. = (A, +) is completely 
distributive according to 15.4 if, for every element a c A and for 
any elements e A cor-rclated with elements i of an arbitrary set /, 
the existence of Ouithy or implies that fl.r/ (a U bi), or 

U,e 7 (a n bi), also exists and that 

a U n = n (a U bi), or a fl U 6 ^ = U (a fl bt), 

iel id id id 

Theorem 15.5. For every lattice 2t = (A, +) the following con- 
ditions are equivalent: 

(i) 2t is finitely distributive; 

(ii) Theorems 3.30 with n = 2 holds for any elements of A; 

(iii) Theorem 3.32 with n = 2 holds for any elements of A ; 

(iv) 2 ( has the refinement property. 

Proof: The equivalence of (i)-(iii) is a well known fact; it applies 
to arbitrary finitely complete algebras. Now assume conditions 
(i)-(iii) to hold, and consider any elements ai , a^ , Ih ,b 2 c A which 
satisfy the hypothesis of 2 . 3 , i.e., 

ai a2 = bi 1)2 . 

We can then easily show that the elements 

Cl = tti n 6 i , C2 = Ui n 62 , C3 = ^2 n 5i , and C4 = a2 fl 62 , 

whose existence follows from 13.22 and 15.1, satisfy the conclusion 
of 2.3, and that consequently (iv) holds (cf. 13.18). In fact, by (ii), 
15.2(ii), and 15.3, we have, c.g., 

ai = aif] (bi U 62 ) = (ai fl bi) U (ai fl 62 ) = Ci U C 2 = Ci + C 2 . 
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Now assume (iv) to be satisfied. Thus, by 13.18, 2.3 holds in 3t; 
and hence we can derive 2.4 and 3.3. For any elements a, &, and c 
in A we obviously have 

a n (6 + c) ^ a and a C\ Q) + c) ^ b + c; 

hence by 3.3 and 15.2(ii) 

a n (6 U c) ^ (a n 6) U (a n c). 

The inequality in the opposite direction follows from 3.1 and 3.2; 
so that finally we obtain 3.32 with n = 2, i.e., our condition (hi). 
This completes the proof. 

In the next few theorems we are going to establish certain connec- 
tions between C.A.’s (or G.C.A.’s) and lattices. The theorems 
have a very elementary character. 

Theorem 15.6. Let 3t = (A , + ) a G,CA . 

(i) For 3t to be a lattice it is necessary and sufficient that 3( be idem- 
multiple and finitely closed, and that a f\ b exist for any a, b e A, 

(ii) For 3t to be a countably complete lattice it is necessary and suf- 
ficient that 31 be an idem-multiple C.A., and that nt<oo a, exist for any 
Uo > u-i , ' ' ’ ) ai , • * • ^ A . 

(hi) For % to be a countably complete lattice in the wider sense it 
is necessary and sufficient that 3( be idem-multiple and finitely closed, 
and that ni<«) Ut exist for any Uo , ai , • • • , , • • • A. 

Proof: (i) by 13.6(i), 15.1, 15.3; (ii) and (hi) by (i), 4.7, 7.12, 
8.1, 13.22, 13.23, and 15,2(iii). 

Theorem 15.7. Let 3f = (A, +) be an idem-multiple, at most 
denumerable G.C.A.; or, more generally, an idem-multiple G,CA. 
in which every subset B of A that is well ordered by the relation ^ is 
at most denumerable. If 3t is finitely closed, then it is a countably 
complete lattice in the wider serise; and if 3( is a C.A ., it is a countably 
complete lattice. 

Proof: by 3.35 and 15.6. 

Theorem 15.8. Every finite and finitely closed G.C.A. 31 = (A, + ) 
is a C.A. and a complete lattice. 

Proof: The finiteness of A has the following consequences: First, 
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for every infinite sequence of elements Uo , fli , a, , • • • e A, there 
must be a number m such that 

2 «< = 2 «» for m ^ n < <», 

t<m »'<w 

and that consequently, by 7.10, 

i<m »<oo 

Thus, is a C.A. Secondly, by 4.3 (or 14.3) and 8.1, 31 must be 
idem -multiple. Hence, by 15.7, the conclusion. 

Theorem 15.9. For a lattice 3( = {Ay +) to he a G.CA, it is 
necessary and sufficient that 3( be countably distributive and satisfy 
the infinite chain postulate 5.1.V; instead of requiring that 31 be count- 
ably distributive it suffikes to require that 3( satisfy the distributive 
law 3.32. 

Proof: The nccjessity of the conditions follows obviously from 
3.30, 3.32, and 15.4(ii). Now assume 31 to satisfy 3.32 and 5.I.V. 
Given any infinite sequence of elements Uo , ai , • • • , a^, • • • e A, 
with a common upper bound 6, we have by 15.2(i) 

Un + h — h for n = 0, 1, 2, • • • ; 

and we conclude by 5.1 .V that X)t<oo is in A . Hence, by applying 
15.2(ii),(iii) and elementary properties of the least upper bound, 
we easily derive 5.1.1, IT; 5.1.III obviously holds in 31; and 5.1. IV 
is a consequence of the distributive law 3.32 (cf. the proof of 15.5). 
Thus, {Ay +, X)), and therefore also 31 = (A, +), is a G.C.A. 

Theorem 15.10. Every countably complete and countably distri- 
butive lattice 3t = (A, + ) is a C.A.; every lattice 31 which is countably 
complete in the wider sense and countably distributive is a G.C.A, 
Proof: By 15.2(ii),(iii), the operations + and ^ coincide in 
31 with U and U. By remembering this and by reasoning exactly 
as in the proof of 8.10, we show that 31 satisfies 5.1.V; we apply 
here 13.23 (or 13.22) and 15.4. Hence, by 15.9, 31 is a G.C.A. ; 
and, in case 3t is countably complete (in the strict sense), it is a C.A. 
by 13.22 and 15.2(iii). 

Corollary 15.11. Every finite and finitely distributive lattice 
81 is a C.A. 

Proof: By 13.22, 15.1, 15.4, and 15.10. 
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Theoebjm 15.12. Let 9t = (A, +) 5c a lattice. For ‘il to be a 
C.A., it is necessary that: 

(i) U.<«o. exist for any ao , ai , • • • , a, , • • • c A. 

For % to be a G.C.A.y it is necessary that 

(ii) U.<„ a. exist for any Uo , ai , • • • , a. , • • • e A provided there 
is an element b e A such that Oi ^ b for i = 0, 1 , 2, • • • . 

In case ?( is simply ordered, these conditions are also sufficient. 

Proof: The necessity of conditions (i) and (ii) follows at once 
from 8.2, 8.3, and 15.1. Now assiune 5t to satisfy (ii) and to be 
simply ordered. As is easily seen from 15.4, the latter condition 
implies that ?( is countably (and even completely) distributive. 
To show that 5.1.V holds in ?(, consider elements ao , , ■ ■ ■ , 

■ • ■,be , bi, ■ ■ ■, bi , ■ ■ • e A such that 

(1) a„ = 6„ + a»+i for n = 0 , 1 , 2, • • • . 

Hence, by 15.2(ii) and in view of the fact that ?( is simply ordered, 
we have 

(2) ftn = b„ or a„ = a„ 4 i for w = 0, 1, 2, • • • . 

Now it may happen that the element c = 0 satisfies the conclusion 
of 5.1.V, i.c., by 15.2(iii), 

ttn = U bn+i for a = 0, 1, 2, • • • . 

*<00 

If this is not the case, then we have by (1), for some m < <», 
a„, 4= 5,„+i for f = 0, 1, 2, • ■ • ; 
hence, by (2) and induction, 

(3) Um — Om i t for i 0, 1 , 2, • * * . 

From (1) and (3) we easily conclude with the help of 15.2(ii),(iii) 
that 

Un ~ Urn “h bn+i lor n “ 0, 1,2, * • * . 

t<00 

Thus, the element c = a,„ satisfies the conclusion of 5.I.V. There- 
fore, by 15.9, ?( is a G.C.A. 

Th i s conclusion holds a fortiori if Sf is simply ordered and satisfies 
(i). In this case, however, we infer by 15.2(iii) that ?( is not only 
a G.C.A. but also a C. A. ; and the proof is complete. 
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From 15.12 we see that the bound nt<oo ca does not always exist 
in a C.A. ?(, even if all the bounds V\i<nCLi with n < oo exist. We 
see also that a lattice which is a C.A. or a G.C.A. is not necessarily 
countably complete, even in the wider sense. 

An especially important class of lattices is constituted by boolean 
algebras: 

Definition 15.13. 31 = {A, +) is called a boolean algebra 

if it is a finitely distributive lattice satisfying the following condition: 

{i) for any a^ b e A with a ^ b there is an element c c A such that 
a + c = 6 and a f) c =0. 

Here we do not require a Boolean algebra to have a largest element, 
i.e., the unit element 1; thus, Boolean algebras in the sense of 15.14 
are what are sometimes called generalized boolean algebras.^° 

31 = (A, + ) being a Boolean algebra, it is easily seen from 15.13(i) 
that the ^ relations in 3t and in the correlated disjunctive algebra 
3*[ = (A, +) 8.10) coincide. Hence, the relation ^ can be 

defined in terms of the disjunctive addition +. This implies further 
that the fundamental operation + of 31 can itself be defined in terms 
of +• Consequently, we can treat Boolean algebras as systems in 
which 4- plays the role of the (unique) fundamental operation.^^ 
This conception of Boolean algebras proves useful in certain situations; 
this will be seen, e.g., in the appendix to our work. We want to 
characterize here Boolean algebras thus conceived by means of a 
separate postulate system. We define (by using ‘ + ’ instead of 
‘ + 0 : 

Definition 15.14. An algebra 3f. = (A, +) is called a disjunct 
TivE BOOLEAN ALGEBRA if it satisfies the commutative and associative 
laws 11.26.1, II, has a zero element, is multiple-free, has the refinement 
property, and satisfies the following condition: 

(i) if a, b € A, then there are elements a', b', c e A such that c = 
a + a' = 5 + 6' {i.e., there is an element c e A such that a ^ c and 
b ^ c). 

This notion was introduced in Stone [1]. 

It may be intereisting to mention that G. Boole, in his study of new 
algebras which were later called after his name, used exclusively the disjunc- 
tive addition; cf. Boole [1], pp. 35 f. and 61 IT. 
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We could also characterize disjunctive Boolean algebras as mul- 
tiple-free R.A.’s which satisfy 15.14(i). 

Theorem 15.15. // ?1 = (A , -h ) is a Boolean algebra {in the sense 
of 15.13), then ^ = (A, -f) is a disjunctive Boolean algebra {in the 
sense o/ 15.14); the zero elements and the ^ relations in St and St coincide. 

The proof is based upon familiar elementary properties of Boolean 
algebras (in the usual sense of this term), and need not be given 
here. 

Theorem 15.16. If St = (A, -j- ) is a disjunctive Boolean algebra, 
then S = (A, U) is a Boolean algebra; the zero elements and the ^ 
relations in St and coincide. 

Proof: By invariably applying 15.14, we establish, step by step, 
the following properties of arbitrary elements in A . 

(1) a ^ a; if o ^ 6 and 6 ^ c, then a ^ c. 

This follows from the fact that St has a zero element and satisfies 
the associative law 5.9(i). 

(2) If o -1- 6 = a or a -f 5 = 0, then 5 = 0. 

This can easily be derived from 5.8, 5.9(i), and from the fact that 
St is multiple-free. 

(3) If o ^ 5 and 5 ^ o, then a = b. 

For the formulas 

a -t- c = 5 and b + d = a 
imply by 5.8, 5.9(i), and (2) 

c = d = 0, 

and hence a = 5. By (1) and (3), St is partially ordered. 

( 4 ) If o -f- 5 £ A, then 0 0 5 = 0. 

This holds for the same reasons as (2). 

(5) If o 0 5 = 0, then o -f 5 £ A and o 5 = o U 5. 
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In fact, if 

a ^ X and b ^ x, 
i.e., 

a + a' = 6 + 6' = X for some a' and 6', 
then by 2.3 (which holds in in view of 13.18) we have 
a = Cl + C 2 , a' = C 3 + C4 , 6 = Ci + Cs , and 6' = C 2 + C4 . 
Since a fl 6 = 0, we obtain 

Cl = 0, a = C 2 , 6 = C3 , X == a + (b + Ci); 

and therefore, by 5.9(i), a + 6 is in A and 

a + b ^ X. 

On the other hand, by 15.14(i), there is an element x e A such that 
a ^ X and b ^ x. 

Hence, by the argument just carried through, a + 6 is in A; and 
we obviously have 

a ^ a + ^ and 6 ^ a + 6. 

Consequently, by 3.2 and (3), 

(x ^ U 6. 

(6) li b + c £ A and a ^ b + c, then a = ui + U 2 , Ui ^ b, 

and a 2 ^ c for some ai , a 2 f A. 

(7) If b + c c A, a ^ b + c, and a fl c exists, then a ^ b + (a fl c). 

(6) and (7) can be derived from 2.3 in the same way as 2.4 and 3.3. 

(8) a n b always exists. 

In fact, we have by 5.14(i), for some b', c c A, 

a ^ b + b' = c. 

Hence, by (6) and (4), 

a = ai + 02 , Oi ^ o, Oi ^ b, 02 ^ b', b fl b' = 0. 



208 CONNECTIONS WITH OTHER ALGEBRAIC SYSTEMS 


Now if 

then 


X ^ a and x ^ b, 


X ^ ai + a 2 and a; fl ^2 = 0, 
and therefore, by (7), 


X ^ ai . 


Consequently, 


ai — a n h, 

(9) a \J b always exists. 

This we derive from (8) with the help of (7), by arguing in prac- 
tically the same way as in the proof of 3.4; we make, however, an 
essential use of 15.14(i). 

(10) If a-\-b — aUceA, then b ^ c. 

For the hypothesis of (10) implies by (7) and (8) 

c ^ a + {b C\ c) and a ^ a + {b f] c)] 


hence 

a + /; == a U c ^ a -f (6 n c) and b S a + (?> fl c); 
and therefore, by (4) and (7), 

6 ^ (a n 6) + (6 n c) — b C\ c and b ^ c. 

(11) a n (b U e) = (a n 6) U (a n c). 

In fact, we have by (9) and (10), for some e Ay 

6 U c = 6 + c' and c' ^ c. 

Hence, by applying (7) twice, with replaced by ‘a fl (6 U c)\ 
we obtain in view of (8) : 

a n (6 U c) g (a n 5) + (a n c') ; 
therefore, by (4) and (5), 

a n (& U c) ^ (a n 6) U (a n c') ; 
and further, with the help of (8) and (9), 

a n (6 U c) g (a n 6) U (a n c). 
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The inequality in the opposite direction being obvious, we arrive 
at (11). 

We turn now to the algebra ^ = (A, U). From (1), (3), (8), 
and (9) we easily see that the g relations and the zero elements in 3( 
and fl coincide, and that is a lattice in the sense of 15.1 (we apply 
8.1 and 13.22 here). Hence, by 15.5 and (11), fl is a distributive 
lattice; and, by (4), f{ satisfies 15.13(i). Thus, SI is a Boolean al- 
gebra; and this is what we wanted to prove. 

Theorem 15.17. For every algebra Sf = (A, +) the following 
three conditions are equivalent: 

(i) SI is a Boolean algebra \ 

(ii) is a disjunctive Boolean algebra and S( = St; 

(iii) there is a disjunctive Boolean algebra 93 such that S( = S. 

Proof: From 15.2(ii), 15.13, and 15.15 we easily see that (i) 

implies (ii); (ii) obviously implies (iii); and (iii) implies (i) by 15.1(). 

Theorem 15.18. For every algebra St = (A, +) the following 
three conditions are equivalent: 

(i) St is a disjunctive Boolean algebra; 

(ii) fl is a Boolean algebra and St = fl; 

(iii) there is a Boolean algebra 93 siich that St = 

Proof: To derive (ii) from (i), we apply 15.1 G, and we also use 
lemmas (4) and (5) stated in the proof of 15.10 (which show that 
the operations + and U in a disjunctive Boolean algebra coincide 
whenever the involved elements are disjoint). Furthermore, (ii) 
obviously implies (iii); and (iii) implies (i) by 15.15. 

We can repeat here the remarks made in §8 in connection with 
8.19 and 8.20. Theorems 15.17 and 15.18 show that ordinary 
Boolean algebras and disjunctive Boolean algebras are essentially 
the same algebras, although characterized in terms of different funda- 
mental operations. 

It is easily seen that the cancellation law for sums holds in dis- 
junctive Boolean algebras (under the assumption that the sums 
involved exist). Thus, every disjunctive Boolean algebra 9( is 
what we have called a generalized semigroup. Since, in addition, 
?t is partially ordered and has the refinement property, it can be 
imbedded in a partially ordered semigroup ?(' with the refinement 
property, which is a finite closure of 91; and such a semigroup 9(' 
is determined by 91 up to isomorphism (cf. the remarks at the end 



210 CONNECTIONS WITH OTHER ALGEBRAIC SYSTEMS 


of §13). Moreover, St proves to be the only disjunctive Boolean 
algebra of which St' is a finite closure; St can be characterized as the 
subalgebra of St' constituted by the set of all multiple-free elements. 
Consequently, two disjunctive Boolean algebras St and S3 are iso- 
morphic if, and only if, the correlated semigroups St' and 93' are iso- 
morphic. 

We thus have a perfect correspondence (up to isomorphism) be- 
tween disjunctive Boolean algebras and a certain class of semigroups 
which are finite closures of these algebras. The semigroups involved 
can be referred to as boolean semigroups. They can be intrin- 
sically’ characterized as (commutative) semigroups with the refine- 
ment property in which every element is a sum of finitely many 
multiple-free elements and in which any two multiple-free elements 
a and h have a multiple-free upper bound (i.e., a multiple-free element 
c with a ^ c and b ^ c). Hence some further properties of Boolean 
semigroups can be derived; e.g., they are finitely complete, and 
consequently they satisfy the cancellation laws for multiples 2.33 
and 2.34, as well as Euclid’s theorem 2.37 (cf. the remarks which 
follow 13.28). 

The following examples will serve to illustrate the foregoing con- 
siderations. The additive semigroup 3 of finite non-negative integers 
(cf. 14.1) is clearly a Boolean semigroup; its only multiple-free el- 
ements are 0 and 1 ; and 3 is a finite closure of the disjunctive Boolean 
algebra constituted by these two numbers under ordinary addition. 
On the other hand, the multiplicative semigroup 9JJ of finite positive 
integers is also a Boolean semigroup; its multiple-free elements are 
all square-free integers; and $)? is a finite closure of the disjunctive 
Boolean algebra formed by all square-free integers under ordinary 
multiplication. 

We are presented here with a new method of including the theory of 
Boolean algebras in the main current of modern algebraic investiga- 
tions — a method which is essentially different from the one which can 
be found in the literature.^^ This method permits us to obtain some 
new results for Boolean algebras. We see, for instance, that the theo- 
rem on the extension of partial order to simple order applies to all dis- 
unctive Boolean algebras (cf. again the remarks which follow 13.28). 

We, of course, have in mind the well-known result of M. H. Stone which 
subsumes the theory of Boolean algebras under the general theory of com- 
mutative rings; cf. Stone [2], pp. 43 ff. 
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Returning to our main topic after this digression, we first state 
without proof the following two familiar theorems : 

Theorem 15.19. Let = (A, + ) he a Boolean algebra {or a dis- 
junctivc Boolean algebra). 

(i) For ?l to be countably complete it is necessary and sufficient that 
it satisfy 15.12(i). 

(ii) For ?l to be countably complete in the wider sense it is necessary 
and sufficient that it satisfy 15.12(ii). 

Theorem 15.20. Every Boolean algebra {and every disjunctive 
Boolean algebra) is C07nplet€ly distributive , and hence also countably 
distributive. 

For a correct interpretation of this theorem compare the remarks 
which follow 15.4.^^ 

Connections between C.A.’s (or G.C.A.^s) and Boolean algebras 
will be established in Theorems 15.21-15.24. 

Theorem 15.21. Let = {A, +) be a G.C.A. 

(i) For 3f to be a Booleaii algebra it is necessary and sufficient that 
it be finitely closed and satisfy 15.13(i). 

(ii) For to be a countably complete Boolean algebra it is necessary 
and sufficient that it be a C.A. and again satisfy 15.13(i). 

Proof: The necessity of the conditions follows from 15.6 and 

15.13. If the conditions in the first part of the theorem are satis- 
fied, then, by 8.19, Sf is idem-multiple. Furthermore, for any 
a,b e A there is a c A such that 

6 + a = 6 -j- c and 6 fl c = 0. 

Consequently, a fl (/; -f c) exists, and therefore a f] b exists by 

3.13. Thus, by 15.6(i), is lattice; and finally, by 3.30, 3.32, 15.4 
(ii), and 15.13, is a Boolean algebra. The sufficiency of the con- 
ditions in the second part of the theorem follows easily by 15.2(iii), 

15.13. and 15.19. 

Theorem 15.20 for complete Boolean algebras was stated in Tarski |3], 
p. 510 (footnote); in a more general form, but which still is weaker than that 
given in the text, it was established in von Neumann [1], Part III, p. 7. Von 
Neumann's argument can be used, with small changes, to obtain the proof 
of Theorem 15.20 in its form actually given. 
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Theorem 15.22. Let % = {A, + ) he a G.C.A, 

(i) For ?{ to he a disjunctive Boolean algebra it is necessary and suf- 
Jicicnt that 31 he midtiple-free and satisfy 15.14(i). 

(ii) For 31 to be a countably complete disjunctive Boolean algebra it 

is necessary and sufficient that 3t be multiple-free and that, for any ao , 
ai , • • • , at , ‘ £ A, there exist an element b £ A such that ai ^ b for 

^ = 0 , 1 , 2 , • • • . 

Proof; Tlic first part of the theorem follows obviously from 15.14 
(with the help of 2.3 and 13.18). The necessity of the conditions 
in the second part of the theorem results from 13.22 and 15.14; 
if these conditions are satisfied, then 3t is a Boolean algebra by the 
first part of the theorem, and is countably complete by 4.30, 8.13(i), 
(ii), and 15.19. 

Theorem 15.23. For a Boolean algebra 3t = {A, A-) to be a C.A. 
{or a G.C,A,) it is necessary and sufficient that 3t be countably complete 
{or countably complete in the wider sense). 

Proof: by 15.10, 15.12, 15.13, 15.19, and 15.20. 

Theorem 15.24. Let 3( = {A, + ) be a disjunctive Boolean algebra. 
Then 3t is never a C.A. or a finitely closed G.C.A., unless A consists 
of one element only; and for 31 to be a G. C.A. it is necessary and sufficient 
that 31 be countably complete in the wider sense. 

Proof: The first part of the theorem follows from 8.12 and 15.14. 
To obtain the second part, we notice that, by 13.23 and 15.16, 31 is 
countably complete in the wider sense if, and only if, the same holds 
for 31; and then we apply 8.14, 8.17, 15.14, 15.18, and 15.23. 

From 15.22 and 15.24 we see that the class of multiple-free G.C.A.'s 
is not much wider than that of disjunctive Boolean algebras which 
are countably complete (in the wider sense). We should not lose 
very much if we stated all our results concerning multiple-free 
G.C.A.’s, or disjunctive G.C.A.’s 3t, (e.g., various results of §11) 
as theorems on countably complete Boolean algebras. 

Given a G.C.A. 3(, we can ask the question under what conditions, 
not 3f itself, but S is a lattice or a Boolean algebra, or 31 a dis- 
junctive Boolean algebra. The answer is not difficult, but will 
not be stated here. 

Turning to more special results, we notice that the fundamental 
theorem on ideal algebra, 10.3, and the related theorems 10.4-10.7 
and 10.9 can now be given the following form: 
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Theorem 15.25. 31 = (A, +) being an arbitrary G.C.A., the 
algebra 3(31) = (I, + ) {where I is the family of all ideals in 3(, and + 
is the ideal addition defined in 10.1) is a complete lattice; this lattice is 
countably distributive^ and satisfies the unrestricted distributive law 
10.9. In the lattice ^{%) the zero element is the ideal 7(0), the relation 
^ coincides with set-theoretical inclusion^ and greatest lower Immds 
coincide with set-theoretical intersections. 

Proof: by 10.3-10.7 and 10.9, and with the help of 13.22, 15.4(ii), 
and 15.6. 

Corollary 15.26. The conclusions of Theorem 15.25 apply to 
every lattice 3( = (A, +) which is countably complete {if only in the 
wider sense) and countably distributive, and in particular to every 
countably complete Boolean algebra {as well as to every countably com- 
plete disjunctive Boolean algebra). 

Proof: by 15.10 and 15.23-15.25. 

In connection with this corollary it should be remembered that 
ideals in the sense of 9.1 are called in lattice theory countably 
CLOSED IDEALS. Corollary 15.26 can easily be established directly, 
without the help of 15.25; the only detail in this corollary which 
presents some interest is the fact that the lattice of (countably closed) 
ideals is countably distributive.^^ 

Among other results which can be obtained as applications of 
the general theory of C.A.^s and G.C.A.’s, the following corollaries 
from 12.17 and 12.21 are perhaps the most important from the 
point of view of lattice theory : 

Theorem 15.27. If T is the class of isomorphism types of all count- 
ably complete and countably distributive lattices, or of all countably 
complete Boolean algebras, then the algebra (T, x) {as well as 
(T, X, n)) is a C.A. 

Proof: We easily see that Theorem 12.9 applies to types of 
lattices and Boolean algebras involved in 15.27, and that the type 1 
defined in 12.6 is in T. Hence, and by 9.1, 15.10, and 15.23, the 
set T is an ideal in the algebra J of 12.17. The conclusion follows 
by 6.13, 9.18(ii), and 13.1. 

A result analogous to 15.26, but which applies to all ideals of an arbitrary 
distributive lattice (and therefore does not involve the countable distributivity 
of the ideal algebra), can be found in Stone [3], pp. 3 ff. 
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Theorem 15.28. // T is the class of isomorphism types of count- 
ably distributive lattices, or Boolean algebras, which are countably 
complete in the wider sense, then (T, x) is a finitely closed R.A, 

Proof: analogous to that of 13.30, with 13.27 and 13.28 replaced 
by 15.10 and 15.23. 

Theorems 15.27 and 15.28 apply also to types of disjunctive Boolean 
algebras. In fact, it is easily seen that the algebras of isomorphism 
types of Boolean algebras and of disjunctive Boolean algebras are 
isomorphic (under cardinal multiplication). 

The arithmetic of lattices is much simpler than that of C.A.’s. 
All the arithmetical results of Part I become trivial when applied to 
C.A.’s and G.C.A.’s which are lattices. The situation changes, how- 
ever, when we apply these results to algebras which are constructed 
from lattices by means of methods discussed in Part II, but which 
are not lattices themselves. For instance, the fact that all theorems 
of Part I hold for cardinal products of isomorphism types of count- 
ably complete Boolean algebras — or, more generally, countably 
complete and countably distributive lattices — seems to be of real 
interest. 



§ 16 . ALGEBRAS OF SETS 

Our discussion in the remaining part of this work will be somewhat 
less systematic than it has been so far. In particular, we shall use 
various notions taken in the main from the general theory of sets, 
without stating their definitions in a formal way. 

We shall be concerned in the present section with algebras con- 
stituted by FAMILIES OF SETS Under the operation of set-theoretical 
ADDITION — the formation of unions.^^ In discussing these algebras 
and certain derived algebraic systems we find it more advantageous 
to return to our original conception of C.A.’s and G.C.A.'s, i.e., 
to regard C.A.’s and G.C.A.’s as systems with two fundamental 
operations, + and 

The union of two sets A and B will be denoted by ‘A + Z?’; more 
generally, the union of all sets A* correlated with elements i of a 
given set I will be denoted by A, 

We shall not hesitate here to speak of the class of all sets (cf. the 
remarks which follow Definition 12.1). Hence we state the following: 

Theorem 16.1, Let S he the class of all sets. 

(i) The algebra (S, +) is a Boolean algebra which is countably 
complete {in the strict sense, and simply complete, in the, wider sense), 
and the algebra © = {Sj j is a C.A. 

(ii) In these algebras, the zero element is the, empty set, the relation ^ 
coincides with that of inclusmi, least upper bounds coincide with unions, 
and greatest lower bounds coincide with intersections. 

Proof: The theorem is partly well known, and partly follows 
from 15.23 (with the help of 13.1-13.3). 

The answer to the question whether the algebra (S, + ) is com- 
plete in the strict sense (i.e., whether © contains a largest set) de- 
pends on the set-theoretical foundations which are accepted as a 
base of the discussion. 

In view of 16.1, we can use the symbols ‘O', and ‘O' (or ‘flO 
to denote the empty set, the relation of inclusion, and the operation 
of SET-THEORETICAL MULTIPLICATION — the formation of INTER- 

16 por various notions involved in this section consult Hausdorff [1] (set- 
fields, set-rings, the geometric problem of measure, Lebesgue measure) and 
Kuratowski [2] (metric spaces, open and Borelian sets). 
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sections; and the symbols and ‘U*, or and ‘U^ can be 
used interchangeably to denote the operation of set-theoretical 
addition. The operation of set-theoretical subtraction will 
be denoted by ‘ — thus, A and B being two arbitrary sets, A B 
is the set of all elements which are in A but not in H. 

Among cardinal subalgebras of the C.A. @ of 16.1 those formed 
by set-fields deserve special attention. A non-empty family F of 
sets is called a set-field if, together with any two sets X and 7, F 
contains also their sum X + F and difference X — F ; if in addition 
F contains the sums of all infinite sequences, or of arbitrary collec- 
tions, of its sets, it is referred to as a countably complete set- 
field (a (t-field), or a complete set-field. The family of all sub- 
sets of a given set A is clearly a complete set-field. 

Theorem 16.2. The family F hemg a countably compute set-field, 
the algebra (F, + ) ifs a countably compUte Boolean algebra; and the 
algebra (F, +, X)) is a C.A., and hence a cardinal subalgebra of the 
algebra @ of 16.1. Part (ii) of 16.1 applies to these algebras. 

Proof: The theorem is partly well known, and partly follows 
from 15.23 and 16.1 (with the help of 6.13 and 13.1-13.3). 

The ('.A. @ contains also many other cardinal subalgebras. We 
want to mention here subalgcbras constituted by set-rings. A non- 
empty family F of sets is called a set-ring if, together with any two 
sets, it contains also their sum and product; if the same applies to 
sums and products of infinite sequences of sets, F is called a count- 
ably COMPLETE SET-RING. Kvcry sct-field is a set-ring, and every 
countably complete set-field is a countably complete set-ring. F 
being a countably complete set-ring which has a smallest set F, 
the algebra (F, + ) is clearly a countably complete lattice, and the 
algebra (F, +, is a C.A. To support some remarks made in 
§1 in connection with Definition 1.1, let us consider still algebras 
(F, + , X) ) formed by those set-rings F which are closed under count- 
able addition, but not under countable multiplication. These alge- 
bras are not always C.A.'s, though they show much similarity to C.A.^s. 
They satisfy Postulates l.l.I-VI and also various consequences 
of 1.1. VII, e.g., Theorem 2.21; almost all theorems of Part I ob- 
viously hold in these algebras; nevertheless. Postulate l.l.VlI may 
fail. To obtain an example, take for F the family of all open sets of 
a Euclidean space. We can easily construct two infinite sequences 
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of open sets An and Bn which satisfy the hypothesis of 1.1. VII as 
well as the following condition: the intersection of all sets An is 
not an open set and is disjoint with each of the sets Bn . A simple 
argument shows that in this case no open set (' can satisfy the con- 
clusion of 1.1. VII. 

The problem of characterizing algebraically those (^A.\s ?l which 
are isomorphic with the algebras discussed in 10.1 and 10.2 seems 
to be difficult — especially if we wish this characterization to be given 
in terms of arithmetical properties of elements of ?I. It might seem 
plausible, for instance, that the following conditions are necessary 
and sufficient for an algebra = {A, +) to be isomoi-phic with an 
algebra (F, +) of 10.2: 2f is a countably complete Boolean algebra 
and it satisfies, for every double sequence of elements (ij,j c A, the 
general law of countable distributivity, i.e., 

n U ai,j = U n a^,k , , 

»<®o /<oo keS t<oo 

where S is the set of all infinite secjiiences of (inite integers. It can 
be shown, however, that these conditions are not sufficient. On the 
other hand, such algebras ?( can be characterized as countably com- 
plete Boolean algebras in which every element a 4^ 0 belongs to a 
(countably closed) prime idp:al, i.e., to an ideal B ^ A which is 
not included in any ideal different from A and B. 

However, we meet with no difficulty if we try to characterize 
algebraically all those C'.A.'s and G.G.A.^s ?( which are isomorphic 
with arbitrary subalgebras of ®. In fact, we have 

Theorem 16.3. For every G.C.A, ?t = (-1, +, X)) followmg 
three conditions are equivalent: 

(i) ?( is idem-multiple; 

(ii) 31 is isomorphic with a subalgcbra of the C.A. @ of 16.1; i.e., 
with an algebra (F, +, X)) constituted by a family of sets under the 
operations of set-theoretical addition; 

(hi) 31 is isomorphic with a subalgebra of a C.A. 58 = {B, +, 5!^) 
where {B, + ) f s « lattice. 

Proof: To show that (i) implies (ii), we assume 3f to be idem- 
multiple, and we correlate, with every a in A, the set G{a) of all 
elements x € A for which a ^ x does not hold. F being the family 
of all sets thus obtained, it is easily seen from 6.1, 8.1, and 8.2 that 
G maps 3t isomorphically onto (F, +, i.e., by. 6. 13, onto a 
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subalgebra of ©. The implications between (ii) and (iii), and be- 
tween (hi) and (i), are obvious; we apply 8.1, 15.1, 15.13, and 16.1. 
The proof is thus complete. 

From C.A.\s (F, +, 53) 16-2 we can obtain other C.A.’s by 

applying, e.g., the method of 6.10, i.e., by constructing coset algebras 
generated by additive and refining equivalence relations. The coset 
algebras thus constructed present no special interest; as is easily 
seen, they are all idem-multiple, and their arithmetic is trivial. 
We obtain, on the other hand, really interesting examples of G.C.A.'s 
if we replace (F, +, 51) in this construction by the correlated dis- 
junctive algebras (F, +, 53)* following two theorems, 16.4 
and 16.5, which apply to these disjunctive algebras, are immediate 
or almost immediate corollaries of 6.10 and 7.13; nevertheless, they 
seem worth while formulating explicitly here, for they summarize 
probably the most interesting implications of the theory of C.A.’s 
in the general theory of sets. For typographical reasons we use in 
these theorems the symbol instead of the letter to denote 
a variable equivalence relation between sets. 

Theorem 16.4. Lei F be a countably complete set-field. Let ^ 
be an equivalence relation m F which satisfies, for all sets A, Ao , Ai , 

• • • , B, Bo , Bi , • • • of F, the following conditions: 

(i) if A ^ , R = 5 v i'c'oe Bi , and Ai == Bi for i ~ 0, 1, 

2, • • • , then A = B; 

(ii) if A = Ai Ai and A = B, then there are sets Bi and 

Bi in F such that B = Ri + -^ 2 , = Ri , o,nd A 2 = R 2 ; 

in other words, let ^ be an infinitely additive and finitely refining 
equivalence relation in the algebra g = (F, +, 53)- Under these 
assumptions, the algebra S/— a G,C,A, 

Proof: by 6.4, 6.7, 6.10, 8.17, and 16.2. 

It will be seen from our further discussion that the variety of 

G.C.A.^s which can be represented as coset algebras (F, +, 53)/~ 
of 16.4 is very large, and that their algebraic structure may differ 
very considerably from that of the original algebra (F, +, 53) 
or (F, -f , 53)* ^ rather general representation theorem may 
be expected in this domain. As a matter of fact, it can easily be 
shown that every C.A. 2t is isomorphic with a coset algebra 
+> X))/— where F is a countably complete set-field, and where 
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= is an equivalence relation in F which satisfies 16.4(i), but not neces- 
sarily 16.4(ii), i.e., which is infinitely additive, but not refining. The 
result is rather trivial, and can be extended to arbitrary algebras 
?l = {^1 +y which satisfy the closure postulates and the gen- 
eral commutative and associative laws, and which have a zero element 
Owith the properties stated in 1.6 and 1.7. (Thus, Postulates 1.1. VI 
and l.l.VII, which are the most characteristic for C.A.^s, may fail 
in these algebras.) In fact, % — {A, +, ^) being an algebra of 
this kind, let K be the set of all ordered couples (a, k) with a in A 
and fc < 00 , and let F be the family of all at most denumerable sub- 
sets of Jv. F is obviously a countably complete set-field. B and (■ 
being any two sets in F, we arrange their elements in finite or inlinite 
sequences without repetitions: (6o , ko), (Ih , Ai), • • • , (/), , A-i), • • • 

with i < m ^ oo, and {cq , Zo), {ci , k), • • • , (c, , Z^), • • • with j < 
n ^ 00 ; and we define ^ as the relation which holds between B 
and C if, and only if, 

bi = Cj. 

% <m 7 < w 

The proof that ?l is isomorphic with (F, +, is obvious. An 

analogous result applies to arbitrary groupoids 21 = (A, +); in this 
case, however, the set-field F is not countably additive, and the 
equivalence relation = is finitely, but not infinitely, additive. 

Theorem 16.5. Under the hypothesis of 16.4, we hate for any 
sets A, A', Ao , Ai , • • • , B, • • • , C, • • • in F: 

(i) if A ^ B, A' S B'j A ^ R', and B ^ A\ then A ^ A' and 
B = S'; 

(ii) if A ^ B ^ C and A ^ (7, the7i A ^ B ^ C ; 

(iii) if n ^ oo, then 

Ai + B = B 

i<n 

implies that Ai -{• B ^ B for every i < n, and conversely; 

(iv) if A, + Co -f Co = A, So + Cl 4- ^3 = A = R, and Co ^ 
Cifor i = 1, 2, 3, then Ao + Co = Ro + Ci ; 

(v) if 0 < m < 00 , Ao = Ai and Bq s Bi for every i < m, and 
A ^ B where 

A = ^ Ai and B — ^ Bi, 

t <»» < <7» 

then Ao = Bo ; 
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(vi) if A ^ B ^ C, A' ^ C\ A ^ A', and C = C', then there is 
a set B' in F such that A' ^ B' ^ C' and B = B'; 

(vii) if there is a set A' in F such that A ^ A' ^ B, then there is 
also a set B' in F such that A ^ B^ ^ B, and conversely; 

(viii) i/, for every n < qo , there is a set in F such that 

T, IK ^ B, 

%<n 

then there is a set D in F such that 

Ai = n ^B. 

i <00 

Proof: In view of 8.17 and 16.2, conclusions (iv) and (v) follow 
directly from the corresponding conclusions in 7.13; and since, by 
8.16, 15.6, and 16.2, the relations ^ in (F, +, 23) and ^ in 

(F, +> 23 ) coincide, the same applies to conclusions (i), (ii), and (vi). 
To obtain (iii), we reason as follows. Let 

( 1 ) Y^AiA-B^B. 

*<n 

We obviously have 

(2) B Ai A- B ^ Y Ai A- B for every i < n. 

*<n 

By applying conclusion (ii), we obtain from (1) and (2) 

(3) Ai + B = B for every i < n. 

If, conversely, (3) holds, we put 

(4) +* = +*— (23 -4* + B) for every k < n, 

i<k 

Since 

B ^ Ai + B ^ Ai + B, 
we obtain by (ii) and (3) 

Ai B ^ B for every i < n; 
and hence, by 7.13(iii), 8.17, and 16.2, 

(5) Y A- +B^B. 

%<n 
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(4) and (5) at once imply (1); thus, (iii) holds. In a similar way we 
derive (viii) from 7.13(vii). Finally, to derive (vii), assume that 

A ^ A' ^ B. 

Thus, 

A' ^ B ^ A + B, A^A+B, and A' ^ A; 
and, by applying (vi), we conclude that there is a set B' in F with 

A ^ B' ^ B. 

The implication in the opposite direction follows immediately from 
6.8. This completes the proof. 

Notice that a conclusion analogous to l().5(vii) is lacking in 7.13. 
The reason is that such a conclusion fails in arbitrary G.C.A.^s. 
It is easily seen that this conclusion holds in C.A.’s and finitely 
closed G.C.A.’s; our argument in the proof of 16.5 shows, however, 
that it also holds in a wider class of G.C.A.’s — in fact, in those 
G.C.A.’s in which any two elements have a common upper bound. 

We arrive at an important class of equivalence relations to which 
Theorems 16.4 and 16.5 apply, by specializing the notions dis- 
cussed in §11. This can be done in the following way.^*^ 

F being a family of sets, a biunique function / is called a one-to- 
one TRANSFORMATION IN F if / maps cveiy vset in F which is included 
in D(/) onto another set in F, and if the same applies to the inverse 
function / \ G being a set of one-to-one transformations in F, 
two sets A and ^ in F are said to be congruent under G — in symbols, 

A 7 B 

— if there is a function / in G which maps A onto B. Analogously, 
we can define under what conditions the sets A and B are said to 
be equivalent by finite, or infinite, decomposition under G; 
we use here decompositions of A and B into disjoint and pairwise 
congruent subsets (cf. the remarks in §11 which precede 11.20). 
The set G is called a quasi-group, or simply a group, if it satisfies 
conditions (i)-(iii) of 1 1.18; we assume that the domain of the identity 
function in condition (i) is the union of all sets in F. G is called 
a COMMUTATIVE GROUP if, in addition, fg = gf for any f, g e G. The 

In connection with the following discussion compare Tarski [8]. 
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set G is said to be finitely additive if it satisfies the following 
condition: if /o and /i are two functions in G which map two disjoint 
sets Ao and in F onto two other disjoint sets Bq and Bi , then the 
function / defined by the formulas 

D(J) = Ao + Ai , and f{x) = fXx) for every x e Ai , 

i = 0, 1, 

belongs to G also. In an analogous way we define what is meant by 
an INFINITELY ADDITIVE set of one-to-one transformations in F. 
As is easily seen, for every set (or group) G of one-to-one transforma- 
tions in a countably complete set-field F there is a smallest finitely 
additive set (or group) //, and also a smallest infinitely additive set 
(or group) Tv, of one-to-one transformations in F which includes G\ 
and, as in 11.23, we can show that the congruence under H (or K) 
coincides with the equivalence by finite (or infinite) decomposition 
under G, 

The fundamental relations between these notions and those dis- 
cussed in §11 are exhibited in the following: 

Lemma 16,G. Let F he a countably complete set-field, and let G be 
a set of (me-to-one transformations in F. For every function f e G 
and for every set X e F which is included in D{f), let f*{X) be the set 
onto which f maps X, i.e., the set of all elements fix) with x c X; and let 
G* be the set of all functions f* thus defined. Then 

(i) (7* is a set of partial automorphisms in the, algebra (F, +, ^); 

(ii) if G is a group, or a finitely {or infinMy) additive set, of one- 
to-one iransforrrmtions in F, the7i G* is a group, or a finitely {or in- 
finitely) additive set, of partial automorphisms in (F, +, 

(iii) for any sets A, B, e F, we have A ^ B if, and only if,A B. 

Proof: obvious, by the definitions of the notions involved (cf. 

the proof of 11.34). 

We now have: 

Theorem 16.7. 7/ F is a countably coinpletc set-field, arid G is an 
infiPitely additive group of one-to-one transformations in F, then the 
relation satisfies the hypothesis of 16.4, and hence also the conclu- 
sions of 16.4 and 16.5. 

Proof: by 11.25, 16.2, and 16.4-16.6. 
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Theorem 16.8. If F is a coimfMy complete sci-field^ = (F, +) 

(or 5? = (F, +> X)))> ^ ^ finitely additive group of one-to-one 

transformations in F, then 

(i) "7 is a finitely additive and finitely {as well as infinitely) refining 
equivalence relation in the algebra %; 

(ii) 55/? R.A.; 

(iii) conclusions 16.5(i),(iO>(iH) n)ith n < oo, (vi), and (vii) hold 
for the relation 

Proof: by 11.19, 11.24, 11.26, 11.28, 16.2, and 16.6; conclusion 
16.5 (vii) can be derived from 16.5(vi) in the way indicated in the 
proof of 16.5. 

It may be mentioned that some of the results which apply to 
one-to-one transformations by 16.7 and 16.8 can be extended to 
many-to-one and even to many-to-many transformations; we are 
not, however, going to elaborate on this point 

Further results applying to the algebra J5/? can be ob- 

tained by specializing assumptions which concern F or G. We are 
going to state some of these results, omitting partly their proofs. 
The methods of argument used in establishing the results in question 
are not very closely related to those applied in the present work, and 
the results themselves seem too special to be discussed in detail here. 

Theorem 16.9. If F is the family of all subsets of a given set A, 
55 = (F, + ), and G is a finitely additive group of one-to-07ie transforma- 
tions in F, then Theorems 2.11, 2.12, 2.15, 2.31-2.34, as well as 2.35 
and 2.36 with n < oo hold for all elements of the algebra 55/? {assuming 
that all the sums and multiples involved in these theorems are also in 
the algebra); and conclusions 16.5(iv),(v) apply to the relation 

The proof that 16.5(v) applies to the relation ^ and that, con- 

Theorem 16.5(i) in its application to the family F of all subsets of a set A 
and to the relation ^ can be found — in a somewhat different form — in Banach 
[2]; conclusions (vi) and (vii) of 16.5, again in application to F and ■« , are 
stated (without proof) in Lindenbaum-Tarski (1), pp. 318 f. 

Cf. here Lindenbaum-Tarski [1], p. 316 ff., as well as Knaster [1] and 
Tarski [5]. ^ 

Theorem 16.5(v) for the relation and hence also Theorem 2.34 for the 
algebra 5/ o", has been established in Konig (1], pp. 129 ff. (where references to 
earlier papers on this subject by D. Konig and S. Valko can also be found); 
a simpler proof in the case m = 2 is given in Kuratowski [3]. Some of the 
remaining conclusions of 16.9 are mentioned in Lindenbaum-Tarski [1], p. 319. 
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sequently, 2.34 holds in the algebra of 16.9 is known from 
the literature; it is rather complicated, and it involves the axiom of 
choice in an essential way. By means of a similar method it can 
be shown that all other theorems of §2 listed in 16.9 hold in 
(It may be noticed that all these theorems can be derived arith- 
metically from the first part of 2.35 and from various elementary 
theorems which hold in by 11.28 and 16.8; they can also be 
derived from 2.33 in case is finitely closed.) From the fact 
that 2.12 holds in ? we conclude at once that 16.5(iv) applies to 
the relation 

Theorem 16.10. Let F be an arbitrary set-jield\ let % = (F, +)/ 
let G be a commutative group of one-to-one transformations in F, and 
H the smallest finitely additive group of such transformations which 
includes G. We then have for all elements a^b, and c of the coset algebra 
5/? {assummg that all the sums and multiples involved exist and are 
also in this algebra): 

(i) if a + c = b + 2-Cj then a = b + c; 

(ii) if n < CO and a -f n-c = 5 + (n + l)-c, then a = b + c; 

(iii) if n < CO and b + {n + l)-c S a + n-Cy then b + c S a; 

(iv) if a 0, then a 4= 2 -a (i.e., ais not idem-multiple), and — more 
generally—for non < co do we have n-a = (n + 1) - a or (?i + 1) - a ^ 
n-a; 

(v) Theorems 2.10-2.15 (again provided with suitable existential 
assumptions) hold for all elements of %/^; and 16,5(iv) applies to 
the relation 

Proof: We shall give here a rough outline of the proof of (i). 
The proof is not quite simple, but it has a constructive character 
(in the sense which will be discussed in the next section) . 

Given a set X and a function /, we shall denote hy f(X) the set 
of all function values f(x) with a; e X, X is not supposed to be in- 
cluded in D(f)] if it is, f(X) has the same meaning as f*(X) in 16.6. 

By the hypothesis of (i) , there is a set /) f F such that 


(D/ j{) — a c — 6-f-2*c. 


20 Some of the conclusions of 16.10 are stated (without proof, and in a weaker 
form) in Tarski [9). pp. 222 f., and Tarski [1], p. 63. Conclusion (iv) of this 
theorem was originally obtained in collaboration with A. Lindenbaum (before 
other parts of the theorem were known). 
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Hence D can be represented in the form 

(1) Z) = A 4- = 5 + C'l + ^^2 where A, 7?, C\ Ti , and 

C% are in F, 

(2) {A/ h) — cij {B/ /f) — 6, ((7/ h) = {Cl/ if) — (Go///) == 

and consequently 

(3) C j Cl and C ^ (\ . 

As was mentioned before, congruence under H coincides with finite 
equivalence under (7. Hence formulas (3) imply the existence of two 
numbers r < oo and s < oo , two sequences of sets /)» and Ei , and 
a sequence of functions /t which satisfy the conditions: 

(4) c = 'Ed, = , (\ = Ee,, c, = E Er+i, 

*<»• »<« »<r <<« 

(5) Di, Ei E F, /. £ G, Di g D(f,), and /,(/)<) = Ei 

for every z < r + s. 

We can clearly assume that r + 0 and s + 0. J}y (4) and (5) there 
exist functions gi and (li defined by the formulas: 

(6) D(gi) = D{g 2 ) = G, gi{x) = /,(.c) for .c e Di, i < r, and 

g 2 {x) = for X E Drfi , Z < S. 

Since H is a finitely additive group which includes G, and in view 
of (4)-(()), we have 

(7) gi,giE II, Digt) = (\ , and D{gi') = . 

We define recursively an infinit,e sequence of functions h„ by putting 

(8) ho = i (the identity function whose domain is the union of all 

sets X eF)', 

(9) fh.nii = h„gi and ho-n+i = h„g 2 for zi = 0, 1 , 2, ■ • • . 
Hence, by (6) and (7), 

(10) hn e II for n < co ; 

(11) D{hn) ^ C and D{hn ) = f'l "F G^ tor 0 < ?i < oo. 
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X being an arbitrary set, we obtain by induction from (1), (6)-(9), 
and (11), without any special difficulty: 

(12) if « < oo and 2* - 1 ^ n < p < 2' " - 1, then 

hn{X) n h^{X) = 0; 

(13) if n < p < 00 , then KXB) fl lip(X) = 0 = kn^(A) C\hp^(X). 
Furthermore, we put for every n < <x> 

(14) Al = A n h.{B) - E h.hZ^A); 

m<n 

( 15 ) A" = A n E Kh-^{A) -EE h,.h~i\Ay, 

m<n fn<n l<,m 

(IG) = /i;‘(A) n B - E h-\A)-, 

m<n 

(17) B" = giK^iA) n E gihZ^iA) -EE g\Kl' h„,hl'^{A). 

tnCin r»<n l<m 

From (1), (10), and (14) -(17) we see that 

( 18 ) yin, An, Bn, B'' c F. 

With the help of (G), (11), and (14)-(17), we obtain 

g D{hd, B" ^ DihngT'), /i„(B'„) = and KgT^Bf^) 

= An ; 

therefore, in view of (7), (11), and (18), 

(19) A'n^B'n and A" ^ B" for »i = 0, 1, 2, • • • . 

We also have by (1), (7), and (13)-(17) 

( 20 ) A'n n a; = A'n n a" = b 1 n b; = b" n b" = o for 

n < p < 00 , 

(21) E a:, n E = E n E b', = o. 

n<00 n<<» n<00 p<oo 

Now consider an integer t > 0 such that 

/oo\ (^ + 1)*(^ + 2) {t + r + s — 1) 

( 22 ) 1 - 72 — - 1 ) < 2 • 

The fact that such integers t exist is obvious. To fix the idea, we 
can assume that t is the smallest integer which satisfies (22). We put 

(23) 2' - I = u and 2*“^^ _ 1 == t’. 
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We are going to show that 

( 24 ) C ^ D hZ\A). 

mdu 

In fact, suppose that x is an element in C which does not belong 
to any one of the sets h~^{A) for m < n. We conclude by an easy 
induction based upon (1), (6), (8), (9), and (23) that x belongs to 
all the domains D{hm) for m < v. By (12), the elements hm{x) for 
m = w, + 1, • • • , V — 1 arc distinct from each other; their total 
number is, of course, 2^ The group G being by hypothesis com- 
mutative, we see from (5), (0), (8), and (9) that each of these ele- 
ments hm(x) is of the form 

hn{x) 

where h , k<i , ••• , kr^s are non-negative integers satisfying the 
condition 

( 25 ) E *i 4 x = t. 

% < r+« 

Hence the number of distin(‘.t elements h,n{x)^ u ^ rn < i\ is at 
most equal to the number of different representations of the integer 
t in the form (25). As is easily seen, the latter number is 

{t+ l)-(^ + 2) + r + 1) 

1.2. .7. .(r ■+ 1) 

so that consequently 

< (^ + 1) ’ ( ^ + 2) (^ 4- r + g — 1 ) 

~ 1-2 (r -h s — i) 

Since this clearly contradicts (22), our supposition proves to be wrong, 
and formula (24) is established. 

(The fact that there is an integer u for which (24) holds is the 
only consequence of the commutativity of the group G that is in- 
volved in our proof. This remark paves the way for some possible 
extensions of 16.10.) 

From (1) and (6)-(9) we see that 

A ^ ho{B) + h{C) + h^iC) ^ hoiB) + hi(B) + hAB) 

+ hz{C) + • * * + hz{C ) ; 
by continuing this way we obtain in view of (23) 

A ^ T, h„(B) + E K+niC). 

n<,u n<u+l 
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Hence, by (23) and (24), 

A g E K{B) + E Z KhZ\A) 

n<u n<i> m<n 

and 

(26) A = A n E k(b) + a n E E Kh-\A). 

n<,u n<^v 7 n<.n 

Formulas (14), (15), and (26) easily imply 

(27) A = E Al + E A". 

n<^u n <v 

(1), (6), (8), (23), and (24) give 

(28) A + C = R + Cl + C 2 = E hn\A). 

n<.u 

Consequently, 

R = E /i»‘(A) n R, 

n<^u 

and hence, by (16), 

(29) R = E . 

n <w 

Furthermore, we establish the formula 

( 30 ) C g E [/»n‘(A) n E K\A) -EE h-'h..hl\A)]. 

n<v m<,n m<,n l<m 

In fact, X being an element of C, the element g\(:x) and g 2 {x) are in 
A + C by (1), (6), and (7). Hence, by (24), there are integers 
p < u and q < u such that hpgi{x) and hqg 2 {x) are in ^ . We assume 
that p and q are the smallest integers of this sort. By (9), 

hpgi{x) = h-p+iix) and hgg 2 {x) = h 2 .q+ 2 (x). 

Let n be the larger of the numbers 2-p + I and 2 g + 2; in view of 
(23), we have n < v. Clearly, x belongs to the set 

hn\A) n E h-\A). 

w»< » 

Moreover, we can show without major difficulties that hn{x) does not 
belong to any of the sets hmh~i^{A) with I < m < n; we make essential 
use here of (8) and (9) and of the way in which the number n has 
been determined. Consequently, x is in the set 

h-\A) n E h-\A) - E Z hZ^h,M\A) 

«»<n m<n Z<»» 
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where n < v; and since x is an arbitrary element of C, formula (30) 
proves to hold. 

(6), (7), and (30) give 

Cl s Z n Z !7iCU; - Z Z gihn^h,M\A)]. 

n<t7 m<n m<n /<w» 

The inclusion in the opposite direction being obvious by (7), we have 
in view of (6) 

(31) Ci=Zi?". 

n 

By (1), (20), (21), (27), (29), and (31), we can write: 

(32) A = Z + Z A" and B + (\ = Z B" . 

ndu n<u n<M n<v 

Since, by 16.8, ^ is a finitely additive relation in the algebra (F, +), 
formulas (19) and (32) carry with them 

A 7 B + Cl ; 

and, by (2), this implies at once the conclusion of (i): 

a = h + r. 

The proof of 16.10(i) has thus been completed. Conclusions 
(ii)-(iv) of 16.10 and Theorems 2.10-2.15 listed in (v) can easily be 
derived from (i), partly by induction; and 2.12 implies 16.5(iv) for 
the relation 


Notice that the set-field F in 16.10 is not required to be countably 
complete, and also that conclusions 16.10(i)"(iv) do not apply to 
arbitrary C.A.’s. 

The problem of measure discussed in §14 avssumes a new aspect 
when applied to the algebras which we are now considering. Let 
F be a set-field, U an arbitrary set in F, and G a set of one-to-one 
transformations in F. A function / is called a (finitely additive) 
MEASURE in F NORMED BY U (or WITH THE UNIT U) AND INVARIANT 
UNDER G if it satisfies the following conditions: 

(i) D{f) = F, and C(/) is a set of real numbers x, 0 ^ x ^ oo ; 

(ii) if A and B are two disjoint sets in F, then f(A + B) = 
f(A)+m; 
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(iii) f{U) = 1; 

(iv) ii A € F and A ^ J5, then /(A) == /(B). 

Similarly we define the notions of an infinitely additive and of a 
STRICTLY positive measuro in F (normed by U and invariant under 
G) ; cf . the remarks at the end of §14. 

The new notion of measure is closely related to the one defined 
in 14.12. In fact, we have 

Lemma 16.11. Let F he a set-field^ U a set in F, and Ga group of 
one4o-one transformations in F; moreover ^ let g = (F, 4-)> he 
the smallest finitely additive group of one-to-one transformations in F 
which includes G, and let u he the cosct of U under If f is a measure 
in F normed by U and invariant under G, then the formula 

(i) h{Xm = f{X) for every X e F 

defines a function h which is a measure in the algebra normed by 
u {in the sense of 14.12). If, conversely, h is such a measure, then the 
function f defined by formula (i) is a measure in F normed by U and 
invariant under G. 

Proof: As was mentioned before, the relation between and ^ 
is analogous to that between 'S* and H described in 11.23; i.e.,for 
any A, B c F, we have 

A t B 

if, and only if, there are sets Ao , Ai , • • • , A^ , • • • , Bo , Bi , • • • , 
Bi , • • • e F such that 

A = 23 Ai , B = 23 Bi , and Ai Bi for i < n < oo . 

<<n t<n 

Hence we easily see that, / being a measure in F normed by U and 
invariant under G, formula 16.1 l(i) defines indeed a function h 
which satisfies conditions 14.12(i)“(iii) with regard to the algebra 
g/^ and the element w; we apply here, of course, 6.3. The proof 
that the theorem also holds in the opposite direction is analogous, 
and even somewhat simpler. 

A similar lemma applies to countably complete fields and infinitely 
additive measures. 

This notion of a measure was introduced (in application to the family of 
all subsets of a given set) in von Neumann [2], p. 78. 
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By means of 16.11 we can obtain a criterion for the existence of 
a measure in a given set-field F invariant under a given group of 
transformations G. To simplify the argument a little, assume F 
to be a countably complete set-field; we put 

5 = (F, +)• 

We construct the smallest finitely additive group H which includes 
G; U being the set of F chosen as the unit of measure, we put 

= (C//¥). 

By 16.8, Is an R.A. It is not always finitely closed; however, 
we can imbed in a finitely closed R.A. 21' which is a finite closure 
of in the sense of 7.18. The procedure consists, roughly speak- 
ing, in extending F and G to a new countably complete set-field F' 
and a group of transformations G' in F' such that, for any A, B e 
there are two disjoint sets A', B' e F' which are congruent with 
A and B under G'. (Thus, the procedure does not have a purely 
algebraic character; we have not considered the problem whether 
every R.A. 21 can be imbedded in a finitely closed R.A. 21' which is a 
finite closure of 21.) By 13.9, 21' is a partially ordered groupoid with 
the refinement property. Hence, 14.13(ii) is a necessary and sufficient 
condition for the existence of a measure in 21' normed by w; and 
therefore it is also a sufficient condition for the existence of a measure 
in This condition involves multiples n-u and (n + l)-w 

which are in 21' but not necessarily in However, by applying 

2.1 with p = n-l-l<oo,we can transform 14.13(ii) into an equiva- 
lent condition which involves only elements of 5/^ (cf. 7.18): 

(ii') there exists no integer n < oo and no double sequence of elements 
Ut,j such that 

n = fori < n and j <n + 

i<n 

Clearly, this condition is not only sufficient but also ne(*essary for 
the existence of a measure in 5/^ normed by u, and hence, by 16.1 1, 
for the existence of a measure in F normed by G and invariant 
under G. We can, of course, transform (ii') into a condition in- 
volving only sets of F and congruence under G; but the final result 
of these transformations is rather complicated. 

By applying, however, the same method of reasoning, we obtain 
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simple and interesting results if we subject F or G to additional 
assumptions in the way indicated in 16.9 and 16.10. In fact, we 
then have: 

Theorem 16.12.^^ Let F he the family of all subsets of a given set A; 
let U be a subset of A, and G a group of one-to-one transformations 
in F. In order that there exist a finitely additive measure in F normcd 
by U and invariant under G, it is necessary and sufficient that U satisfy 
the following condition: 

(i) there are no disjoint sets U' and [/" such that 

LT = [/' + U" and U 7 U' ^ U" 

where H is the smallest finitely additive group of one-to-one transforma- 
tions in F which includes G; 
ory in an equivalent formulation: 

(ii) there exist no two sequences of pairwise disjoint sets Vq , Fi , 
• • • , Ft , • • • and IFo , TFi , * • • , IFt , • • • with i<n + p, n<oo, 
p < 00 , such that 

u = 2 Fi = E TF. = i: 

»<n + p t<n *<p 

and Vi'j IFt for every i < n + P> 

We can describe briefly the content of 16.12(i) or 16.12(ii) by say- 
ing that the set U has no paradoxical decomposition under the 
GROUP G . 

Theorem 16.13. If F is an arbitrary set-field, U a non-empty set 
in F, and G a commutative group of one-to-one trarisformations in F, 
then there is always a measure in F nor me d by U and invariant under G, 

A detailed proof of 16.12 and 16.13 is superfluous; we apply here 
13.19, 14.13, 14.14, and 16.8-16.10. 

Theorem 16.13 can be extended to more comprehensive classes 
of groups of transformations; however, most generalizations in this 
direction cannot be obtained without imposing various restrictions 
on the set U, and — in opposition to 16.13 — they are not implied 
by purely arithmetical properties of the algebra of 6.11.^® 

22 This result was first stated in Tarski [4] and established in Tarski [1]. 

23 Theorem 16.13, though in a less general form, can be found in von Neu- 
mann [2], pp. 79 and 94 f.; it was obtained as a generalization of an earlier 
result in Banach [1] concerning the existence of a measure on the Euclidean 
line. Compare these works of Banach and von Neumann for other results of 
a related nature. 
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The results stated in 16.9-16.13 can be given a more abstract 
form, in the style of §11 ; i.e., instead of a group G of one-to-one trans- 
foniiations in a set-field F, we can consider a group G of partial 
automorphisms in a G.C.A., or a Boolean algebra, SI. We shall, 
of course, have to subject SI or G to some additional assumptions. 
In the case of 6.9 or 6.12 these assumptions must be strong enough 
to imply an isomorphism between 31 and the algebra of all subsets 
of a given set; hence, we shall not achieve in this way any actual 
improvement of the results concerned. Theorems 16.10 and 16.13 
in an abstract formulation apply to a commutative group of partial 
automophisms in an arbitrary Boolean algebra. 

We now want to indicate briefly some applications of the results 
of this section to special set-fields. 

Consider an arbitrary mtothic space constituted by a set S and a 
DiS'rANCE FUNCTION d. Let F be the family of all siib.sets of aS or, 
more generally, a countably complete set-field of such subsets which, 
together with any set A, contains also all sets which are conguuknt 
with A in the usual geometrical meaning. Furthermore, let G be 
the set of all isometric (distance preserving) transformations 
whose domain and counter-domain are included in aS, although not 
necessarily identical with S. G is clearly a group of one-to-one trans- 
formations in F ; and we can construct the smallest finitely additive 
group H and the smallest infinitely additive group K of one-to-one 
transformations in F, which include G. 

We can now apply Theorem 16.7, or 16.8, taking /\ , or LT, for G. 
Thus, F being the algebra of 16.4, g/"? R.A., and is a 

G.C.A. These algebras play an important role in connection with 
the geometric problem of measure in metric spaces. In fact, the 
ordinary geometric measure is a measure which is invariant under 
the group of all isometric transformations. Hence, by 6.11, tbe 
geometric problem of existence of a finitely additive measure in F 
is equivalent to the algebraic problem of existence of a measure in 
5/? (in the sense of 14.12) ; and the same relation holds between the 
problems of an infinitely additive measure in F and in If, in 

particular, F is the family of all subsets of S, and U is a subset of S 
chosen as the unit of measure, then, by 16.12, the solution of the 
problem of a finitely additive measure is positive whenever U has 
no paradoxical decompositions (under (7), and is negative otherwise. 

We can take for G not the group of all isometric transformations, 
but a subgroup of it. Now, if G is commutative, e.g., if it is the group 
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of all TRANSLATIONS in a EUCLIDEAN SPACE, then, by 16.13, the 
solution of the problem of a finitely additive measure is always 
positive, whatever non>empty set U is chosen as the unit of measure. 
This result applies also to certain groups which are not commuta- 
tive; it holds, for instance, if we take for S the euclidean line, 
and for G the group of all isometric transformations in S (the sym- 
metric reflections included). 

As another particular case, take for S the euclidean n-DiMEN- 
siONAL SPACE, for F the family of all subsets of S which are meas- 
urable IN THE SENSE OF LEBESGUE, and for G the set of all isometric 
transformations; K is again the smallest infinitely additive group 
which includes (7. The algebra ® = (F/t) in this case is not only 
a G.C.A. but a CA. as well (as can easily be shown by 5.25). The 
set Z of all elements of ® which are cosets of sets of measure 0 is clearly 
an ideal in ® in the sense of 9.1; hence, by 9.29, the coset algebra 
®/z is again a C.A. This coset algebra proves to be isomorphic 
with the algebra of non-negative real numbers of 14.2. The con- 
struction thus outlined can also be carried through in one step. In 
fact, consider the relation = which holds between two sets A and B 
in F if they are almost congruent under K; i.e. if there are sets 
A' and B' in F such that A' ^ A, B' ^ B, A' "F B\ and the differ- 
ences A — A' and B — B' are of measure 0. It can easily be shown 
that = satisfies the hypothesis of 16.4, so that g/ = is a G.C.A. (and 
even a C.A.). Moreover, it turns out that = holds between two 
sets A and B if, and only if, they have the same measure.^^ Hence 
we conclude that 5/= is isomorphic with the algebra of non-negative 
real numbers. This can serve as an illustration of the remarks 
previously made about the great variety of algebras which are iso- 
morphic with the coset algebras of 16.4. 

Now let S again be an arbitrary metric space; let B be the family 
of all borelian sets in S, and let G be the set of all biunique func- 
tions / which, together with their inverses, are measurable (B). 
B is by definition a countably complete set-field; and G can easily 
be shown to be an infinitely additive group of transformations in B. 
The relation "F is sometimes referred to as that of generalized 
HOMEOMORPH iSM. By 16.7, the conclusions of 16.4 and 16.5 apply 
to the family B and to the relation f". Hence we obtain a great 
number of results concerning generalized homeomorphism. These 


Cf. Banach-Tarski [1], p. 277. 
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results, however, lose much of their significance when applied to 
Euclidean spaces or, more generally, to complete separable spaces; 
for the relation of generalized homeomorphism between Borelian 
sets then coincides with that of equality of power Nevertheless, 
certain consequences of these results may be of some interest even 
for Euclidean spaces. Consider, for instance, 16.5(vi). When 
applied to B and this result can be formulated as follows: 

[f A, A\ B, C, and C' are sets in B such that A ^ B ^ C and 
A' ^ C', and if f and h are functions in G which map A onto A' and C 
onto C\ respectively, then there is a set B' in B with A^ ^ B' ^ C', 
and a function g in G which maps B onto B\ 

Now assume that the borelian classes of all sets and functions 
which are involved in the hypothesis of this result are known; then, 
by analyzing the proof of lG.5(vi), we can evaluate the Borelian 
classes of the set B' and the function g involved in the conclusion. 

Cf, Kuratowski [1], in particular p. 208. 



§ 17 . ALGEBRA OF CARDINAL NUMBERS 

As is well known, two sets A and B are said to be set-theoreti- 

CALLY EQUIVALENT (eQUI NUMEROUS), Or to have THE SAME POWER, 

if there is a biuniqiie function / which maps A onto B.^^ Thus, the 
relation of set- theoretical equivalence is the congruence relation 
under the group G of all one-to-one transformations in the class S 
of all sets. Hence we' obtain further 

Theorem 17.1. 7'hc relation of sct-theorctical equivalence coincides 
with the homogeneity relation ^ in the algebra ® of IG.l {and in every 
algebra (F, +, Xl) F is the family of all subsets of a given set A). 

Proof: By taking in 1G.6 the class S of all sets for F and the set 
of all one-to-one transformations in S for G, we conclude at once 
that two sets which are set-theoretically equivalent are homogene- 
ous in the algebra @ in the sense of 11.29. The proof that the 
converse also holds is based upon 11.2-11.4, 11.30, IG.l, and IG.G, 
and is quite elementary. 

In view of 17.1 , we shall use the symbol to denote the relation 
of set-theoretical equivalence. 

Theorem 17.2. The hypothesis of 16.4, a7id hence also the con- 
clusions of 16.4 and 1G.5, are satisfied if we take for F the class S of 
all sets {or the family of all subsets of a given set A), and for = the 
relation ^ of set-theorelical equivalence. 

Proof: by 16.7 (with the substitutions indicated in the preceding 
proof for 16.6), or else by 11.32, 16.1, 16.4, 16.5, and 17.1. 

Among the conclusions of 16.5 as applied to the relation ^ we 
recognize certain familiar theorems of the theory of equality of 
power; thus, 16.5(i) and (ii) present two formulations of the cantor- 
BERNSTEiN EQUIVALENCE THEOREM, while 16.5(vi) has been called 
the SET-THEORETICAL MEAN VALUE THEOREM.^^ 

In connection with the following discussion consult SierpiAski [1]. 

The problem of the origin of conclusions 16.5(i)-(viii) in their applica- 
tion to set-theoretical equivalence has been cleared up in §2' — in footnotes to 
corresponding theorems on cardinal numbers. It should be added here that 
the mean value theorem is a translation of Theorem 2.27 (with n — 1) which 
was found by the author and stated in Lindenbaum -Tarski [1], p. 302; however, 
a particular case of this theorem — in fact, 16.5(vii) — was previously estab- 
lished in Korselt [1]. 
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By the cardinal numbkr (or the power) k(A) of a set A we under- 
stand the class of all sets X with A ~ X. We define the operation 
of ADDITION OF CARDINAL NUMBERS in such a way that 

A = ^ Ai implies k(A) = ^ K(Ai), 

iel id 

and in particular 

A = B + C implies k(A) — k{B) + k(C). 

This operation of cardinal addition satisfies the unrestricted closure 
postulate and the general commutative and associative laws (cf. 
12.3-12.5 where these laws have been formulated for the cardinal 
multiplication of isomorphism types). To sliow, e.g., that the clos- 
ure postulate holds, consider any cardinals Vi correlated with ele- 
ments i of an arbitrary set 1. Let A^ be any sets such that 

K{Ai) = Pi for every i € L 

Given any element i in /, let B^ be the set of all couples (i, x) with 
X e Ai ] clearly 

K{Bi) = K(A^) = Vi for i £ L 

The union B of all these sets Bi is sometimes called the cardinal 
SUM OF THE SETS Ai Siiice any two sets Bi and Bj with i 4= j 
are disjoint, we have 

B = ^ Bi , and hence k{B) = Vi . 

xel %el 

Thus, the sum of arbitrarily many cardinals always exists. 

The cardinal number of the empty set is denoted by ‘O’. Ob- 
viously, 0 is the class which consists of the empty set only. The 
fundamental properties of this number with regard to cardinal 
addition are entirely analogous to those of the isomorphism type 1 
with regard to cardinal multiplication (cf. 12.7). 

Theorem 17.3. K being the class of all cardinal numbersy the al- 
gebra = (K, +, ^) (where + and ^ are the operations of cardinal 
addition) is a C.A,; the cardinal number 0 is the zero element of K. 

Proof: As is easily seen (by 6.3), the algebra S coincides with 
the coset algebra where © is the algebra of 16.1. Hence, by 

28 Cf. Whitehead-Russell [1], vol. 2, pp. 93 ff. 
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17.2 (16.4), ^ is a G.C.A.; and since, as was pointed out, the opera- 
tions + and 53 in ^ satisfy the closure postulates, ® is also a C.A. 

We can also prove 17.3 in another way. Let v be any cardinal. 
We consider an arbitrary set A with k{A) = v, and we denote by 
V(j')’ the type of the Boolean algebra of all subsets of A under 
set-theoretical addition; (p{v) does not depend on the choice of A. 
T being the class of all types <p{v), we easily show that (p maps the 
algebra ® isomorphically onto the algebra (T, x, JJ); and since the 
latter algebra is a C.A. (this follows from 15.27), the same applies 
to the former. 

As is well known from set theory, the algebra ® has certain very 
strong and general properties which by no means apply to arbitrary 
C.A.^s. They are stated in the following: 

Theorem 17.4. The algebra ^ of 17.3 is well ordered, and every 
infinite element in this algebra is idem-multiple. 

Compare here Definitions 4.1, 4.10, and 13.10. 

Theorem 17.5. Let A be any non-empty class of cardinal numbers* 
For 8 = (A, +, 5^) ^0 6e a C.A., i.e., a cardinal subalgebra of the 
algebra of 17.3, it is necessary and sufficient that 8 satisfy Postulate 
1.1.11 as well as the following condition: 

(i) the class of all finite cardinal numbers in A either is empty or 
consists of all finite m^dtiples of a certain finite cardinal number v. 

Proof: Assume 8 to be a C.A. Then l.l.II certainly holds. 
Condition (i) is obviously satisfied if the class 4> cither is empty or 
consists only of 0. Otherwise, let v be the smallest cardinal in 
which is different from 0. It is easily seen that ^ coincides with the 
class of all finite elements of A in the sens^ of 4.10, and that v is 
indecomposable in the sense of 4.38. By 4.16, all multiples m-v 
with m < 00 ar" in Now if p is any element in ^>, we have p ^m-v 
for some m < oo (we can take, e.g., m = /x by identifying finite car- 
dinals with finite integers); hence, by 4.44 (or 4.47), /x is a finite 
multiple of v. Thus, 8 satisfies condition (i). 

Assume now that, conversely, 8 satisfies Postulate l.l.II and 
condition (i). The proof that the remaining postulates of 1.1 also 
hold in 8 presents no difficulty to one familiar with the fundamental 
properties of cardinal numbers, and will not be carried through here 
in detail. We make an essential use of 17.4; it may also be useful 
to notice that, by (i), either ^ contains no number different from 0, 
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or else +, ]^) is a G.C.A. which is isomorphic with the algebra 
of finite integers (of 14.1). 

Theorem 17.6. For a CA. 31 = (A, +, '^) to be isomorphic 
with a cardinal subalgehra of the algebra S of 17.3, it is necessary and 
sufficient that 31 be well ordered and that every infinite element in A be 
idem-multiple. 

Proof: The necessity of the conditions follows directly from 
Theorem 17.4 and Definitions 4.1, 6.1, and 13.10. (4.4 and 17.5 

are also useful here.) To show that they are sufficient, we arrange 
all elements of A in a transfinite sequence no , Oi , * * • , , • • • in 

such a way that ? < r? implies a^ ^ a„ and at 4^ , the indices 

77, • • • being ordinal numbers. We shall identify here finite or- 
dinals and cardinals with finite integers; w, w + 1, ••*,?, • • • and 
• will be, as usual, the transfinite sequences of 
infinite ordinals and infinite cardinals in their natural order. We 
obviously have ao = 0; we can assume that Uq is not the last term of 
the sequence. If ai is finite, we easily show that it is indecomposable, 
and that a^ = vai for every v < w; we reason here by induction, 
and apply 4.38 and 4.44. We then correlate with every element 
a^ , V < 0 ), the finite cardinal j/, and with every element the 
infinite cardinal In case ai is infinite, we correlate with every 
element a^ the cardinal . A being the class of all correlated car- 
dinals, we show in either case without difficulty (by means of 6.1) 
that 

?l = (A, +, E>. 

Thus, our theorem holds in both directions. 

As is seen from 17.6, the properties of the algebra ^ expressed 
in Theorem 17.4 characterize the algebra ^ and its cardinal sub- 
algebras up to isomorphism. Theorem 17.4 obviously carries with it 
far-reaching simplifications in the arithmetic of cardinals. In con- 
sequence of this theorem, the theory of cardinal addition becomes 
trivial; and, in particular, the value of the result obtained in 17.3 — 
i.e., of the fact that all the special theorems established in Part 1 
apply to cardinal numbers — undergoes an essential depreciation. 

It should be emphasized, however, that the properties of cardinals 
stated in 17.4 have been obtained in set theory with the essential 



240 CONNECTIONS WITH OTHER ALGEBRAIC SYSTEMS 


help of the axiom of choice in its most general form, and specifically 
with the help of the so-called well-ordering principle. On the 
other hand, the special theorems of Part I can be established for 
cardinal numbers either without any help of the axiom of choice, 
or by means of a very restricted form of this axiom; to derive these 
theorems, we do not have to use the general result stated in 17.3, but 
we can follow directly the lines of argument applied in Part I. Re- 
garding this point, a close analysis of proofs leads to the following 
conclusions : 

(1) All the theorems of Part I which involve only finitely many 
elements can be obtained for cardinal numbers without the help 
of the axiom of choice. 

(2) The proof of the remaining theorems of Part I, which involve 
infinite sequences of elements (including those which involve 
infinite sequences of multiples of one element), requires the axiom 
of choice, but only in its application to denumerable families of sets. 
The axiom of choice in its general form occurs merely in the proof of 
Theorems 3.35 and 3.36 which involve arbitrary sets of elements. 

Thus, for instance, theorems like 2.6, 2.10-2.15, 2.28 for n < oo 
and p < 00 , and 2.31-2.34 can be obtained for cardinal numbers 
without the help of the axiom of choice; although the proof of these 
theorems in their abstract algebraic form actually requires an ap- 
plication of this axiom (cf. the proofs of 2.6 and 2.31). Theorems 
involving infinite multiples of one element or of finitely many ele- 
ments, like 1.29, 1.43, and 1.46, also belong here; to avoid the axiom 
of choice, they must be based, however, on an appropriate definition 
of an infinite multiple of a cardinal. (Given a cardinal v and a set A 
with the power v, we define co -v = as the power of the set B 
of all couples (n^x) with n < qo and x e A.) 

On the other hand, the proofs of theorems like 2.21 and 2.28 
forn = 00 or p = 00 require a restricted application of the axiom of 
choice; 2.22 also belongs here since it involves an infinite sequence of 
multiples of one element. Even Postulate 1.1. II cannot be estab- 
lished for cardinal numbers without the help of the axiom of choice 
(restricted to denumerable families of sets).^® 

Analogous remarks apply to those theorems which do not belong 
to the arithmetic of cardinals proper, but refer directly to sets and 
to the relation of equality of power. Consider, for example, Theorem 

Cf. SierpiAski [1], pp. 118 ff. 
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16.5 which, as we know from 17.2, applies to the latter relation. Con- 
clusions (i), (ii), (iii) for n < and (iv)"'(vii) of this theorem 
can be obtained without the help of the axiom of choice; whereas 
conclusions (iii) for = oo and (viii) require a restricted applica- 
tion of this axiom. Moreover, we can avoid the application of this 
axiom completely by means of a slight transformation of the theorems 
involved. We want to explain what we have in mind here by means 
of an example. Consider the following three theorems: 


I. If Mu, Ml , 
arid if 


then 


• , Mi , • • * ^ arbitrary cardinal nmnhersj 

XI Mi ^ for every n < co , 

t<n 


S Mi ^ 

t <00 


II. If Ao, Ai, ■■■ , A^, ■■■ ,Bo, Bi, • • • , J5. , ■■■, and C are ar- 
bitrary sets such that 


^ Ai B„ ^ for every w < «>, 

t < n 


then there is a set B such that 

'E, Ai^B ^ C. 

* <00 

III. 7/ Ao , , • • • , A, , • • • , and C are arbitrary setSy and /o , fi , 

* ’ ’ jfiy * • * ore bimique functions such thaty for every n < «? , /„ maps 
X)i<n Ai onto a subset By, of C, then there is a biunique function f which 
maps ^i<:n Ay onto a subset B of C. 


In I we recognize Theorem 2.21 applied to cardinals; II is the 
correlated theorem on equality of power, and is a particular case of 
16.5(viii); III has been obtained from II by explicitly introducing 
functions which establish the equality of power. 

A detailed analysis of the proof of 2.21— and of the theorems 
upon which 2.21 rests — shows that the axiom of choice can be avoided 
in the proof of III, and that the function f (and the set B) can be 
effectively constructed in terms of Ao , Ai , • • • , A^ , • • • , C, and /o , 
/i , • • * » /i > * ' * • can be derived from III, and I from II. When 
deriving II from III, however, we must apply the axiom of choice 
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in order to correlate, with each couple of sets (53t<nAt, Bn), a 
biunique function fn which maps one of these sets onto the other. 
Similarly, to derive I from II, we use this axiom when correlating, 
with each cardinal Mn , a set An whose power is fin . Apart from these 
two steps, we can say that the proof of I and II has a constructive 
character. We see, moreover, that the application of the axiom of 
choice in the proof of I and II would be entirely superfluous if the 
theorems in question involved only a finite number of cardinals 
and sets. This explains the fact that theorems like 2.31-2.34 can 
be established for cardinal numbers without any help of the axiom of 
choice, although their proof in the general theory of C.A.’s seems to 
depend on this axiom in an essential way. 

All the remarks made above can be extended to the (congruence 
relations and the correlated coset algebras discussed in 1G.7 
(although this requires some further analysis of proofs involved); 
they do not, however, apply to arbitrary equivalence relations = 
and coset algebras 5/^ considered in 16.4 and 16.5. The question 
arises as to what the properties of the relations and are which 
make it possible to avoid the axiom of choice in proofs of various 
theorems involving these relations. An answer can be readily ob- 
tained by analyzing the proofs concerned; but we are not going to 
elaborate on this point. 

Certain theorems of the arithmetic of cardinals are known whose 
proofs have a constructive character (in the sense roughly explained 
above), but which cannot be found among the results stated in Part 
I of this work. In the first place we have in mind here the following 

THEOREM ON THE DECOMPOSITION OF LINEAR FORMS: 

Let 2 g n ^ <x> ; lei k, k ^ •••,/», • • • and mo , mi , • • • , mi , • • • 
be arbitrary integers (^ oo), and vo , n, ••*, ••• be arbitrary 

cardinals. If 

li’ i * Vi , 

* < n < < n 

then there are cardinals tto , tti , • • • , tti , • • • and po, pi, pi, * • • 
with the following properties: 

(i) li‘ Tfi = mi'TTi and ^^»<n li' Pi ~ rCli* Pi I 

(ii) Vi = Ti + Pi for eiery i < n; 

(iii) TTo ^ TTi and pi ^ Po . 
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The proof of this theorem is not simple, but it requires an applica- 
tion of the axiom of choice only in case n = oo (and only to denum- 
erable families of sets). The theorem is useful since it permits us 
to reduce certain problems regarding the relations between two 
given cardinals vo and vi to the case when these cardinals are com- 
parable, i.e., when vq ^ vi or vi ^ vq. (As is well known, the proof 
that the set of all cardinals is simply ordered, i.e., that any two 
cardinals are comparable, does not have a constructive character.) 
From the theorem on the decomposition of linear forms (with n = 3) 
we can, for instance, derive in a simple way the cancellation laws for 
multiples, 2.31-2.34. The theorem can be extended to arbitrary 
coset algebras inv(4ved in 16.7. The problem remains open, 
however, whether the theorem can be derived from Postulates l.l.I- 
VTl alone, i.e., whether it holds in arbitrary C.A.’s; and the same 
applies to various particular cases and simple consequences of this 
theorem. 

A general problem of a metamathematical nature arises in this 
connection. It is the problem of determining mutual relations be- 
tween three sets of theorems on the addition of cardinals: the set of 
all theorems whose proof does not involve the axiom of choice (or 
requires only a restricted application of this axiom) ; the set of thovse 
theorems which apply to arbitrary coset algebras of 16.7 (and 
thus belong to the general theory of one-to-one transformations); 
and the set of those theorems which hold in arbitrary C.A.^s. It 
is obvious that certain theorems of the first set do not belong to 
the second; e.g., the theorem by which there is a smallest finite 
cardinal different from 0. These are, however, theorems of a very 
special nature; and it seems intuitively plausible that — apart from 
certain exceptional theorems— the first set is included in the second; 
it would be interesting to find a precise formulation and justification 
of this intuition. On the other hand, every theorem of the second 
set obviously belongs to the third set; and it seems very likely that 
the converse also holds. This conjecture would prove to be correct 
if we succeeded in establishing a general representation theorem 
by which every C.A. is isomorphic with one of the algebras 5/ o' 
volved in 16.7. It would also be interesting to solve the decision 
PROBLEM for the three sets of theorems under discussion; i.e., to find 
formal criteria which would enable us to decide in each particular 
case whether a given statement belongs to one of these three sets — 
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or else to show that no such criteria can be found. In any attempt 
to obtain a positive solution of this problem we should have to restrict 
ourselves to theorems which involve only binary addition. 

The concluding remarks of this section concern the multipli- 
cation OP CARDINALS. By the (strong) cardinal product Iltfr ylt 
OF SETS A I we understand the set Fo of 6.11 (where we replace 
by MiO, i.e., the set of all functions / with D(f) = /, and fit) e A^ 
for every ^> /; in case I consists of two numbers, 0 and 1 , the product 
is denoted by Mo x ^l^ We define the (strong) product of 

CARDINAL NUMBERS in such a Way that 

iel tcl 

and in particular 

k(A X B) = k(A) X k{B). 

C^ardinal numbers, however, do not constitute a C.A. under mul- 
tiplication. In fact. Postulates l.l.VI and VI 1 fail here; this is 
easily seen by putting in l.l.VI : a = 3, 6 = and (\ = 2 for i < co ; 
and in 1.1. VII : ai = V51o and b, — 2 for ^ < co . On the other hand, 
we can consider weak products of sets and cardinals by taking, 
instead of Fo , the set F 2 of 6.11. In this case, products of infinite 
cardinals coincide with their sums; and cardinal numbers form 
^almost’ a C.A. under weak multiplication, since Postulates l.l.I-V 
and VIT as well as the refinement theorem 2.3 are satisfied; the 
refinement postulate l.l.VI still fails, however, as is seen by putting 
a = 3, 6 = , and Cj = 2 for ^ < qo (cf. an analogous remark in 
§14, after 14.9). Most theorems of Part I hold in the algebra of 
cardinals with weak multiplication; and this applies also to the 
algebra with strong multiplication, since finite products are the same 
in both algebras. In particular, both these algebras are finitely 
closed refinement algebras in the sense of 11.26. 

The algebras of isomorphism types (of §12) and of cardinal num- 
bers suggest the idea of studying abstract algebraic systems in 
which the fundamental operations are defined not only for couples 
or infinite sequences but also for sets of elements with higher powers. 
In particular, systems which satisfy the closure postulate, the gen- 
eral commutative and associative laws, and possibly also the general 
refinement theorem (12.14) seem to deserve some attention. It 
remains to be seen, of course, whether the study of such systems 
would bring fruitful results. 



§ 18 . ALGEBRA OF RELATION NUMBERS 


By a (binary) relation R we understand an arbitrary set of 
ORDERED COUPLES. Instead of saying that the couple (a, 6) is in i?, 
we often say that R holds between a and 6, in symbols, 

aRh. 

Since relations are sets, we can apply to them all theorems stated 
in §16. In particular, we have: 

Theorem 18.1. The class R of all relations is a set- field which is 
countably complete (in the strict sense, and simply complete in the wider 
sense). All conclusions of 16.1 remain valid if we replace in them 
by ‘R’. 

Proof: obvious (with the help of 16.2). 

We are now going to outline a construction which is specific for 
relations. 

The set of all first terms occurring in ordered couples of a relation 
R is the domain of R, D(R) ; the set of all second terms is the counter- 
domain (or CONVERSE domain) of R, C(R)\ and the union of D(R) 
and C(R) is the field of R, F(R).^^ Two relations R and S are called 
STRICTLY DISJOINT if their fields are disjoint. By the strictly 
disjoint sum ^uiRi OF RELATIONS Ri we understand the union 
of these relations in case any two relations Ri and Rj with j e 1 
and i 4= j are strictly disjoint; otherwise, the operation ^ is not 
defined. In particular, i? + S is the strictly disjoint sum of two 
relations R and S. By a portion of a relation R we understand 
a relation S included in R (a subrklation of R) which is strictly 
disjoint with R — S\ in other words, a relation aS such that, for 
a certain T, ^ + T = R. 


Theorem 18.2. If ^ is a countably complete set-field of relations 
— or, more generally, a family of relations such that (F, +, is 
a G.C.A. (+ and 2 being the operations of set-theoretical addition) — 
then (F, + j ^ ^ multiple-free G.C.A.; the zero element of this algebra 

^ Various notions applying to relations and involved in this section (domain, 
counter-domain, field, similarity, and relation number) have been introduced 
and studied in Whitehead-Russell [1], vol. 1, pp. 247 ff., and vol. 2, pp. 310 ff. 
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is the empty relation 0. The conclusion applies, in particular, to the 
class F = R 0 / all relations. 

Proof: We show without difficulty that Postulates 5.1.I-V, with 
and 'X)' replaced by *+’ and apply to relations of F, and 
that consequently the algebra (F, +, ^) is a G.C.A.; from 8.11 we 
see that this algebra is multiple-free. The last part of the theorem 
follows by 18.1. 

Theorem 18.3. If F is the family of all portions of a relation R, then 

(i) F is a complete set-field; 

(ii) the G.C.A.'s (F, -f , 2) £) coincide. 

Proof: (i) If the relations with i e I are portions of R, then 
R — Si is completely disjoint with each of the relations Si , 

and therefore also with their sum; thus, Si and R — ^iei Si 
are again portions of R. Hence, as is easily seen, F is a complete 
set-field. 

(ii) If S and T are two disjoint portions of R, they are strictly 
disjoint (since S is a subrelation of ft - T); obviously, the converse 
also holds. Hence, and in view of 8.16 (and 18.2), the algebras in 
question coincide. 

Theorem 18.4. If F is a countably complete set-field of relations, 
and if = is an equivalence relation which is infinitely additive and 
finitely refining in the algebra {v = (F; +> 2) ^ satisfies 

conditions 16.4(i),(ii) with and changed to ' + ' and ‘^0, 
then the algebra %/ = is a G.C.A . 

Proof: by 6.10 and 18.2 (cf. also 6.4 and 6.7). 

From 18.4 we can derive conclusions analogous to those stated 
in 16.5; the symbols and ‘J]' in these conclusions must 

be provided, however, with double dots. It is easily seen that the 
relations ^ and g in general do not coincide; the formula 'S g ft' 
means that S is an arbitrary subrelation of ft, while the formula 
'S 2 ft' means that S is a portion of ft. On the other hand, in 
view of 18.3, the conclusions of 16.5 apply without any changes if 
we take for F the family of all portions of a given relation ft. 

Given a family F of relations, a biunique function / is called a 
SIMILARITY TRANSFORMATION IN F if, ft being any relation in F whose 
field F{R) is included in /)(/), the set of all ordered couples 
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/(?/)) with {x,y) € R is again a relation in F; and if the same 
applies to the inverse function /~\ We could now repeat the discussion 
of §16 which follows 16.5, by using similarity transformations instead 
of arbitrary one-to-one transformations, and strictly disjoint relations 
instead of simply disjoint sets. Thus, we could introduce the notions 
of CONGRUENCE of two relations under a set G of similarity 
TRANSFORMATIONS, of a (qUASI-) GROUP and a FINITELY Or IN- 
FINITELY ADDITIVE SET of such transformations; and we could obtain 
theorems entirely analogous to 16.6-16.8. 

We confine ourselves here to the case when G is the class of all 
similarity transformations in the set-field R of all relations. Two 
relations R and S are called similar — in symbols, 

R S 

— if they are congruent under this class (?, i.e., if there is a biunique 
function / which maps F{R) onto F{S) in such a way that (a*, y) 
is in R if, and only if, {f{x),f(y) ) is in S, 

Theorem 18.5. The hypothesis and the conclusion of 18.4 are satis- 
fied if we take for F the class R of all relations {or the family of all sub- 
relations or of all portions of a given relation R ) , and for = the similarity 
relation 

Proof: We can derive this theorem by means of 11.25 from a 
lemma analogous to 16.6; a direct proof also presents no difficulty. 

By the relation number p{R) of a relation R we understand 
the class of all relations which are similar to R, Two strictly dis- 
joint sums ^i€i Ri and Si are clearly similar if the correspond- 
ing relations Ri and S^ are similar for every i e I. Hence we can 
define the operation of cardinal addition of relation numbers 
in such a way that 

R = ^ Ri implies p(R) = ^ p(Ri), 

tel iel 

and in particular 

R = S + T implies p(R) = p(S) + p(T).'' 

This operation of cardinal addition satisfies the general closure 
postulate and the commutative and associative laws. To show that 

This operation has been defined in Birkhoff [1], p. 285, but only for numbers 
of partially ordering relations. 
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the closure postulate holds we proceed as in the case of cardinal 
numbers: Given any relation numbers <Ti with i e /, we consider 
first arbitrary relations Ri such that 

p{R%) = (Ti for i £ L 

We then replace every relation Ri by the relation Si consisting 
of all couples {{i, x), {i,y)) where {x,y) e Ri ; we then have clearly 

p{Si) = p{Ri) = for every i e L 

Let S be the union of all these relations Si ; S is sometimes called 
the CARDINAL SUM OF THE (original) relations Ri . Since any two 
relations Si and Sj with i j are strictly disjoint, we obtain 

S = ^ Si, and hence p{S) = ^ p(Si) = (Ti . 

iel tel tel 

Thus, the cardinal sum of relation numbers o-, exists. 

The relation number 0 of the empty relation R clearly consists 
of R alone; thus, it coincides with the cardinal number 0, and has 
the same formal properties with regard to cardinal addition. 

In case all relation numbers o’* with iel are e(iual to a given 
relation number or, their sum depends merely on <r and on the power 
V of the set /, and is called the multiple of a — in symbols, 

(Ti = va. 

tel 

These multiples satisfy the general distributive laws — ^with respect 
to sums of both cardinal numbers and relation numbers. 

Theorem 18.6. P being the class of all relation numbers, the algebra 
JR = (P, + , XI) i!^here + and ^ are. the operations of cardinal addi- 
tion) is a C.A.; the relation number 0 is the zero element of J){. 
Proof: analogous to that of 17.3, with 17.2 replaced by 18.5. 

Thus, all theorems of Part I hold for cardinal sums of relation 
numbers. It is interesting to notice that many of these theorems 
also apply to ordinal sums of relation numbers — although the 
operation of ordinal addition in some respects differs fundamentally 
from that of cardinal addition (e.g., it is not commutative).^^ 

Compare theorems on ordinal types (i.e., on numbers of simply ordering 
relations) in Lindenbauin-Tarski [1], pp. 319 ff. Most of these theorems can 
be extended to arbitrary relation numbers. The author intends to outline 
an algebraic theory of ordinal addition in a special publication. 
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Theorem 18.7.^^ 
the form 


Every relation number a can he represented in 

<r = ^ ai 

iel 


where all relation numbers at with iel arc indecomposable in the 
algebra of 18.6. This representation is unique apart from order. 
Proof* Let be a relation with 


(1) a = p{S). 

By 18.3(i) the family F of all portions of N is a complete set-field. 
It is known that every set in a complete set-field F can bo rep- 
resented as a sum of disjoint sets which are indecomposable in the 
algebra (F, -j-, and, as is easily seen, two such representations 

can differ only in order (cf. the proof of 4.45). Hence, and in view 
of 18.3(ii), we have a unique representation of S: 

(2) S Si 

%€l 

where the relations aS, with i e I are indecomposable in the algebra 
(F, +, 53). By passing to relation numbers, we obtain from 
(1) and (2) 

(3) <r = 53 O'* where ax — p(Si) for every i e I. 

tel 

Since the relations Si are indecomposable, they are not empty (cf. 
4.38 and 18.2); hence the relation numbers a* are different from 0. 
Assume that, for some iel, 

(4) ai = T + V. 

The relation of similarity being finitely refining by 18.5, we obtain 
from (3) and (4), with the help of G.7, a decomposition of Si : 

Si = T + U where r = p{T) and v = p(C/). 

Hence, 

St = T and at — r, or Si = U ^ and ai — v. 

33 Theorems 18.7 and 18.8 were obtained by B. Jonsson. Analogous results 
for ordinal addition had previously been established by .Jdnsson in collaboration 
with the author. The second part of 18.7 for numbers of partially ordering 
relations (and the general refinement theorem for sums of such numbers) can 
be found in Birkhoff [1], p. 286. 

34 This follows directly from Theorems 4 and 6 in Tarski [10], pp. 193 and 197. 
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Thus, (Ti is indecomposable; and (3) is a representation of cr as a 
sum of indecomposable relation numbers. In a similar way we 
derive the unicity of this representation from that of the representa- 
tion of S in (2) ; we make use of the fact that the similarity relation 
is infinitely refining, not only in the sense of 6.7(ii) but also in a 
stronger sense applying to arbitrary sums. This (jompletes the proof. 

Theorem 18.8. ® being the algebra of cardinal numbers of 17.3, 
and the algebra of relation numbers of 18.6, we have 

^ 

where I is the class of all relation numbers which are indecomposable 
in 9?. 

Proof: From 18.7, with the help of the general commutative and 
associative laws, we easily conclude that every relation number o- 
can be uniquely represented in the form 

<r = [iPeir) • r] 

rel 

where (Pc{t) are cardinals (not necessarily different from 0). Hence, 
<Pc is a function whose domain is the class I of indecomposable relation 
numbers and whose counter-domain consists of cardinals. Thus, <p 
itself is a function which maps the class of all relation numbers cr 
onto the class of those functions which constitute the strong cardinal 
power (cf. 6.11); and, with the help of the commutative and 
associative laws for sums and the distributive law for multiples of 
relation numbers, Ave easily show that ip establishes an isomorphism 
between 5R and (in the sense of 6.1). 

Theorem 18.8 clearly remains true if St and 91 are regarded as 
algebras with unrestricted addition. 

Theorems 18.7 and 18.8 improve considerably the result obtained 
in 18.6. In fact, by means of these theorems we can show directly 
that all the results of Part I hold in the arithmetic of relation num- 
bers; the derivation is based upon elementary laws of the arithmetic 
of relation numbers (applied in the proof of 18.8) and fundamental 
properties of cardinals (e.g., those stated in 17.4), and is independent 
of the general theory of C.A.’s. Moreover, we can derive from 18.7 
or 18.8 various properties of relation numbers which do not apply 
to arbitrary C.A.’s; for instance, we can show that every non-empty 
set of relation numbers has a greatest lower bound and, in case it is 
bounded above, also a least upper bound — in other words, that the 
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algebra of relation numbers is complete in the wider sense. As a 
consequence of 18.7 we obtain also the general refinement theorem 
for cardinal sums with an arbitrary number of terms. It should 
be noticed, however, that in the derivations based upon 18.7 and 
18.8 we make an essential use of the axiom of choice in its most general 
form; whereas Theorem 18.G permits us to extend the results of Part 
I to the arithmetic of relation numbers by means of arguments 
which have an essentially constructive character. It may also be 
mentioned that Theorem 18.6 can be extended to arbitrary coset 
algebras (F, +» XD/o" where F is a set-field of relations and is 
the congruence relation under an infinitely additive group of similarity 
transformations in F; while 18.7 and 18.8 apply specifically to the 
algebra of relation numbers. Compare here the discussion of anal- 
ogous problems in §17. 

The results established in this section can be generalized con- 
siderably. They apply, practically without changes, to many- 
TERMED RELATIONS, i.e., to scts of n-teimcd sequences (o^o , • • • , oTi , 
• • • ) with i < n ^ 00 . They can easily be extended to families 
OF SETS. For this purpose, we agree to call two families F and G 
of sets STRICTLY DISJOINT if the sums 

2(F) = E and S(G) = E 

XeF XeG 

are disjoint. We define the relation of double equivalence (or 
DOUBLE similarity) as the relation which holds between two families 
F and G if there is a biunique function / such that / maps S(F) onto 
2(G), and at the same time the function /* defined as in 16.6 maps 
F onto G.®^ In terms of strict disjointness and double equivalence 
we define strictly disjoint sums of families of sets, types of 
DOUBLE EQUIVALENCE OF FAMILIES, and C.\RDINAL SUMS OF TYPES; 
and we extend to these notions the results stated in 18.1-18.8. 

In an entirely analogous way we can extend these results to al- 
gebraic SYSTEMS wih one or more operations and to their iso- 
morphism types. It should be pointed out, however, that the 
notion of cardinal addition has but a very small value for algebraic 
research. In fact, we are mostly interested in algebraic systems 
which are closed under their fundamental operations; it is easily 
seen, however, that the isomorphism type of a closed system is always 
indecomposable under cardinal addition, and hence is never a cardinal 

38 Cf. Whitehead-Russell [1], vol. 1, pp. 84 ff. 
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sum of two or more isomorphism types (unless all these types, with 
at most one exception, equal 0). For the same reason the operation 
of cardinal addition finds no applications in a discussion of such 
algebras which, like G.C.A.’s, are not necessarily closed, but are 
supposed to have a zero element; in connection with such algebras 
the related operation of cardinal multiplication with thk rank 
2, which was briefly discussed at the end of §12, proves more useful. 

The notions of set-theoretical equivalence of sets, similarity of 
relations, double equivalence of families of sets, and isomorphism 
of algebras can be regarded as particular cases of the general notion 
OF ISOMORPHISM, which is applicable to all possible kinds of mathe- 
matical systems. Consecpiently, cardinal numbers, relation num- 
bers, types of double equivalence, and isomorphism types of algebras 
appear as particular cases of the general notion of an isomor- 
phism TYPE. If we wished to give the results of this section the 
most general form, we should have to begin with a precise and 
adequate definition of the general notions just mentioned. The prob- 
lem of formulating such a definition is, however, by no means simple; 
in trying to solve it we meet with various difficulties of a set-theoretical 
nature. We are not going to elaborate on this point. 

Besides cardinal addition, we have come across another operation 
on isomorphism types — that of cardinal multiplication. We 
have discussed in §12, and partly also in §§13 and 15, cardinal prod- 
ucts of types of C.A.’s, G.C.A.’s, and related algebras; and in §17 
we have made some remarks regarding products of cardinal numbers. 
The extension of the notion of a cardinal product to other isomor- 
phism types, e.g., to relation numbers, presents no difficulty. From 
an algebraic point of view, the operation of cardinal multiplication 
is much more important than that of cardinal addition, and it has 
a much wider range of applications. We cannot expect, however, 
in the theory of this operation any general results analogous to 
18.6-18.8. As was pointed out in §17, even the simplest isomorphism 
types, i.e., the cardinal numbers, do not constitute a C.A. under mul- 
tiplication; compare here also Theorem 12.18 and the remarks which 
follow 12.21. On the other hand, we have obtained a number of 
rather interesting results applying to types of C.A.’s and of related 
algebraic systems (cf. 12.17, 12.21, 13.31, 15.27, and 15.28). We 
shall see in the appendix that these results can be extended to wider 
classes of algebras and that they have some implications for other 
kinds of isomorphism types, in fact, for relation numbers. 
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A. DIRECT PRODUCTS AND FACTOR ALGEBRAS 


By an algebra we shall understand in this appendix an arbitrary 
system 21 = (A, + ) constituted by a set A and a binary operation 
+ , and subjected to one restriction only: A is supposed to contain 
the (uniquely determined) zero element 0 defined in 1.2. 

An algebra i8 formed by a subset R of A containing the element 
0 and by the fundamental operation + of 21 will be called a sub- 
algebra OF 21, and also the set B itself will be referred to as a sub- 
algebra of 21 (or else a subalgebra of A under +); this somewhat 
restricts the usage of the term ^subalgebra’ as determined in 6.13. 
In discussing subalgebras B, C, • • • of a given algebra 21 we shall 
use the set-theoretical notation employed in §16; thus, for example, 
the formula ^B g C’ will express the fact that the subalgebra B is 
included in the subalgebra C, and the symbolic expression ^B D 
will denote the intersection of B and C. The subalgebra consisting 
only of 0 will be denoted by ‘{Op. 

Moreover, we shall apply to algebras 21 various notions previously 
introduced in this work; the definitions stated in Parts I and II are 
understood to have been modified in the way indicated in 13.2. 

We assume, in particular, that an isomorphism type t(21) has 
been correlated with every algebra 21 in the way indicated in 12.1, and 
that the operation of cardinal multiplication has been defined both 
for algebras themselves and for their isomorphism types. As we know 
from 6.11 and 12.2 (compare also the remarks at the end of §12), 
several variants of this operation can be distinguished, which, how- 
ever, have many properties in common. Thus, e.g., the cardinal 
multiplication of types satisfies the unrestricted closure postulate 
and the most general commutative and associative laws; cf. 12.3-12.5 
and 13.29. In agreement with 12.6, the common type of all algebras 
21 which contain no element different from 0 will be called the unit 
TYPE 1; it has the properties indicated in 12.7. When applying 
definitions and elementary theorems on cardinal products, we shall 
not refer to them explicitly. 

The factor relation between isomorphism types — which was men- 
tioned a few times in §12 — will now be defined in a formal way: 
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Definition A.l. A type a is called a factor of a type p if 
a ^ pin the algebra (T, x ) constituted by the class T of all isomorphism 
types and by the binary operation x of cardinal multiplication; i.e., 
if there is a type y such that aXy = p. The set of all factors of a type 
p is denoted by ^^{p)\ 

Various elementary properties of the factor relation, e.g., its re- 
flexivity and transitivity, follow immediately from this definition 
and from fundamental properties of cardinal products. It may 
be mentioned that Definition 12.8 can now be reformulated in the 
following way: 

CoROLLAKY A.2. A type a is indecomposable if, and only if, ^(a) 
contains just two different types {in fact, the unit type 1 and a itself). 

We shall be concerned with various subalgebras of the algebra 
{T, x) of A.l; and we shall be especially interested in subalgebras 
x)/ Not much can be said in general about the algebras 
in question. The algebra (T, x) is a groupoid; the unit type 1 
is its zero element; and 1.33 holds in this algebra, i.e., a x p = 1 
implies a = p = 1. The same applies to algebras {^{a), x) — 
with the difference that they are not necessarily groupoids, but 
what we have called generalized groupoids (cf. the end of §13). The 
factor relation clearly coincides with the g relation, not only in 
the algebra {T, x) but also in its subalgebras (^(a), x); and the 
sets $(a) are semi-ideals in this algebra — in fact, they' coincide 
with the principal semi-ideals defined in 9.10. 

The study of cardinal multiplication of algebras and isomorphism 
types reduces to a large extent to that of a certain operation on 
subalgebras of an algebra — an operation which will be referred to 

as DIRECT MULTIPLICATION,'* 

Definition A.3. Let SI = {A, -]-) be an algebra, and let Bi be 
subalgebras of 31 correlated with elements i of an arbitrary set I. By 

^ The authors have included in this appendix only those results of their 
joint study of cardinal products which are more closely related to the main 
ideas and methods of the whole book. Some other results in this domain can 
be found in Jdnsson-Tarski [1]. 

* The notions of a cardinal product of algebras and of a direct product of 
subalgebras are very often confused in the literature. 
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a DIRECT PRODUCT OF THE SUB ALGEBRAS Bi wc Understand a subalgcbra 
B of % satisfying the following condition: 

(i) there is a function f which maps {B, + ) isomorphically onto 
the cardinal product {Bi ^ in such a way that, for every i e /, 
Bi consists of those elements x e B for which fx{i) = x, while fx{j) = 0 
if j € I and i 4= j- 

In case the subalgebra B is uniquely determined by this condition, we put 

B = 

xeT 

and if, in particular, I consists of two numbers, 0 and 1, Bo = C, and 
Bi = D, we write 

B = C X D. 

Similarly we define a strong and a weak direct product of sub al- 
gebras^ JJg Bx and n» B, . 

iel iel 

It should be remembered that the cardinal product IlicJ (Bx , + ) 
is constituted by functions g with 

D{g) = I, and g{i) e Bi for every i € I 

(cf. G.ll). Hence the function / considered in A.3(i) correlates, 
with every element x € A, one of these functions g = /x , so that 

D{fx) = I and fx{i) e Bx for every x c A and i € I. 

The problem arises whether the subalgebra B in A.3 is indeed 
uniquely determined by condition (i) (provided such an algebra 
exists at all). We shall see in A. 12 and A. 15 that this is true in 
the case of a product of finitely many subalgebras and, more gen- 
erally, in the case of a weak product of arbitrarily many subalgebras. 
It can be shown by means of an example that, in the case of plain 
and strong products, B is not, in general, uniquely determined by 
A.3(i). (To construct such an example, we can take for 31 a group 
which is the cardinal product of an infinite sequence of groups of 
order 2.) Compare here, however, Theorem B.3 below. 

The fundamental relation between cardinal products of types 
and direct products of subalgebras is exhibited in the following: 

Theorem A.4. Let 31 = {A, + ) be an algebra, and let fii be iso- 
morphism types correlated with elements i of a set /. In order that 
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t(H) = n 

it I 

it is necessary and sufficient that it he possible to correlate, with every 
i e I, a subalgebra Bi of 31 in such a way that A is a direct product of 
all these suhalgebras and that 

r{{B^y +)) - for every i € L 

Similarly for strong and weak products. 

Proof: obvious. 

In the following theorems we state various elementary properties 
of direct products, and in particular we formulate the general com- 
mutative and associative laws. The proofs, which are quite ele- 
mentary, will be omitted. 

Theorem A.5. Lei^ for every i e /, B^ be a subalgebra of an algebra 31. 

(i) If the set I is at most denumerable^ then every direct product of 
suhalgebras Bt is also their strong direct product^ and conversely, 

(ii) If I is finite, the same applies to weak direct products, 

(iii) If I consists of 07ie elemeiitj, then 

= Bi. 

iel 

Theorem A.6. Let Bi for every iel and Cj for every j e J be sub- 
algebras of an algebra 31. If there is a function f which maps I onto J 
in a one-to-one way so that Bi = C/(i) for every i e /, then every direct 
product of subalgebras Bi is also a direct product of suhalgebras Cj , 
and conversely. Similarly for strong and weak products. 

Theorem A.7. Let a set Ji be correlated with every clement i e I; 
let K be the set of all ordered couples {i, j ) where iel and j e Ji ; and 
let Btj for every {i, j) e K be a subalgebra of an algebra 31. For B to 
he a direct product of all subalgebras Bij it is necessary and sufficient 
that there exist subalgebras Bi of 31 satisfying the following conditions: 
B is a direct product of all subalgebras Bi with i e I; and, for every 
i € I, Bi is a direct product of all subalgebras Bij with j e Ji , Similarly 
for strong and weak products. 

Theorem A.8. Let, for every i e I, Bi be a subalgebra of an algebra 
31, and let B be a direct product of all subalgebras Bi with i e I, If /' 
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is a subset of /, then there is a subalgebra B' ^ B which is a direct ^product 
of all subalgebras Bi with i e Similarly for strong and weak products. 

Theorem A.9. Let, for every i e 7, Bi be a subalgebra of an algebra SI. 

(i) If a direct product of all subalgebras Bi exists, then B^ fl Bj = {0} 
for all i, j £ I with i 4= j- 

(ii) If {0} is a direct product of all subalgehras Bt , then Bi = {0} 
for every i e I. The cativerse implication also holds, and we have then 

{0} 

tel 

(iii) If, for a given j £ I, Bj is a direct product of all algebras Bi , 
then Bi = {0} for every i £ I such that i 4= J. The converse implica- 
tion also holds, and we have then 

iel 

Similarly for strong and weak products. 

Theorem A. 10. Let, for every i £ I, B^ and Ci be subalgebras of an 
algebra SI such thatBi ^ Ci . If C is a direct product of all subalgebras 
Ci , then there is a subalgebra B S C which is a direct product of all 
subalgebras Bi . Similarly for strong and weak products. 

We shall now concern ourselves with direct products of finite 
sequences of subalgebras. In this case the notion of a direct product 
can be characterized in terms of arithmetical properties of elements 
which constitute the subalgebras involved. In fact, we have: 

Theorem A.ll. Let SI = {A, -\-) be an algebra, and let B, , 
Bi, • • , Bi , • • • with i < n < co be subalgebras of SI. For B to be 
a direct product of Bq , Bi, ’ , Bi , • • • with i < n, it is necessary 

and suffixdent that the following conditions be satisfied: 

(i) every element b £ B can be represented in the form 

b = ^ bi where bi £ Bi for every i < n\ 

i< n 

(ii) if bi £ Bi for every i < n, then bi exists and is in B; 

(iii) if bi , bi , b'l £ Bi for every i < n, we have 

Z fei = E h'i + Z h" 

i<,n i<n *<n 

if, and only if, bi = bi + b'l for every i < n. 
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Proof: Assume conditions (i)-(iii) to be satisfied, 
in (iii) 


6V = 0 for i < n, 


By putting 


we see that every element h has only one representation (i). Thus, 
we can correlate with every h e B the unique sequence 6o , , • * • , 

, • • • such that 

6 = E 6 *. 

t< n 


From (i)-(iii) and 6.1 it is easily seen that this correlation establishes 
an isomorphism between (B, +) and II,<« {B^, +). If, further- 
more, j < riy and bi = 0 for i < n, i 4= i, then we have by 13.2 

Z &< = hr, 

i< n 


hence Bj consists of those elements b € B for which in the correlated 
sequence all terms equal 0 except, perhaps, the term bj which equals 
b. Thus, according to A.3, J5 is a direct product of Bq y Bi , • • • , 

Assume now, conversely, that is a direct product of Bo , jBi , 
• ' y Bi y • • • . Let / be the function which maps (J5, + ) isomor- 
phically onto II,<n {Bi y +) in the way described in A.3(i). For 
every i < n and b e B we put 


bi = Ml), 


Thus, bi is in Bi ; and therefore 

Mil) = biy and Mij) = 0 for j < Uy j + L 
Hence, by 13.2, we conclude that 

fx = 

♦< w 

and consequently, by 6.1, 

5 = E bi. 

<<n 

Condition A.ll(i) has thus been established. In a similar way we 
show that conditions A.ll(ii),(iii) are also satisfied; and our theorem 
proves to hold in both directions. 
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Corollary A. 12. If a suhalgehra B of an algebra 2t is a direct 
product of subalgebras Bo , Bi, • • * , i5» , • • • with i < n < oo y then it 
is the only direct product of these subalgebras , ix., 

i< n 

Proof: by A.ll(i),(ii) (and in view of A. 3). 


Theorem A. 13. 


Let, under the assumptions of A.ll, 


B = n B,. 

i<n 


We then have: 

(i) every element b e B has exactly one representation 

b = ^ bi with bi € Bi for every i < n; 

t< n 

(ii) if bi , b'l e B^for every i < n and 


H &< + £ b" £ A, 

i<C n * < n 

then bi + b'i e Bifor every i < n; 

(iii) if b^i , b'i , 6^ + b'i e Bi for every i < n, then 


S {bi + = X) ) 

*< n *< n i< n 

(iv) if i < j < n, c € Ai , and d e Aj , then c + d = d + c; 

(v) if i < n, j < n, k < n, at least two of the three numbers i, j, 
and k are different, c e Bi , d € Bj , e £ Bk , c + d e B, c + e € B, and 
d + e € B, then c + (d + (^) = c + (d + e). 

Proof: (i) follows from A.ll(i),(iii)- To derive (ii), we first 
apply A.ll(i) to the element 

6 = 6 » + ^ bi , 

i<n *< n 

and then we make use of A. 11 (iii). Conclusion (iii) results directly 
from A. 11 (iii). By replacing in A.13(iii) most term by zeros, we 
arrive at (iv) (cf. the proof of 5.8). To obtain (v), we put 

( 1 ) c=^ci, d="^di, e-^ei 

l<n Idn Z< n 


where Ci = c, dj = d, Ck = e, and all other terms are zeros. We 
observe that, for every Z < n, at least one of the elements ci , di , 
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and ei is zero and all the elements Cz , d/ , + d/ , C/ + , and 

di + ei are in J5; hence 

( 2 ) C/+ (dz + cz) = (ci + dz) + 5 for Z < n. 

The conclusion of (v) easily follows from ( 1 ) and ( 2 ) by A. 11 (hi) 
and A.13(ii). The proof of A.13 is thus complete. 

Various parts of A.13 can be generalized by an easy induction. 
Conditions (i)-(iii) of Theorem A. 11 can be modified in case 
we apply this theorem to a subalgebra B which is assumed to be 
closed under the operation + (i.e., in which the sum bi + 62 of any 
elements hi ^ e B always exists and belongs to J5). In fact, it is 
easily seen that in this case J3 is a direct product of subalgebras 
Bq,Bi, • • • , Bi , • • • (i < n < 00 ) if, and only if, these subalgebras 
are included in J5, are closed under +, and satisfy A.13(i),(iii). 
If, moreover, the associative law holds in the algebra 31, condition 
A.13(iii) can be replaced by A.13(iv). Hence we see that Definition 
A.3 when applied to a finite sequence of subgroups of a group is 
equivalent to the usual definition of a direct product (or a direct 
sum).* 

Theorem A. 14. Let B as well as Bi for every i e I he suhalgehras 
of an algebra 31 = ( A , +), 

(i) For B to he a weak direct product of all suhalgehras Bi it is neces- 

sary and sufficient that, for every finite sequence io , ii , • • • , ik , • • * 
with k < n < 00 of distinct elements of I, the product exist, 

and that B he the union of all these finite products, 

(ii) In case I is the set of all finite integers, this necessary and suf- 
ficient condition can be expressed as follows: all products 

with n < 00 exist, and 

5 = u n 

n<oo << n 

Proof: (i) If H is a weak product of subalgebras Bi , then, by 
A. 8 , all finite products J\k<nBij^ exist and are subsets of B. Now 
consider a function / which maps (B, + ) onto n«. (Bi, +) in 

iel 

the way described in A.3(i). Thus, for every b e B, fb is & function 
with 

D{fb) = I, and Mi) = Bi for f < «. 

’ Cf., for instance, van der Waerden [1], pp. 141 ff. 
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Moreover, there are only finitely many elements io , z'l , • • • , 4 , 

• • • in /, A; < 71 < oo , for which fb{ik) 4= 0. As is easily seen, we have 

/& = Z) fbij , ; 

k<n 

hence, by isomorphism, 

(1) 6 = E ; 

*;< n 

and therefore, by A.ll(ii), b belongs to . Consequently, 

B is the union of all such finite products; and the condition of our 
theorem proves to be necessary. 

Assume now, conversely, that all finite products exist 

and that B is their union. Consider any elements b e B and i e L 
As is easily seen, b belongs to a certain product rijk<n Bij^ where 
ik = i for some k < n; thus, by A.ll(i), 6 has a representation (1). 
If now b belongs to another product JJkp Bji where ji = i for some 
I < Pj and the corresponding representation is 

b = E b'i, 

l<p 

then we can arrange all elements 4 and j i in one sequence, construct 
the corresponding product, and show by means of A.13(i),(iv),(v) 
that 


bi — bij^ — bji . 

Thus, the element bi is uniquely determined by b and i; and we can 
correlate with b the function /& defined by the formula 

fb{i) = bi. 

The proof that / satisfies condition A.3(i), with ‘H’ changed to 
is quite elementary; we apply various parts of A.ll and A. 13. 
Thus, according to A.3, B is a weak direct product of subalgebras Bi . 
(ii) follows from (i) by A.8; and the proof of A.14 is complete. 

From A.ll and A.14 we can easily obtain a characterization of 
a weak direct product of subalgebras Bi in terms of arithmetical 
properties of elements belonging to these subalgebras. (For G.C.A.’s 
this has been implicitly done in 12.13.) 



264 CARDINAL PRODUCTS OF ISOMORPHISM TYPES 


Corollary A. 15. If a subalgcbra B of an algebra 31 is a weak 
direct product of subalgebras Bi of 31 with i e /, then B is the only weak 
direct product of these subalgebras^ i.e., 

B = 

iel 

Proof: by A.14 (cf. A.3). 

Definition A. 16. Let 31 = {A, + )be an algebra, 

(i) A subalgebra B of 31 is called a (direct) factor of 31 if there 
is a subalgebra C of 31 such that A = B x C. 

(ii) The family of all factors of 31 will be denoted by T(3l)’. The 

algebras S(3l) = (F(3l), x) as well as (F(3l), x, XI) 

(F(3l) , X, XXti, ) will be referred to as factor algebras of 31. I'he symbols 

‘fl/’, ‘0/, ‘U/’, and will be used to denote the ^ relation 
(or factor relation) and the operations of forming the least upper 
bound (or least common multiple) and the greatest loiver bound (or 
GREATEST COMMON FACTOR) in these foctor algebras. 

It should be noticed that the operations H and IJu) in factor algebras 
are understood to be restricted to infinite sequences of factors; cf. 
the remark which follows 8.7. Hence, in view of A.5, the factor 
algebras with the operation U* need not be discussed separately. 
A fundamental relation between factor algebras and the algebras 
of isomorphism types (4>(a), x) and x, H^;) will be es- 

tablished in A. 18. 

Theorem A.17. Let 31 = (A, +) be an algebra, and P an iso- 
morphism type. For ^ to be a factor of t(31) it is necessary and suf- 
ficient that there be a (direct) factor B of 31 such that 

0 = t({B, +)). 

Proof: by A.l, A.3, A.4, A. 12, and A. 16. 

Theorem A. 18. For every algebra 31 we have: 

(i) the isomorphism relation ~ between factors of 31 is a finitely 
refining and finitely additive equivalence relation in the algebra 5(31), 
which in addition is infinitely additive in the algebras {F(3l), x, IX) 
and <F(3l), x, H-); 

(ii) if r(3l) = a, then the algebras (4>(a), x) and {^(a), x, IX^;) 
are isomorphic with the coset algebras 5(21)/= and {F(31), x, XXw)/=, 
respectively. 
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Proof: (i) follows easily from A.4 with the help of 6.1, 6.4, 6.7, 
6.13, A.3, A. 12 , and A.16. The proof of (ii) is analogous to that of 
12.15 or 12.19; we apply A.4 and A.12 again, as well as 6.3, A.15, 
and A.17. 

Since we use a multiplicative notation for factor algebras, it would 
be more proper to speak of (finitely and infinitely) multiplicative 
relations in these algebras. We prefer, however, to use the term 
‘additive relation,’ so as not to deviate from the terminology em- 
ployed in the main body of the work. 

It may be noticed that the relation = discussed in A.18(i) is 
not only finitely but also infinitely refining in the algebra (F(Sl), 
X, Jlw )> It is doubtful, however, whether this applies also to the 
algebra (F(?I), x, Jl ), for a direct product of infinitely many factors 
is not always uniquely determined. For the same reason A.18(ii) 
cannot be extended to algebras (F(?l), x, XI)- 

Theorem A. 19. If a J(Klor B of an algebra A is a direct product 
of subalgehras B, of 51 with i e /, then all these subalgebras are factors 
of SI. Similarly for stro7ig and weak products. 

Proof: by A.7, A.12, and A.16. 

Theorem A.20. Let B be a factor of an algebra SI = (A, +). 
If any two of the three elements 5i , 62 , 5i + b 2 e A are in R, then the 
third element is also in B. 

Proof: By A.16 we have for some subalgebra C of SI 

A = B xC. 

If bi , 1)2 e R, we apply A.13(ii) with n = 2 by putting 

b', = bi, bo =62, b[ = bi = 0, 

and we obtain bi A- b 2 e B. If 61 , 61 + 62 f R, we get by A.ll(i) 
= 5 + c where beB and ccC; 

hence 

(5i + W + 0 = (61 + 0) + (5 + c); 

therefore, by A. 11 (hi), 

0 = 0 + c = c and ^2 = 5 + 0 = 5 ; 
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so that finally b 2 e A. In a similar way we show that 62 , + &2 

e B implies bi £ B. 

Theorem A. 21. Let B, B x C be factors of an algebra ?l = 
{Ay + ), and let b,V e B and c, c' € C, We then have: 

(i) 6' + c' ^ + c ify and only ify b' ^ b and d g c; 

(ii) if X c A, X g by and x ^ Cy then x g 0; 

(iii) if X £ Ay b ^ Xy and c ^ Xy then b c ^ x. 

Hence y in case the algebra 21 is 'partially ordered y we have 

(iv) 6 n c = 0 and bU c = b + c. 

Proof: By A. 16 there is a subalgebra D such that 

(1) A = {B X C) X D, 

Suppose 

(2) b' + d ^ b + c. 

We then have by 11.5 for some element a £ A 

6 + c = (6' + c') + a. 

By A.ll(ii) and A.20, a is in H x C, and hence by A.ll(i) there are 
elements 6" £ B and c" £ C such that 

a = 6" + c". 

Therefore 

(3) 6 + c = (6' + o') + (6" + c"), 
and by A. 11 (iii) 

(4) 6 = 6' + 6" and c = c' + c". 

Hence 

(5) 6' ^ 6 and d ^ c. 

If, conversely, (5) is true, then (4) holds for some 6", c" £ A, and 
by A.20 we conclude that 6" £ B and c" £ C, Therefore (3) holds by 
A. 11 (iii), and (2) follows directly from (3). Thus (i) has been es- 
tablished in both directions. 

Suppose now x £ A. Let, by A.ll(i) and (1), 

X = {bi + Cl) + d where 61 c JS, Ci c C, de D, 


(6) 
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Under the hypothesis of (ii), we have 

(bi “1- Cl) d ^ (b 0) -j- 0 and (bi -f- ci) d ^ (0 c) -f- 0. 

By now applying (i) several times, we obtain first, with the help 
of A.ll(ii), 

bi + Cl ^ b + 0, bi + Cl ^ 0 + c, and d ^ 0; 

hence 

Cl ^ 0, bi ^ 0, and d g 0; 

and finally 

(bi + Cl) + d ^ (0 + 0) + 0, i.e., x ^ 0, 
Similarly, under the hypothesis of (hi), we obtain from (6) by (i) 
b ^ bi , c ^ Cl , 0 ^ d, 

and consequently 

b + c g (bj + Cl) + d, i.e. , b + c ^ x. 

We have, moreover, by 1.2, 1.5, and A.13(iv), 

0 ^ b ^ b + c and 0 ^ c ^ b + c. 

Hence, if 31 is partially ordered and therefore the relation g is 
antisymmetric (cf. 13.10), we can apply Definitions 3.1 and 3.2, 
and thus replace conditions A.21(ii),(iii) by formulas (iv). This 
completes the proof. 

It may be noticed that the ^ relation between elements of an 
algebra 31, as defined in 1.5, does not play any distinguished role 
in the discussion of algebraic systems of an arbitrary nature. There 
are several other relations which deserve equal attention and to 
which Theorem A.21 can be extended; for instance, the relations 
g 1 and g 2 defined in the following way : 

a ^ib if a + c = c + a = b for some c; 

ct ^2 b if (c + a) + d = b for some c and d. 

In this work, however, we are interested almost exclusively in algebras 
which satisfy the commutative and associative laws; and in these 
algebras the relations in question coincide. 
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Various elementary properties of factor algebras can easily be 
derived from general theorems on direct products, A.6~A.10. Notice 
in particular 

Theorem A. 22. For every algebra ?I = {A, -\-) we have: 

(i) ifB,C,BxCe F(3l), then BxC = C x B; 

(ii) if B,C,Dc F(3l) and either B x C, {B x C) x D £ F(3l) or 
C X Dy B X (C X D) € F(?l), then all these 'products arc in F(3l) 
and(BxC)xD = Bx{C X D); 

(iii) {0} e F(3l), and B x {0\ = {0} x B = B for every B e F(3l); 
i.e., {0} is the zero element of 8(31); 

(iv) if B, B X B € F(3l), them B = {0}; i.e., the algebra 8(?l) 
multiple-free; 

(v) A c F(3I); and for every B c F(30 we have B A, i.e., there is 
a C c F(3l) such that A = B x C. 

Proof: (i) and (ii) follow easily from A.6, A.7, and A. 1(5. (iii) 
is an immediate consequencje of A.9(iii) and A. 16, while (iv) results 
at once from A.9(i) and 8.1 1. Finally, (v) follows from A.6, A.9(iii), 
and A. 16. 

The following theorem is of a somewhat less obvious nature and 
has many important consequences: 

Theorem A.23 (modular law). Let B, C, B x and D be factors 
of an algebra 31 = (A , + ). If B ^ D, them 

(B X C) n D = B X {C Ci D). 

Proof: By A. 10, A. 12, and A. 16, the product B x {C fl D) 
exists and 

(1) B X {C r\D) ^ B X C. 

Since 

B ^ D and C f) D ^ D, 

we easily see by A.ll(i) and A. 20 that every element of B x {C fl D) 
is in 1), i.e., 

B X (C n D) ^ D, 

Hence and by (1) 

(2) B x{C r\D) ^ (B xC) DD, 
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Consider now any clement a in (5 x C) fl D. By A.ll(i) we have 


Since 


a = 6 + c with b e B and c e C, 
B ^ D, 


b is in D. But a is also in D. Consequently, by A. 20, c is in D 
and therefore in C fl D. Hence, by A.ll(ii), a is in ^ x (C fl D). 
Thus 


(3) X C) n D ^ ^ X (C n D), 


(2) and (3) at once give the conclusion. 

Theorem A.23 can be generalized. In fact, B and C can be as- 
sumed to be arbitrary subsets oi A\ B x C can be interpreted as 
what is sometimes called the complex sum of B and C, i.e., as the 
set of all elements b + c e A with b c B and c e C (so that the exis- 
tence of B X C does not have to be postulated), and the same applies 
to B X {C f] D) ; finally, we can assume that D is an arbitrary subset 
of A which has the properties stated in A.20 for B.'^ 

Theorem A.24. Let B and C be factors of an algebra 21 = (A, + ). 
We then have B g C ify and only if, B C in the algebra Le., 
if B X D — C for some D e F(20- 
Proof: By A.22(v) we have 

(1) A = B X D' for some D' e F(?l). 


Now if 

(2) B ^ C, 

we obtain, by applying A.23 (with C D' and D = C), 

{B X O') n C = B X (D' n C), 
and hence, by (1), 

c = B X (D' n C). 

Thus, by A. 19, the set D' fl C is a factor of ?l, and we have 

^ In connection with the modular law cf. Birkhoff [3], pp. 34 ff., where bib- 
liographical references to earlier publications can be found. For normal sub- 
groups of a group this law was discovered by R. Dedekind. In Baer [1], 
p. 455, the modular law is stated for a class of algebras with one operation 
which is more comprehensive than that of groups. 
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(3) B C. 

Conversely, (3) implies (2) by A.3. The theorem thus holds in both 
directions. 

Corollary A.25. For every algebra 21, the algebra 55(21) is 'partially 
ordered. 

Proof: by A.24. 

This corollary can also be easily derived from A.9(iii), A.16, and 
A.22(ii),(iii). 

Corollary A.26. Let 21 be an arbitrary algebra. 

(i) If Bi for every i e I as well as HieiBi , or Uiei Bi , are factors 
of 21, then 

n Bi = ri/Ri, or U Bi = UfBi. 

iel iel iel ieJ 

(ii) IfBxCe F(3r), thenBOC = BPifC = {0\. 

(iii) IfBxCe F(2l), then B xC = B^JfC. 

Proof: (i) follows directly from A.24 (and 3.1, or 3.2). (ii) 
results from (i), A.9(i), and A.22(iii). Furthermore, we have by A.3 

B ^ B xC and C ^ B xC\ 

and we easily see from A.ll(i) and A.20 that 

B ^ X and C ^ X imply B x C ^ X 

for every factor X. Hence, by A.24, we obtain (iii) . 

Theorem A.27. If B, C, D, B x C, and {B x C) x D are factors 
of an algebra 21, then 

(BxC) CiiBxD) = {Bx C) D/ (BxD) = B. 

Proof: By A.22(i),(ii), the product B x D exists and is a factor 
of 21. By A.3 we have 

B ^ B X C. 

We now apply A.23 with ‘C’ and ‘H’ replaced by ‘D’ and ‘B x C\ 
respectively; and we obtain 

(1) (BxD)niBxC)=Bx[Dr\iBx C)]. 

Since {B x C) x D is & factor of 21, we have by A.26(ii) 
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(2) D n (J5 X C) = {0}. 

The conclusion follows from (1) and (2) by A.22(iii) and A.26(i). 
Corollary A.26(iii) can be generalized: 

Theorem A.28. // Bi for every i e I and are factors of 

UI 

an algebra 31, then 

= OfBi. 

iel iel 

Proof: From A.7, A.14, and A.19 we see that the products 
are factors of 81 for every finite sequence io , ii) • • * , 4 , 
• • • el. By A.14 and A.26(i),(iii), we easily conclude that n» Bi 

iel 

is the least upper bound of all such finite products in the algebra 
g(3l), and that each of these finite products is the least upper bound 
of its factors. Hence the conclusion follows at once. 

As a further application of the modular law, we may mention 
that Theorem 2.18(i) holds in every factor algebra (F(3l), x, Hu,) 
and applies to an arbitrary (even non-denumerable) system of factors. 



B. ALGEBRAS WHOSE FACTOR ALGEBRAS ARE 

BOOLEAN 


The theorems established in the preceding section provide us 
with much information about factor algebras. In particular, we 
see from A. 22 that the algebra 5(?I) multiple-free generalized 
groupoid in which all elements have a common upper bound; thus, 
this algebra has many properties in common with disjunctive Boolean 
algebras defined in 15.14. All these results, however, do not seem 
to have any interesting consequences for the algebras of types 
x), in which we are primarily interested. To obtain such 
consequences, we restrict ourselves in our further discussion to those 
algebras 31 for which the factor algebra is a disjunctive Boolean 
algebra. 

Theorem B.l. For every algebra 31 = (A, +) the following con- 
ditions arc equivalent: 

(i) 5(30 is a disjunctive Boolean algebra; 

(ii) 5(30 has the refinement property. 

Proof: From A,22 we see that the factor algebra 5(21) has all 
the properties of disjunctive Boolean algebras listed in 15.14, except 
perhaps the refinement property. Hence the conclusion. 

Several other conditions are known which are equivalent to those 
of B. 1 . We list here the following : 

(iii) (F(30, U/) is a Boolean algebra; 

(iv) if A = Bi X B 2 = Cl X C 2 , then there are factors Di , D 2 , Dz, 
and A of 31 such that Bi — Di x A , B 2 = A x A , Ci = Di x Ds , 
and Co = A X Da ; 

(v) if B c F(30 (ind A = Ci x A , then there are factors Bi and A 
of 3f such that B = Bi x B 2 , Bi ^ Ci , and B 2 ^ A ; 

(vi) if B, Cl X A f F(30, then B f] (A x A) = (R fl A) x 

(B n A). 

In view of A.24, condition (iii) can also be put in the following 
form: 


F(3l) is a Boolean algebra under set-theoretical inclusion 

272 



ALGEBRAS WHOSE FACTOR ALGEBRAS ARE BOOLEAN 273 


(cf. the beginning of §15). The proof that conditions (iii)--(vi) 
follow from B.l(i) is based upon elementary properties of disjunctive 
Boolean algebras, which we assume here to be known. In deriving 
(iii) we use 15.16; (iv) is but a particular case of B.l(ii) (cf. 13.18); 
in deriving (v) and (vi), we apply A.24 and A.2G(i). The proof 
that each of the conditions (iii)-(v) implies B.l(i) is more involved 
and will not be given liere; it is essentially based upon the modular 
law A.23. Condition (vi), which will be generalized in Theorem 
B.4 below, clearly implies B.l (ii). 

In our further discussion we shall become acquainted with com- 
prehensive classes of algebras which satisfy conditions B.l(i), 
i.e., for which the factor algebra 5(?0 is a disjunctive Boolean algebra. 
As a simple example of an algebra which does not satisfy this con- 
dition we may mention the four group, i.e., a group which is the 
direct product of two subgroups of order 2. 

Theorem B,2. Let = (A, +) be an algebra which satisfies B.l(i). 
If B,Ce F(?t), then BOCe F(?t) and B f) C = B Hf C. 

Proof: By A.22(v), we have for some factors B' and C' of 

(1) A = B X J5' = C X C'. 

Hence, by B.l (and 13.18), there are factors A , A , A , and A such 
that 

(2) B = Bi X A , C = A X Da , B' = Bs x A , and 

C' = 7)2 X 7)4 . 

From (1) and (2) we easily see by A.22(ii) that (7)i x D 2 ) x 7)3 is a 
factor. Consequently, by A.27, 

(3) (7)i X 7 ) 2 ) n (7)i X 7 ) 3 ) = (7)i X 7 ) 2 ) Cif (7)i X Ds) = 7)i . 

(2) and (3) imply the conclusion at once. 

For algebras 21 which satisfy condition B.l(i) the results obtained 
in A. 15 and A.28 for weak direct products can be extended to direct 
products and strong direct products; it must be assumed, however, 
that the products involved not only exist but are factors of 21. In 
fact, we have 
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Theorkm B.3. Let U = (Ay +) he an algebra which satisfies 
B.l(i). If a factor B of % is a direct product of factors Bi of 21 with 
i £ ly then 

(i) B = U/B.; 

iej 

(ii) B is the only direct product of factors Bi , Le., 

B 

iel 

Similarly for strong products. 

Proof: By A.3 and A.24 we have 

(1) Bi B for every i e I. 

Consider any factor X satisfying the condition 

(2) Bi^fX for every iel. 

Since g(2l) is a disjunctive Boolean algebra, the factor B C\f X 
exists, and we have for some factor C 

(3) J5 = (R (1/ X) X C. 

Since (1) and (2) give 

Bi Sf B Of Xy 
there are factors D, such that 

B Of X ^ BiX Di y 

and hence, by (3) and A.22(ii), 

(4) B = Bi X {Di X C) for every i e I. 

B being by hypothesis a direct product of factors R* , let / be the 
function with the properties described in A.3(i). Thus, / maps 
(B, + ) isomorphically onto (R*- , + ); and, for any given i e /, 
By consists of all elements x e B such that 

fxii) = Xy and f^{j) = 0 for j el, j ^ i. 

Let Ci be the set of all elements x f R for which 

fxii) = 0 . 

We easily verify, e.g., by means of A. 11 and A. 12 that 

(5) B = BiX Ci for every i € I. 
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Consequently, by A. 19, the sets Ci are factors of 21. Since the 
cancellation law holds in disjunctive Boolean algebras, (4) and (5) 
imply 

(\ = Di X G for every i c L 

Hence, by A. 3, every element x c C belongs to all the sets Ct and 
therefore 

Jx{i) = 0 for every i c /. 

I'his shows that fx is the zero element of the algebra n tel > + ): 

and therefore, by isomorphism, x = 0. Thus, 

(6) C = {0}. 

From (3) and (6) we obtain by A.22(iii) 

(7) B = B n, X X 

Since (1) holds, and since (2) implies (7) for every factor X, we have 
by 3.2 and A.25 

5 = U/ Bi . 

iel 

The second part of the conclusion follows at once by A.3. 

One of the consequences of A. 28 and B.3 is that n wBi and 

id 

(or n» Bi) cannot both be factors of an algebra 21 satis- 

icl 

fying B.l(i), unless there arc only finitely many elements iel for 
which JBt {0}. As further consequences of these results we obtain 
the general distributive law for direct multiplication with respect 
to the operation fl (or fl/), as well as the general refinement theorem 
for products of arbitrarily many factors: 

Theorem B.4. Let 2[ be an algebra which satisfies B.l(i), and let 
B as well as Ci for every iel be factors of 21. If Iltc/ Ci is also a 
factor of 21, then 

5 n n c. = n (fi c Ci). 

id id 

Similarly for strong and weak products. 

Proof: By B.3 we have 

( 1 ) n c-i = U/ . 

iel id 
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Thus, U/Ci exists in Hence, in view of the fact that every 

id 

disjunctive Boolean algebra is completely distributive (cf. 15.4 and 
15.20), we obtain 

(2) B 0/ U/ Ci = U/ (B n, Ci). 

id id 

'J'hcre are certainly factors Di such that 

C\ = (B f)/ C^) X Di for every i e /. 

Hence, by A.7, A. 19, and B.3(ii), 

n c. = n (« Ci) X n • 

id id id 

Here 0/ C,) is a factor, and therefore, by B.3, we have 

(3) n (B n, (7.) = U/ {B D/ Ci). 

id id 

The conclusion follows immediately from (l)-(3) by B.2. 

Corollary B.5. Let 21 be an algebra which satisfies B.l(i); and 
let Bi for every i e I and Cj for every j e J be factors of 21. If Iltcf Bi 
is also a factor of 21 and if 

id jcJ 


then 

= JI {Bi n Cf) and C; = n ^ ^ ^ ^ J ^ 

jeJ iel 

where all the sets Bi fl Cj are factors of 21. Similarly for strong and 
weak 'products. 

Proof: By B.4, with the help of A.3 and A. 19. 

Notice that in B.5 we have not only extended the refinement 
property to arbitrary products, but also determined the nature of 
factors occurring in defining’ decompositions. 

B.5 can easily be carried over to algebras of isomorphism types: 

Theorem B.6. Let 21 be an algebra which satisfies B.l(i), and let 
t(21) == a. If Pi for every iel and yj for every j e J are types such 
that 
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n Pi £ ^{a) and n /3. = n 7, , 

iel id jeJ 

then there is a double sequence of types e $(q:) such that 
Pi = H Ki for every i e /, and jj = H for every j e J, 

ieJ id 

Similarly for strong and weak products. Hence, in particular, the 
algebra x) has the refinement property. 

Proof: by A.4, A. 15, A. 16, B.3(ii), and B.5 (cf. also 13.18). 

As was pointed out in §12 (cf. the remarks which follow 12.14), 
the general refinement property formulated in B.G has various 
consequences concerning the representation of a type as a product 
of indecomposable factors. These consequences will be stated 
explicitly in B.10(v),(vi) — in application to an especially important 
class of algebras which satisfy B.l(i). 

Theorem B.7. If ?1 is an algebra satisfying B.l(i) and if r(?l) = 
a, then the- algebra (4>(a), x, n> is isomorphic with the coset algebra 
(F(?l), X, II)/= {where ^ is the isomorphism relation between 
factors of 31). 

Proof: analogous to that of 12.15; we apply 6.3, 6.4, A.4, A. 12, 
A.17, and B.3. 

For weak products an analogous result — without any restrictions 
regarding 31 — has been stated in A.18(ii). Both results remain valid 
if ‘JI’ are understood to denote operations on arbitrary 

systems (and not only on infinite sequences); and in B.7 we can in 
this case replace ‘II’ hy ‘IT*’- 

In Theorems B.8-B.10 we discuss a rather comprehensive class 
of algebras to which the results stated in B.1-B.7 can be applied. 
This class is constituted by those algebras 31 in which Theorem 1.33 
holds; such algebras will occasionally be referred to as algebras 
WITH A STRONG ZERO ELEMENT. In particular, all partially ordered 
groupoids and generalized groupoids — thus, all C.A.'s, G.C.A.'s, 
partially ordered semigroups, and lattices — are algebras with a 
strong zero. 

Theorem B.8. Jjct 31 = {A, +) be an algebra in which, for all 
a, b € A, a + b = 0 implies a = 6 = 0. We then have for every factor 
B of 31; 



278 CARDINAL PRODUCTS OF ISOMORPHISM TYPES 


(i) if ai , 02 € A and oi + 02 e B, then oi, 02 £ B; 

(ii) if a € Ajbi € B for every i e /, and 

a = U bi 

iel 

(or, more generally, if a is an element such that bi ^ a for every i e I, 
and such that bi ^ xfor every iel implies a ^ x), then a e B; 

(iii) if a € A, bi £ B for i < n ^ 00 , and 

a “ ^ ^ bi , 

i<n 

then a £ B. 

Proof: By A .16 we have for some subalgebra C of 21 

A = B xC. 


Hence, in the case (i), we obtain by A.ll(i) 

(1) ai == 61 + Cl and 02 = 62 + C2 where bi, b2 £ B and 

Cl , C2 c C. 

Consequently, 

( 2 ) (ui + U2) + 0 = (61 + Cl) + (62 + C2). 

Since ai + 02 c H and 0 c C, an application of A. 11 (iii) to (2) gives 

0 = Cl + C 2 . 


Hence, by hypothesis. 

Cl = C2 = 0, 

and therefore, by (1), ai , a2 c B, 

In the case (ii) we conclude from Definition 1 . 5 , 3 . 2 , and 13.2 
that there are elements Oi e A such that 

(3) a = + Oi for i e L 

By A.ll(i) we obtain 

(4) a = 5 + c with b e B and c e C 
as well as 

( 5 ) Oi = b[ + Cl with e B and c; e C for every i e L 
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(3)-(5) give 

6 + c = (6» + 0) + (hi + Cl); 

hence, by A.ll(iii), 

6 = 6 . + hi 

and therefore 


6. ^ 6 for every i € L 
By the hypothesis of (ii), this implies 

a ^ hj 
i.e., 

6 = a + a' for some a' e A; 

and since 6 is in B by (4), we conclude by applying part (i) of our 
theorem that a is also in B. Part (ii) has thus been established; 
part (iii) follows by 13.2 and A.20. 

By B.8(i),(iii), a factor B of an algebra 31 with a strong zero is 
an ideal in 31 in the sense of 9.1. It is easily seen that, whenever 
the direct product of two (disjoint) ideals B and C in such an algebra 
31 exists, it coincides with the ideal sum of B and C in the sense of 
10.1. In C.A.'s and finitely closed G.C.A.’s the converse also holds: 
the ideal sum of two disjoint ideals B and C is always the direct 
product of these ideals; and hence the factor algebra (5(31) is a sub- 
algebra of the disjunctive ideal algebra ^(31) of §10. This explains 
why we could make such an extensive use of the properties of ideals in 
studying isomorphism types of G.C.A.’s in §12. 

In algebras with a strong zero a direct product and a strong direct 
product of subalgebras can be characterized in terms of arithmetical 
properties of elements. (Regarding weak products cf. the remark 
which follows A. 14.) Such a characterization is, however, rather 
involved. It becomes simpler if we restrict ourselves to a more 
special class of algebras — in fact, to those which are partially ordered 
in the sense of 13.10. We can then apply essentially the same 
method as in A. 11 — with sums replaced by least upper bounds. This 
fact will be used implicitly in the proofs of C.6 and C.7 in the next 
section. An implicit characterization of direct products in G.C.A.^s 
was given in 12.11. 
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Theorem B.9. Under the assumption of B.8, 55(21) ® disjunctive 

Boolean algebra. 

Proof: Let Hi , H 2 , Ci , and C 2 be any factors of SI such that 
Bi X B 2 is also a factor and 

( 1 ) Bi X B2 = Cl X C2 . 

Then, by A. 10 and A. 12, the product (Hi 0 Ci) x (Hi fl C 2 ) exists, 
and, by A.3, we have 

(2) (Hi n Cl) X (Hi n C 2 ) g Hi . 

Given any element 6 c Hi , we obtain by (1), A.3, and A.ll(i), 

6 = Cl + C 2 for some Ci e Ci and C 2 c C 2 . 

Hence, by B.8(i), Ci and C 2 are in Hi . Therefore 
Cl c Hi n Cl , C 2 c Hi n C 2 , 
and consequently, by A.ll(ii), 

6 = Cl + C 2 c (Hi n Cl) X (Hi n C 2 ). 

This shows that 

Hi ^ (Hi n Cl) X (Hi n C 2 ); 
so that finally, in view of (2), 

Hi = (Hi n Cl) X (Hi n C 2 ). 

In a similar way we derive from (1) analogous formulas for H 2 , Ci , 
and C 2 . The sets Hi fl Ci , Hi 0 C 2 , etc. are factors of SI by A.19. 
Thus, according to 13.18, the factor algebra 5(21) has the refinement 
property. The conclusion follows by B.l. 

By B.9, Theorem B.6 applies to factors of a type a = t(SI) where 
31 is an arbitrary algebra with a strong zero. This result can be 
slightly improved: 

Theorem B.IO. Let T he the class of all types of algebras SI which 
satisfy the hypothesis of B.8. 

(i) If a € T and p e then e T. 

(ii) If aiCT for every i e /, then XI*£/ a* e T. 

(iii) The algebra (T, x) is a graiipoid with the. refinement property 
{and in which 1.33 holds). 
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(iv) If at eT for every i £ I, e T for every j e J, and 

n «< = n ft . 

id jeJ 

then there are types Ti,y f T smh that 
«{ = U 7 i,, for every i e I, and ft = II 7i.j Jor every j e J. 

]eJ td 

(v) Every type a cT haSy apart from order y at most one representation 

a = n «• 

tel 

where all types qji with ie I are indecomposable. 

(vi) If a type a € T has a representation described in (v), and 0 e 
<l>(a!), then has also a similar representation 

= n«i 

ieJ 


where J is a subset of I. 

Conditions (ii) and (iv)-(vi) apply also to strong and weak products. 

Proof: (i) and (ii) can be verified dirfectly. Hence we obtain 
(iii) and (iv) by 13.18, A.l, B.G, and B.9; in applying B.6 we take 
for a the product of all types involved. To derive (v) and (vi) 
from (iv), we use A.2 and we argue analogously as in the proofs of 
4.44 and 4.45. 

Conclusions B.10(i),(ii) imply that the class T is an ideal, in 
the sense of 9.1, in the algebra of all isomorphism types under the 
operations x and IJ. B.lO(iv) is a far-reaching generalization 
of 12.14. 

Theorems B.9 and B.IO can be extended to a much wider class 
of algebras characterized in a rather simple way in terms of arith- 
metical properties of their elements. Let us agree to call an algebra 
31= {Ay + ) CENTERLESS if 0 is the only element z e A such that 

(i) 2 + 2 ' = 0 for some z' e A ; 

(ii) whenever x, ?y, and x + y are in Ay {x + y) + 2 is also in A, 
and we have 


{x + y) + z = X + (y + z) (x + z) + y- 
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The class of centerless algebras clearly contains all algebras with 
a strong zero; but it contains also many other algebras, e.g.,all mul- 
tiple-free algebras and all so-called centerless groups. It now turns 
out that every centerless algebra satisfies the conditions of B.l.® 
The proof will not be given here; the extension of B.9 thus obtained 
has but little significance for the study of algebras in which the com- 
mutative and associative laws hold. 

® Only special cases of this result can be found in the literature. Of. Fitting 
[1], p. 392, and Golowin [1], p. 424, for centerless groups, and Birkhoff [4], 
p. 611, for lattices; in these papers not condition B.l(i) but the equivalent 
condition B.l(ii) and the general refinement property formulated in B.3 
are discussed. 



C. ALGEBRAS WHOSE FACTOR ALGEBRAS ARE 
BOOLEAN AND COUNTABLY COMPLETE 


We now turn to those algebras 31 which have countably complete 
factor algebras. 

Theorem C.l. Let 31 be an algehi'a for which |5(?I) « countably 

complete disjimctwe Boolean algebra^ and let r(2I) == a. Then x) 

is an R.A . 

Proof: By 15.24, 5(31) is a G.C.A. Hence, by arguing as in 
the proof of 11.35 and 11.36(ii), we show that 5(?0/= is an R.A. 
By now applying A.18(ii), we arrive at the conclusion. 

Theorem C.2. Let 31 = (A, + ) i>c a G.CA . such that 

(i) a + 5 is in A whenever a and b are in A a^id a C[b = 0. 

Then 5(91) i^ o, countably complete disjunctive Boolean algebra. 

Proof: 5(91) is a disjunctive Boolean algebra by B.9. Hence, 
to prove that it is countably complete, it suffices to establish the 
existence of the least upper bound of an arbitrary infinite sequence 
of pairwise disjoint factors Ro, Ri, • • • , . Since, by A.22(v), 

A is the largest factor of 31, i.e., the largest element of 5(91), and the 
operation x plays the role of disjoint addition in 5(91), we can 
construct, by using elementary properties of Boolean algebras, an 
infinite sequence of factors Aq , Ai , • • ♦ , A* , • • • such that 

(1) Ao = A, and A,» = R« x An+i for n = 0, 1, 2, • • • . 

Let B be the set of elements b of the form 

(2) & == 2 where 6* e Bi for z < ao ; 

»<00 

and let C be the intersection of all factors Ao, Ai, • • • , A^, • • • . 
We are going to show that 

(3) A = R X e. 

By applying A.ll(i) to (1) infinitely many times, we construct, for 
any given a e A, two infinite sequences of elements ai e Ai and bi e Bi 
with 

(4) Oo = a, and a„ = + a„-n for n = 0, 1, 2, • • • . 


283 
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By 5.1.V we conclude that there is an element c such that 

(5) a„ = c + 2 b„+i for i < <a. 

t<oo 

Let b be the element defined by (2); it clearly belongs to B. On 
the other hand, by (5) and B.8(i), c belongs to each of the factors 
^ 0 , ^ 1 , • * • , yli , • • • and hence also to their intersection C. By 
(2), (4), and (5) we have 

d = h c. 

Thus, condition B.ll(i) is satisfied for B = A, Bq = B, Bi = (7, 
and 71 = 2. Given now any elements h e B and c e C, we put h in 
the form (2). We have 

bn ^ Bn and c e An^i for n = 0, 1, 2, • • • . 

Therefore, by (1) and A.21(iv), 

&n n c = 0; 

and consequently, by 3.12 and (2), 

6 n c = 0 . 

Hence, by hypothesis, h + c is in A, and condition A.ll(ii) holds. 
Finally, consider any elements 6, 6', 6" e B and c, c', c" e C. If 

(6) 6 = fr' + 6" and c = c' + c", 
we obviously have 

(7) 6 + c = (b' + c') + (6" + c"). 

If, conversely, (7) holds, we obtain 

(8) b + c = (b' + b") + (c' + c"). 

Since b' and b" are of the form (2), the same applies to b' + b" 
by 5.1.11, and therefore b' + b" is in B, Furthermore, since & 
and c" are in ^4^ , their sum c' + c" is also in An for every 7 i < oo 
(cf. A.20), and hence it is in C, We show now, as before, that 

(9) b n (c' + c") = 0 = (b' + b") n c; 

and from (8) and (9) we easily obtain (6) by applying 3.3. Thus, 
condition A.ll(iii) is also satisfiorf; and formula (3) has been es- 
tablished. According to A. 16, this sho^vs that ^ is a factor of 21. 
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Every element b in Bn has clearly a representation (2) in which 
bi = 0 for i =}= n. Hence 

Bn ^ B for w = 0, J , 2, • • • . 

Now let X be any factor in 31 such that 

Bn ^ X for n = 0, 1, 2, • • • ; 

and let a be any element in 5, i.e., an element of the form (2). Since 
all the elements ho , , • • • , hi , • • • are in X, we conclude by B.8(iii) 

that h is also in X. Thus, 

B ^ X, 

Hence, according to 3.2 and in view of A.24, B is the least upper 
bound of the factors Bo , Bi , •••, in the algebra 5(21)- 

This completes the proof. 

Theorem C.3. Let 31 = (A, +) he a partially ordered semigroup 
which satisfies the following condition: 

(i) if oo, ai, • • • , Ui , • ' • , c are in A, ai ^ c for every f < oo , and 
Oi U ay = ai + «y for i < j < then cocists and is in A. 

Under these assumptions 5(31) is a countably complete, disjunctive 
Boolean algebra. 

Proof: As in the proof of C.2 we have to show that every infinite 
sequence of pairwise disjoint factors Bq^ Bi^ , Bi, ••• has a 
least upper bound in the algebra 5(^)- By A.22(v) there are fac- 
tors Co jCi f , C^, • • • such that 

(1) A = Bi X Ci for i < oo ; 

moreover, 5(30 being a disjunctive Boolean algebra by 13.11 and 
B.9, we conclude that 

(2) Bi X Ry is a factor for i <j < co. 

Let B be the set of all elements h of the form 

(3) h = X where h, c Bi for f = 0, 1, 2, • • • ; 

i<oo 

and let C be the intersection of the factors Co , Ci , • • • , Ci, • • • . 
For any given element a e A we obtain, by (1) and A.ll(i), two 
sequences of elements bi and Ci such that 

(4) a = hy + Ci , ht e Bi, and Ci e Ci for i = 0, 1, 2, • • • . 
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We have, by (2), (4), and A.21(iv), 

(5) bi U bj = bi + bj for i < j < oo. 

By hypothesis, (4) and (5) imply the existence of the element b e B 
defined by formula (3) ; and we have by 13. 17 

(6) h = U h. 

»<00 


Hence, by (4), 


6 g a, 


and therefore, for some c e 

(7) a = b + c. 

By 13.2, 13.16(i), and an easy induction, we obtain from (2), (4), 
and (6) 

bn “f” Cn “ bn “f“ ^ ^ “1“ ^ ^ bn+% “f* C, 


and consequently 

Cn ~ ^ ^ b% ^ ^ bn+i “f" 

»<n »<oo 


Therefore, by (4) and B.8(i), c is in Cn for n = 0, 1, 2, • • • , and 
hence also in C; while the element b defined by (2) is clearly in B. 
Thus, in view of (7), every element a e A has a representation re- 
quired in A.ll(i) (for B — Ay Bq = B, Bi = ( 7 , and n = 2). 

Condition A.ll(ii) is obviously satisfied. To obtain A. 11 (Hi), 
consider arbitrary elements 6, 6', 6" e B and c, c', c" € C, If 

(8) 6 = 6' + 6" and c = c' + c", 
we at once obtain 

(9) 6 + c = (6' + c') + (6" + c"). 


If, conversely, (9) holds, we have 

(10) ?; + C = (6' + 6") + (c' + c"). 


We show, as in the preceding proof, that 6' + 6" is in B and c' + c" 
is in C; we apply here 13.1G(ii) instead of 5.1.II. The element 
6 has a representation (2) ; we show, as before, that it also satisfies (6). 
Since 6, is in B^ and c' + c" is in C, we have, by (1) and A.21(iv), 

K U (o' + c") = 6, + (c' + c"). 

Consequently, by (6) and 13.14(i), 
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(11) 6 U (c' + e") = (U 6,) U (c' + c") = U [bi U (c' + c")] 

i<oo *<00 

= U [bi + ic' + c")] = (U 6f) + (c' + c") = b + {c' + c"). 

t<00 *<00 

Similarly we obtain 

(12) (6' + 6") U c = (fe' + 6") + c. 

In view of (10) we have 

h ^ b + c and c' + c" ^ 6 + c; 

hence, by (11) and 3.2, 

b+(c' + c") ^b + c = (b' + b") + (c' + c'O; 

and furthermore, by the cancellation law, 

6^6' + 6" and c' + c" g c. 

The inequalities in the opposite direction can be derived in an anal- 
ogous way from (12), so that finally we arrive at equations (8). 
Thus, condition A.ll(iii) is satisfied. Hence, A is the direct product 
of B and C, and .5 is a factor of 21. To complete the proof we have 
to show that B is the least upper bound oi B^^ Bi, • ‘ ^ Bi^ • • • ; 
this can be done by arguing exactly as in the proof of C.2. 

The class of semigroups involved in C.3 contains, in particular, 
all semigroups discussed in 13.27 and 13.28 — thus, all semigroups 
which are G.C.A.’s. 

We could replace in C.3(i) the formula 


by 


di U dj — di -j- dj 

di n dj — 0; 


this, however, would weaken our result (cf. the remarks which 
follow 13.17). The same applies to Theorem C.7 below. On the 
other hand, we could improve the result obtained in C.3 by intro- 
ducing, in the hypothesis of C.3(i), a second sequence of elements bi 
subjected to the condition 

c = di + bi = a, U bi (or c = a, + bi and a, fl bi = 0) for 


every ^ < oo . 
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Theokem C.4. Let T be the class of types of all G.C.A,^s 21 which 
satisfy C.2(i), or of all semigroups % which satisfy C.3(i). Then 

(i) conclusions B.10(i),(ii) hold; 

(ii) the algebra (T, x) is a finitely closed RA, 

Proof: by A.l and C.1-C.3 (cf. the proof of B.IO). 

C.l and C.4 have some rather interesting consequences for the 
isomorphism types involved (cf. the remarks after 12.21) ; these con- 
sequences are not, however, very numerous. We obtain new results 
in the arithmetic of types by subjecting the algebras 21 to further 
restrictions. In the algebras discussed in C.1-C.4 every sequence 
of disjoint factors has a least upper bound, but nothing more precise 
is known about the relation between the terms of a sequence of 
factors and their bound; it may happen, for instance, that two se- 
quences of pairwise isomorphic factors have least upper bounds which 
are not isomorphic. If in an algebra 21 — ^for which g(2l) is a count- 
ably complete disjunctive Boolean algebra — such a possibility 
is excluded, then the correlated algebra of types (4>(a), x) proves 
to be a G.C.A., and not only an R.A. This will be the case in all 
the algebras 21 we are going to discuss in the remaining part of this 
section. 

Theorem C.5. Let 21 be an algebra which satisfies B.l(i) as well 
as the following condition: 

(i) if Bq, Bi, • • ' , Bi, * • • are factors of 21, and if Bi (1 Bj = {0} 
for i < j < ^ y then IIi<oo Bt exists and is a factor of 21. 

Lety moreover y r(2I) = a. Then (4>(a), x, H) — as well as (4>(a), x) 
— is a G,C.A, 

Proof: From the hypothesis we easily obtain by means of A.22(iii), 
B.2, and B.3: 

(1) n £< = ^fBi = U/ n 

*<00 »<oo n<oo t<n 

for every sequence of factors Ro , , •••,£», • • • which are pair- 

wise disjoint in the factor algebra 5(Sl)* Hence we conclude that 
J^(2l) is a countably complete disjunctive Boolean algebra, and 
consequently, by 15.24, it is a G.C.A. Moreover, we see from (1), 
13.1, and 13.3 that (F(2l), x, JI) is a G.C.A. Hence, by 6.10 and 
A.18(i), the coset algebra (F(2l), x, II)/= is also a G.C.A. The 
conclusion now follows at once by B.7. 
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Theorem C.6. Let 21 = {A, +) be a G.C.A. with the following 
property: 

(i) 5^t<ooat is in A whenever Oo, cti, • • • , ai, • • • are in A and 
ai n ay = 0 for i < j < ^ , 

Then 21 satisfies B.l(i) and C.5(i). 

Proof: By B.9, 21 satisfies B.l(i). Given a sequence of factors 
Bo, Bi, ' • • , Bi , • • • with 

(1) BiOBj^iO] for i<j<^, 

let B be the set of all elements h of the form 

(2) 6 = ^ hi where hi e Bi for every z < oo . 

»<O0 

By (1), A.22(iii), and A.26(i), the factors Bt are pairwise disjoint 
in the algebra ^(21), and we have 

(3) Ai X Aj € F(2t) for i < j < ^ , 

We now repeat the proof of C/.2 and show that the set B is itself a 
factor. Furthermore, it is easily seen that every element 6 in B 
has only one representation (2). For, given another representation 
of this kind: 

(4) 6 = ^ h\ where b\ e Bi for every z < «? , 

*<oo 

we obtain, by (3) and A.21(iv), 

n 6y = 0 for z < 00 , y < 00, and z 
hence and from (2) and (4) we easily conclude by 3.11 that 
hi — hi for z = 0, 1, 2, • • • . 

Thus, we can correlate with every element h c B a uniquely deter- 
mined secjuence of elements bt satisfying (2). Conversely, given a 
sequence of elements for z = 0, 1, 2, • • • , we have, again by 

(3) and A.21(iv), ^ 

hi n 6y = 0 for i < j < oo ; 

and hence we conclude by hypothesis that an element b defined by 
(2) exists, and therefore belongs to B, Consider, finally, any three 
elements b, 6', 6" € B and three correlated sequences b^, b\, h'l. If 
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(5) 6, = hi + h'i for i < w, 


we have by 5.1.II 

(6) b = b' + h". 

If, conversely, (6) holds, wc easily obtain — e.g., with the help of 
5.22— 

6 = Z hi = Z (h:- + h") 

i<oo t<oo 

where, by A.20, the elements lu + h” are in B,, for every i < oo ; and 
hence, in view of the unicity of representation (2), condition (5) 
must hold. Thus we see that our correlation establishes an iso- 
morphism between the algebras (/i, + ) and IIt<oo {B ^ , + ). More- 
over, for every j < oo, the set Bj consists of those and only those 
elements b e B for which in the correlated sequence we have 


bj = b, and 6, = 0 for i ^ j; 


for 

b ^ e Bi 

»<oo 

implies 

bi ^ b and bi Ci b = 0 for i < oo, i 4: j. 


Hence, by A.3 and B.3(ii), 

R = n Bi. 

t<oo 

Condition C.5(i) is thus satisfied, and the proof is complete. 

Theorem C.7. Let ?l = (A, -f-) be a partially ordered semigroup 
with the following property: 

(i) ^ whenever Oo , ai, • • • , , • • • are in A and 

ai U aj = ai + aj for i < j < «> . 

Then ?l satisfies B.l(i) afid C.5(i). 

Proof: The reasoning is analogous to that in the preceding proof; 
certain changes are required, however. To show that is a factor, 
we repeat the proof of C.3 (and not of C.2). To show that every 
element b c B has only one representation (2), we consider another 
such representation (4), and we put, for a given m < 00 , 

am = b'mj and a; = b^ for i < 00 , i^ m. 
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We have, by (3) and A.21(iv), 

ai U ay = at + for i < j < 
hence, by 13.17, 

at = U at . 

t<00 t<00 

Moreover, as is easily seen from (2), (4), and 13.2, 

cit ^ b — b, for y = 0, 1, 2, • • • . 

t<oo 

Therefore 

^ a< = U a, S ^ 6,. 

t<oe t<oo t<oo 

Hence, by means of 13.16(i) and an easy induction, 

ai + a,n + 2 a^t+i+t ^ j 

♦ <w *<00 *<m t<oo 

consequently 

Zbi + b'^ + j: + ^ bm+i+t ; 

*<m *<oo *<m *<00 

and finally, by applying the cancellation law, 

bfn ~ bfn . 

Similarly, we obtain the inequality in the opposite direction, so that 
b„, = bln for every m < oo . 

The only difference in the remaining part of the proof consists in 
the fact that 13.16(ii) is applied instead of 5.1.11 and 5.22. 

Theorem C.8. Let T be the class of types of all G.CA.^s 21 which 
satisfy C.6(i), or of all partially ordered semigroups 21 which satisfy 
C.7(i). Then 

(i) conclusion B.lO(i) holds, and also conclusion B.lO(ii) for plain 
and strong products; 

(ii) the algebra {T, x, n> — as well as (T, x ) — is a C.A . 

Proof: By A.l and C.5-C.7 (cf. the proof of B.IO). 

It would be interesting to find a class of algebras characterized 
in a simple and ‘natural’ way, which would comprehend all algebras 
of Theorem C.6 and C.7 (or C.2 and C.3), and to which the common 
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conclusion of these theorems, as well as the conclusion of C.8 (or C.4), 
would apply. This is not, however, quite easy since the algebras 
of C.6 differ considerably from those of C.7. An essential part in 
the proof of C.6 is played by the remainder postulate and by some 
consequences of the refinement postulate, like 13.11 or 13.12; whereas 
analogous conclusions in the proof of C.7 have been obtained by 
means of the cancellation law. 

Theorems C.4 and C.8 contain generalizations of Theorems 12.17, 
12.21, and 13.30 which concern types of C.A.’s, finitely closed G.C.A.^s, 
and certain special semigroups. Moreover, C.8 gives an essentially 
new result which applies to types of a rather comprehensive class of 
semigroups. By means of similar methods we could obtain gen- 
eralizations of Theorems 15.27 and 15.28 applying to types of certain 
lattices and Boolean algebras. 

Under the assumption that the factor algebra g(3l) is a disjunc- 
tive Boolean algebra, condition C.5(i) clearly implies that this factor 
algebra is countably complete (cf. the proof of C.5). It will be 
seen from Theorem C.IO that an analogous condition for weak prod- 
ucts carries with it much stronger consequences. In fact, the factor 
algebra proves then to be complete and what is called atomistic 
(i.e., every factor is a least upper bound of indecomposable factors). 
Hence, as is well known, it follows that 5(31) is isomorphic with the 
family of all subsets of a set S under (disjunctive) set-theoretical 
addition; in fact, the set of all indecomposable factors of SI can be 
taken for S.^ The condition in question has also some further 
interesting consequences both for the algebra 31 and for the cor- 
related algebra of types (4>(a), x). 

To formulate Theorem C.IO conveniently, we introduce the notion 
of a SIMPLE element: 

Definition C.9. 31 = (A, + ) being an algebra, an element a e A 

is called simple a =t= 0 and if, for all X and Y such that A = X xY, 
we have a e X or a e Y, 

Theorem C.IO. For every algebra 31 = {A, +) which satisfies 
B.l(i) the following conditions are equivalent: 

(i) if Bq, Bi, • • • , Bi , • • • are factors of 31 and if Bi fl == {0} 
for i <j < ^, then Bt exists and is a factor of 31; 

»<«o 

« Cf . Tarski [10], p. 197. 



FACTOR ALGEBRAS BOOLEAN AND COMPLETE 


293 


(ii) if all sets Bi with i e I are factors of 21 and if Bi fl Bj = { 0 ]for 
all i, j E I with i #= j, then j[X„ Bi exists and is a factor of 21; 

iel 

(iii) every factor B 0/ 21 can be represented in the form 

B^ll^Bi 

iel 

where all the factors Bi with iel are indecomposable in the algebra JJ(2l) ; 

(iv) every element a in A can be represented in the form 

a = X) 

i< n 

where r? < 00 and all the elements at with i < n are simple; 

(v) if Oo, ai , • • • , • • • , 60, ^>1, • • • , • • • are elements of A, 

and ylo , , • • • , ylt , • • • , ^0 , , B^, • • • are factors of 21, 

and tf a^i e An j bn c Bn j an ~ bn “1“ ®n-fi > and An ~ Bn x An-j-i for 
every n < 00, tJun there is an integer m < 00 such that = 0 for 
i = 0, 1, 2, • • • . 

Proof: (1) We want first to show tliat (i) implies (v). Consider, 
in fact, elements ai , h ^ , and factors A , , Bi such that 

(1) an e An J bn € Bn , On = bn + { 1 , and An = Bn X An +1 

for n < 00 . 

Plence, by an easy induction, with the help of A.13(v) and A.22(ii), 

(2) an — ^ V bn-^i ”f" and An ~ XI Bn-{i x An-^p for 

i<v i<P 

n < 00 and p < oo. 

The second of these formulas implies, e.g., by A.7 and A.5, that 
Bt Sf Aq for i = 0, 1, 2, • • • . 

Since, by (i), the product n. Bi is a factor of 21, we obtain hence, 

iel 

by A.28, 

Hu; Bi Ao ; 

iel 

consequently there is a factor C such that 

(3) Ao = n,. Bi X C. 

iel 

We have of course (by A.7 or A.28) 
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n Bi for P < oo; 

%<p iel 

hence, g(Sl) being by hypothesis a disjunctive Boolean algebra, we 
conclude from (2) and (3) that 

(4) C ^fAp for p = 0, 1,2, •••. 

By (1), the element Oo is in Aq . Together with (3), this implies by 
A.ll(i) that, for some h and c, 

(5) Oo = ?> + c where h e Hu; Bi and c € C. 

»<oo 

By A.14(ii), there is an integer m such that h is in IIi<m Bi ; while, 
by (4) and A. 24, c belongs to all factors Ao, Ai, • • • , A*, • • • , and 
in particular to A . Thus, by ( 1) , (2) , and (5) , and in view of A. 1 1 (i) , 
we have two decompositions of Oo : 

Oo = 6 + c = ^ 

»<«» 

where b and '^i<mbi are in while c and Om are in 

Since, by (2), 

Oo £ n BiX Am, 

t<m 

we conclude by A.13(i) that 

dm €• 

Hence, by (1), 

C ” 0 “f" ^ ~ "i“ dm-\-l j C € Bm X A m-\-l y 0, bm ^ Bm , 

Cy Om4l ^ Am->r\ > 

and, by applying A.13(i) again, we obtain 

bm = 0 and o,n+i = c. 

By repeating this argument infinitely many times, we arrive at the 
conclusion of (v): 

bm-^i = 0 for f = 0, 1, 2, • • • . 

(II) Next we want to derive (iv) from (v). Actually, we shall 
obtain a stronger conclusion: 

(iv') if an element d belongs to a factor D, then there are simple 
elements do , di , • • • , d* , • • • and factors Do , Di , • • y Di, • • • with 

i < n < 00 such that 
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(6) d = di, di e D< for i < n, and D = II • 

»<n t<n 

In fact, let C be the set of all elements c e A which satisfy (iv') for 
every factor D, Assume that a certain element do is not in C ; thus, 
for some factor Ao , Oo belongs to Aq , but there are no simple elements 
di and factors D, which satisfy (6) for d — Oo and D = Ao. A for- 
tiori do is not simple itself. Hence, by C.9, there are sets X and Y 
such that 

C = Z X F, 

and such that Oo is neither in X nor in F. Consequently, by B.4, 

(7) Ao = (AonX)x(AonF). 

Ao n Z and Ao fl F are factors by A.6, A.16, and B.2; and oo belongs 
to neither of them. By A.ll(i) we conclude from (7) that, for some 
X and y, 

(8) do = X y, X 0, 2/ 0, X f Ao n Z, and y € AqOY, 

Assume that x and y are both in C. This implies that there are 
simple elements di , d” and factors Z>< , with i < n < oo and 
j < p < such that 

(9) X = ^ di, d'i e Di for i < n, and Ao 0 Z = II Z>< , 

i<n i<n 

(10) y = ^ d'l , d!'j E D” iox j <p, and doD 7 = II D". 

3<P ]’<P 

By putting 

dj = d'l and Dj = D'' for j < p, 

dp-\i di and Dpj^i — ^ for i ^ n, 

we easily derive from (7)-(10), by means of A.7, A.ll(iii), and A.12, 
do — X) di F Di for i < n p, and Ao = II D^. 

i<n-fp *<n-fp 

Thus the elements di (which are all simple) and the factors Di satisfy 
formulas (6) for d = oo and D = Ao ; however, this contradicts our 
previous assumption. Consequently, the elements x and y cannot 
both be in C; in view of (8) and A.13(iv), we can assume that y is 
not in C. We put 

bo = X, ai = y, Bo = AqO Z, and Ai = Ao fl F. 
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By continuing this process indefinitely, we arrive at infinite sequences 
of elements a ^ , and factors Ai , Bi such that 

dn € Afi y ^ Bfi , hn ^ 0, Cln — hn ^n+1 > and 

Af^ — Bfi X An^i 

forn = 0, 1, 2, • • • . This, however, is inconsistent with (v). Thus 
if (v) holds, every element in A must belong to C; and therefore 
conditions (iv') and (iv) are satisfied. 

(Ill) In turn, we shall derive (iii) from (iv). Given a simple 
element a, let G(a) be the intersection of all factors of ?I which 
contain a. Consider any finite sequence of sets G(ao), G(ai), • • • , 
G{ai)y ••• with 

(11) G(ai) 4= G(aj) for i < j < n. 

We first show by induction with respect to n that there are factors 
Do y Di, • • • y Di y • • • which satisfy the formulas 

(12) at f A fori < n and H A c F(2t). 

%< n 

This is obvious by A.5, A.9(ii), and A.22(iii),(v) in case n = 0, 1. 
Assume now that = A; + 1 4= 1 and that factors Do , Di , • • • , , 
• • • with the desired properties have been constructed for k elements 
Oo , ai , • • • , ttt , • • • with i < h. Suppose further that, for some 
i < ky 

(13) di € G(dk)- 

Given a factor X which contains a* , we have by A.22(v) 

C = X X F 

for a certain factor F. Hence, by C.9, dk is either in X or in F. 
If dk is in F, then, by (13), di is in F too; and hence, by A.9(i), di — 0, 
in contradiction to C.9. Thus, dk is in X. Since X is an arbitrary 
factor containing hi , we conclude that 

(14) dk e G{di). 

Formulas (13) and (14) clearly imply 

G(di) = G{dk)'y 

this conclusion, however, contradicts (11). Consequently, none of 
the elements Oo , ai , * • • , di, • • • with i < fc is in G(dk). Hence, 
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by the definition of G{ak)y there are factors Bq y Bi, • ^ , Bi, • • • 
such that ak is in Bi but hi is not in Bt for i < k. By A.22(v), 
we have for some factors Ct with i < k 

(15) A ^ BixCi. 

By C.9, a* is in C, for i = 0, 1, **•,&— 1. We now put 

Di = Cif] D'i for i < k, and = fl Bi. 

i<k 

It is easily seen that the sets D^ thus defined are factors which satisfy 
(12) for ?i = A; + 1 ; we make use here of the fact that (5(§l) is a dis- 
junctive Boolean algebra, and we apply B.2 and (15). Thus, factors 
Di with the required properties can be constructed for every number 
n < 00. 

(12) clearly implies 

(16) G(at) ^ Di for i < n. 

Hence, by A. 10 and A. 12, the product Ht<nf?(at) exists. Further- 
more, we show that, for any elements 6, b\ and 5", 

(17) 6 = 6' + 6" and 6', 6" c H G{ai) imply b e n 0 {ad. 

» < n » < n 

In fact, by A.ll(i), we have 

b' — ^ and 6" = ^ where h [ , 6^ c G{ai) for i < n. 

»<n t<n 

Hence, by (16) and A.20, the elements + 6^ exist and are in D, ; 
and, in view of A.ll(iii), we have 

6 = Z (6< + 6V). 

t< n 

From the definition of G(a,) we obtain further, with the help of A.20, 
6i + b'i £ G{a^ for i < n; 

and, by applying A.ll(iii) again, we arrive at the conclusion of (17). 

We have thus shown that all the finite products of n.<n G(a.) 
of n distinct sets G(ao), (?(ai), • • • , G(ai), • • • exist and that each 
of them satisfies (17). Given now any element a, we have by con- 
dition (iv) of our theorem 

a — di 

i<m 
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where m < oo and the elements do , , • • • , di, • • • are simple. 

We show by induction with respect to m that a belongs to one of 
the finite products under discussion. By A.9(ii) and 13.2, this is 
obvious for m = 0. Assume that it holds for m = k. If now m = 
A: + 1, we have 

a = ^ di + dk 

i<k 

where belongs to a certain product In case 

G{dk) coincides with one of the sets (?(a») with i < n, dk also belongs 
to this product by A.3, and the same applies to a by (17). Otherwise, 
we put 

an = dk, 

and we easily prove by A.8 and (17) that a belongs to nt<n 4 i G(ai). 
Hence, A is the union of all products JIi<nG(ai). Therefore, by 
A.14 and A.15, 

( 18 ) ^ = n.. ^ 

XeG 

where G is the family of sets G(a) correlated with simple elements 
a e A, C'onsequently, by A.19 and A.22(v), all these sets G(a) are 
factors of ?I. Consider now any such factor (7(a). Thus 

A ~ G(a) X C for some factor C. 

If 

(19) G(a) = Y X F, 
we have by A.22(i),(ii),(v) 

A = {X X Y) X C = {X X C) X Y, 

Therefore, by C.9, a is in Z x (7 or in F. In the first case we apply 
A.27 and we conclude that a is in 

(X X F) n (X X C) = X. 

Hence, obviously G{a) is included in X; consequently, by A.24, 

X = G{a) X Z for some factor Z; 
and therefore, by (19), A.7, and A.9(iii), 

F= {0}. 
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Similarly, if a is in F, we obtain 

Z = {01. 

Thus, (19) implies that either X or Y coincides with {0}. However, 
the factor G{a) itself is different from {0} by C.9. Hence, according 
to 4.38, G(a) is indecomposable in the algebra We have thus 

arrived in (18) at a representation of A as a product of indecompos- 
able factors. Given now an arbitrary factor B, we obtain from 
(18) by B.2 and B.4 

(20) B = n» (« n, X). 

leG 

By A. 7 and A.9, we can omit in (20) those factors B 0/ which arc 
equal to {0}; by 4.38, the remaining factors are indecomposa))lc. 
Thus, B can also be represented as a product of indecomposable 
factors; and the derivation of (iii) is complete. 

(IV) Now assume (iii) to hold and consider a representation of 
A as a product of indecomposable factors 

(21) yl=n»^-- 

jeJ 

Given any factors B^ with i e I we easily conclude that each of them 
has a representation 

(22) Ih = n«- Ai 

jeJi 

where J* is a subset of the proof is based essentially upon B.5 and 
is analogous to that of 4.44. If, moreover, 

Bi n Bj — {0} for f, j e I with i j, 

we easily see that the sets J, must be mutually exclusive. Now let 
K be the union of all sets Ji with i e /, and let L be the difference 
J — K, We obtain then from (21) and (22) by A.6, A. 7, A. 12, and 
A.15 

A = II«- A, X IIw Aj and IIw A, = JIu- B, . 

jeK jeL jcK iel 

Hence, by A. 10, the product B^ is a factor of 31. Thus, (iii) 

iel 

implies (ii). 

(V) Finally, (i) is but a particular case of (ii). 
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By (I)-(V), all the conditions (i)-(v) of our theorem are equivalent, 
and the proof is complete. 

Several other conditions are known which are equivalent to those 
of Theorem C.IO. For instance, in view of A.14(ii), condition 
C.lO(i) can clearly be replaced by the following: 

(i') if Bo, Bi, -,B,, • • • are factors of 31 and if Bi g By for all 
i and j with i < j < ^ , then the union Ui<oo By is a factor of 31. 

Similarly, C.lO(ii) can be shown to be equivalent with the con- 
dition: 

(ii') if all the sets Bi with is I are factors of 31 and if the family of 
these sets is simply ordered by the relation then the union \J{eiBi 
is a factor of 81. 

C.lO(iii) can be replaced by a weaker condition by which only the 
set Ay and not every factor By has a representation as a product of 
indecomposable factors. On the other hand, we can strengthen 
(iii) by stating that every factor B has, apart from order, just one 
such representation; and the condition thus obtained alone suffices 
to characterize the algebras discussed, since it can easily be shown 
to imply B.l(i). Finally, in C.lO(v) we can replace = 0’ 

by ttm-f-i “ Um • 

Theorem C.ll. If % is an algebra which satisfies B.l(i) and 
C.lO(i), and if t( 31) = a, then 

(i) (4>(a), X, Iltt,) — as well as (4>(a), x)—is a G,CA.; 

(ii) every type € 4>(a:) can be represented in the form 

p — Hw fii 

iel 

where all the types with iel arc indecomposable , and this representa- 
tion is unique y apart from order. 

Proof: (i) can be obtained in an analogous way as the conclusion 
of C.5; instead of B.7, we apply A.18(ii). Conclusion (ii) can easily 
be derived from A.4, A.17, and C.lO(iii), with the help of 4.38, A.l, 
A.2, and A.22(iii); to show that the representation is unique, we 
use A.2 and B.6. 

Theorem C.12. Lei 31 = (A, +) an algebra which satisfies 
the following conditions (i) and (ii), or (i) and (iii): 
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(i) if a,b e A and a + 6 = 0, then a = 6 = 0; 

(ii) every element a € A can be represented in the form 

a a% 

<< n 

where n < oo and all the elements ai with i < n are indecomposable 
in the disjunctive algebra ^ (i.e.y ai ^ 0, and for all x^y e A the formulas 
ai = X + y omd a; 0 2/ = 0 imply that x = 0 or y = 0); 

(iii) if aoy aiy • • • , Oi, • • • , 60 , bi, ***,?>», * * * £ A, and if an = 

bn + cin+i 0/nd 6n n a„-fi =0 for every n < 00, then there is an integer 

m < 00 such that am — am^ifor i = 0, 1, 2, • • • . 

Under these assumptions % satisfies all the conditions 0/ B.l and C.IO. 
Proof: Assume, e.g., that % satisfies C.12(i),(ii). Then, by 

B. 9, 21 satisfies the conditions of B.l. Furthermore, we notice that 
every element a e A which is indecomposable in ^ is simple in the 
sense of C.9. (We apply here A.ll(i) and the first formula of A.21(iv) . 
Though this formula was obtained under the assumption that 21 is 
partially ordered, it is easily seen from 3.1 and A.21(ii) that the 
formula holds in every algebra 21 to which condition (i) of our theorem 
applies.) Hence we conclude that 21 satisfies C.lO(iv), and therefore 
also the remaining conditions of C.IO. The proof under the assump- 
tion that 21 satisfies C.12(i),(iii) is analogous; we use C.lO(v) instead 
of C.10(ivJ. 

Conditions (ii) and (iii) of C.12 are closely related to each other, 
and in various special classes of algebras they are actually equivalent. 

It may be noticed that- in deriving C.12 and theorems upon 
which it rests — we apply conditions C.12(i)-(iii) only in cases where 
some of the elements involved belong to disjoint factors. Hence 

C. 12 remains valid if we provide conditions (i)-(iii) with certain 
further premises of an arithmetical character. For instance, we 
could include the formula 

a + 6 = 6 + a, or a^-n + bn = bn + , 

in the hypothesis of (i), or (iii), respectively; this would somewhat 
improve Theorem C.12 by increasing its applicability to non-com- 
mutative algebras. 

On the other hand. Theorem C.12 remains valid if (ii) is replaced 
by a stronger condition (ii') in which the elements ai are required 
to be indecomposable in the algebra 21 itself, and not in or if (iii) 
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is replaced by the ordinary finite chain condition formulated, e.g., 
in the following way: 

(iii') if do y ai , ••• j at , • • • e A and if an+i ^ an for every n < oo , 
then there is an integer m < co such that am = am-^ifor i = 0, 1, 2, • • • . 

The modifications just mentioned would simplify, but at the same 
time considerably weaken. Theorem C.12; for instance, condition 
(ii') fails in every lattice and, more generally, in every idem-multiple 
algebra with at least two distinct elements. As is easily seen, (iii') 
implies C.12(i); hence, the conclusions of C.12 apply to every algebra 
?t which satisfies the ordinary finite chain condition.^ 

Theorem C.13. Let T be the class of types of all algebras 21 which 
satisfy C.12(i),(ii), or of all algebras 21 which satisfy C.12(i),(iii). 
Then 

(i) conclusion B.]0(i) hoMs^ and also conclusion B.lO(ii) for weak 
products; 

(ii) the algebra (T, x, — cls well as (T, x) — is a C.A,; 

(iii) every type a eT can be represented in the form 

« ~ Jlw Cti 

iel 

where all the types at with iel are indecomposable^ and this representa- 
tion is unique, apart from order; 

(iv) ^ being the algebra of cardinal numbers of 17.3, and B the class 
of all indecomposable types eT, we have 

(T, x,n»>=t?. 

Proof: (i) can be verified directly, (ii) and (iii) follow from (i), 
C.ll, and C.12. (iv) can be derived from (i) and (iii) by reasoning 
exactly as in the proof of 18.8; we use weak cardinal powers of types 
(i.e. weak products of equal types) instead of multiples of relation 
numbers. 

Conclusion C.13(ii) is a rather simple consequence of C.13(iii) 
or C.13(iv), and similarly C.ll(i) follows from C.ll(ii). We can 
repeat here all the remarks made in connection with 18.6-18.8. 

^ Theorem C.12 implies as a particular case a result in Birkhoff [4], p. 616, 
by which every lattice which satisfies the ordinary finite chain condition has 
a unique representation described in C.lO(iii). 
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Classes of algebras involved in C.12 and C.13 include various classes 
of at most denumerable algebras, e.g., those of all at most denumer- 
able G.C.A/s, of all at most denumerable semigroups which satisfy 
C.3(i), and of all at most denumerable lattices which are countably 
complete in the wider sense and in which Theorem 3.12 or the dis- 
tributive law 3.32 holds. If T is the class of types correlated with 
any one of these classes of at most denumerable algebras, then, as is 
easily seen, (T, x) is one of the algebras (C.A.’s) discussed in 14.10. 

In applying C.13(iii) to types of at most denumerable algebras 
we can, of course, require that the set / be at most denumerable. 
We shall now give two rather elementary theorems regarding algebras 
for which this set / proves to be finite. 

Theorem C.14. Let 3( = (A, +) be an algebra which satisfies 
C.12(i) and in which there is no infinite sequence of elements Oo , cu , 

• • • , ai, • • • € A with a* 0 and a* D ay = 0 for i < j < oo . Then 

is a finite disjunctive Boolean algebra. 

Proof: g(2l) is a disjunctive Boolean algebra by B.9. If it were 
infinite, we could construct, by means of a familiar procedure and 
in view of A.22(iii), an infinite sequence of factors Ao , Ai , • • • , A, , 

• • • such that 

Ai4={0} and A»n/Ay={0} for i<j<<x. 

Hence all the products Ai x Ay would exist and be factors of 21; 
and with the help of A.21 we could obtain an infinite sequence of 
elements Oo , ai , • • • , at , • • • e A with 

at 0 and a^ 0 ay = 0 for i <j < 

(Regarding the applicability of A.21, cf. the proof of C.12.) This 
conclusion, however, contradicts the hypothesis, and therefore the 
algebra (5(21) must be finite. 

Theorem C.15. Let T be the class of types of all algebras 21 which 
satisfy the hypothesis of C.14. Then 

(i) conclusion B.lO(i) holds, and also conclusion B.lO(ii) for finite 
products; 

(ii) the algebra (T, x) is a finitely closed G.C.A. and a semigroup; 

(iii) every type a e T can be represented in the form 

a = n ttt with 71 < 00 

i< n 
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where all the types ai with i <n are indecomposable, and this representa- 
tion is unique, apart from order; 

(iv) 3 being the algebra of integers of 14.1, and B the class of all 
indecomposable types e we have 

<T, x) ^ . 

Proof: (i) is obvious. To obtain (iii) now, consider an algebra 
21 = (A, +) satisfying the hypothesis of C.14, and let a = r(2l). 
By C.14, 5J(2l) is a finite disjunctive Boolean algebra. Consequently, 
as is well known, A can be uniquely represented as a finite product of 
indecomposable factors. Hence we easily derive the existence and 
the unicity of the representation of a described in (iii); we apply 
4.38, A.l, A.2, A. 4, and A.22(iii). Furthermore, by B.lO(iii), the 
algebra (T, x ) is a groupoid. This together with (iii) implies that 
(T, x) belongs to the algebras discussed in 14.11. Therefore (ii) 
and (iv) hold; and the proof is complete. 

The conclusions of C.14 and C.15 apply, in particular, to finite 
algebras 21 with a strong zero element and to the correlated iso- 
morphism types. It has been shown that the conclusions of C.15 
apply to isomorphism types of arbitrary finite algebras with a zero 
element (although the conclusion of C.14 may fail for these algebras) ; 
the proof, however, is much more involved than that of C.15.® 

All the results stated so far in this appendix — except those con- 
cerning special G.C.A.^s and semigroups — can be extended to ar- 
bitrary algebraic systems 21 formed by a set A, a binary operation 
+ , and a (finite or transfinite) sequence of other operations Oo , 
Oi, * • • , 0^ , • * • . All kinds of operations are admitted here: unary, 
binary, etc., as well as operations on infinite, or even transfinite, 
sequences. The set A is assumed to contain an element 0 which is 
both the zero element for the operation + and an idem-potent 
ELEMENT for all the operations 0^ ; i.e., if 

Oq = ai ^ 02 = • • • “ 0 , 

then 

0{(oo, ai, 02, •••) = 0. 

* The result is well known in its application to finite groups; cf for instance, 
Speiser [1], pp. 135 f where bibliographic references are given. In its general 
form the result is established in Jdnsson-Tarski [1]. 
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The formulations of definitions and theorems, as well as the proofs 
of the latter, remain practically unchanged. Theorem A. 11 must, 
however, be provided with an additional condition (iv) which can 
be formulated as follows: 

(iv) for every operation 0^ , if hi , bi^\ • • • € Bi for i = 0, 1, 
• • • , n — 1, then the formula 

= hf, L bf, •••) 

t< n t< n »< n 

implies that hi = 0^{hf\ • • •) for i = 0, 1, • • • , n — 1), and 

conversely. 
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In this last section we want to show how the results obtained for 
isomorphism types of algebras can be applied to another kind of iso- 
morphism types, in fact, to the relation numbers discussed in §18. 

Given any relations Rx correlated with elements i of an arbitrary 
set /, we understand by the strong cardinal product op Ri 
the set R of all ordered couples (/, g) where / and g arc functions 
subjected to the following conditions: 

D{j) = D{g) = 7, and. (/(t), gd)) ^ Ri for every i e L 

We put in symbols 

ft = n. ; 

iel 

and in particular, 

R = SxT, 

in case I consists of two numbers 0 and 1, 7^o = and Ri == T? 
Two products n. Ri and i are clearly similar if the cor- 

iel id 

responding relations Ri and Si are similar. Hence we can define 
the operation of strong cardinal multiplication of relation 
NUMBERS in such a way that 

n. p(Ri) = pdi. fti) 

it I iel 

and in particular 

p(S) X p{T) = p{s X n 

By the zero element of a relation R we understand an element 
z which is the only element in F{R) satisfying the condition: zRx 
for every x € F{R)) we denote this element z by ‘O’. If we restrict 
ourselves to relations with zero elements, we can define for them 
and for their relation numbers the notions of a (plain) cardinal 
product and of a weak cardinal product by modifying in an 

® The notion of the cardinal product of two partially ordering relations was 
introduced in Birkhoff [1], p. 287. 
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obvious way the definition of a strong cardinal product; we use 
the symbols 

n Ri and II«- Ri • 

id iti 

The common relation number of all relations R consisting of one 
couple {xy x) (with two identical terms) is called the unit number, 1; 
this relation number has the properties formulated in 12.7. A rela- 
tion number p is called (multi pltcatively) indecomposable if 
p 1 and if, for arbitrary relation numbers a and r, p — <r x r 
implies that a ~ 1 or r = 1. The definition of the factor rela- 
tion, A.l, can be carried over automatically to relation numbers. 

As is well known, a relation R is called reflexive x R x for every 
X c F{R) ; it is called antisymmetric if xRy and y Rx always imply 
X — y. If we confine ourselves to relations R which have a zero 
clement and are reflexive and antisymmetric, then the discussion 
of cardinal products of correlated relation numbers reduces entirely 
to that of cardinal products of isomorphism types correlated with a 
certain class of algebras. This reduction is based upon the fol- 
lowing: 

Definition D.l. R being an arbitrary relation , an element a e 
F{R) is called the R-sum of the elements 6, c e F{R) (or the least 

UPPER BOUND OF b AND c UNDER R), in symbolsy 

a = 6 +R c, 

if a is the only element such that b R a, c R a, and such that, for every x, 
the formulas b Rx and cRx imply a Rx. The algebra 

= {F(R), +«) 
is referred to as the algebra generated by R. 

Theorem D.2. Let P be the class of all relation numbers correlated 
with relations R which have a zero element and are reflexive and anti- 
symmetric; and let P' be the class of all types correlated with algebras 
3U which are generated by such relations R. For any given relation 
number a, kt <p(<t) be the common type of all algebras such that 
p{R) = <r. Then 

(i) <p maps P onto P' in a one-to-one way; 

(ii) if (Ti € F for every i e I, then 

<p(II «■<) = HvCffi); 
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(iii) if a cP and if at with i e I are types of algebras for which 

<r = Hou, 

iel 

then there are relation riumhers <Ti e P such that 

O’ = n > <1^(1 f^(o‘t) = «i for every i e 1. 

iel 

Similarly for strong and weak products. 

The proof is elementary and almost mechanical. We make use 
of the obvious facts that the zero element of a relation R with p{R) e T 
is at the same time the zero element of the correlated algebra SI« ; 
and that the relation R can be characterized in terms of the operation 
+ R (in fact, R coincides both with the ^ relation and the absorption 
relation of the algebra ?(«). The restriction to relations having a 
zero element is superfluous in the case of strong products. 

Theorem D.2 has several consequences. 

Corollary D.3. Under the assimiptiojis of D.2, the algebras 
(p,x), (p,x, n ), and (P, X, YLw) dre isomorphic with the algebras 
<p', x), <p', x,n ), and (P', X, respectively. 

Proof: by 6.1 and D.2. 

1"heorem D.4. Let P be the class of all relatimi numbers correlated 
with relations R which have a zero element and are reflexive and anti- 
symmetric. Then all conclusions of B.IO apply to T — P.^° 

Proof: Conclusions B.lO(i),(ii) for T = P can be verified directly; 
hence, by D.2, we conclude that they also apply to the class T'. 
Furthermore, we notice that for every relation R with p{R) e P, 
the correlated algebra satisfies the hypothesis of B.8; thus, the 
class P' of D.2 is a subclass of the class T of B.IO. Hence, by applying 
B.IO and D.2 (or D.3), we arrive at the remaining conclusions. 

Among relations R discussed in D.2 and D.4, those which generate 
lattices deserve special attention. They can be characterized as 
PARTIALLY ORDERING (i.e., reflexive, antisymmetric, and transitive) 
relations, with a zero element, and in which any two elements b and c 
in F{R) have both a least upper bound under R in the sense of D.l 

For a more special class of relations — in fact, for partially ordering rela- 
tions with a zero element and a unit element — the essential part of this result 
was established in Birkhoff [3], p. 23. 
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and an analogously defined greatest lower bound under 72. 
We now have 

Theorem D.5. Let P be the class of relation numbers of all relations 
generating countably distributive lattices, or Boolean algebras, which 
are countably complete in the wider sense. Then the conclusions of 
C.4 apply ^0 T = P. 

Theorem D.6. Let P be the class of relation numbers of all relations 
generating countably complete and countably distributive lattices, or 
countably complete Boolean algebras. Then the conclusions of C.8 
apply to T ~ P. 

The proofs of D.5 and D.6 are analogous to that of D.2; we apply 
15.27, 15.28, and D.2. 

Theorem D.7. Let P be the class of all relation numbers correlated 
with those relations R which have a zero element, are reflexive, and 
satisfy the following co7idition; 

(i) if an-f 1 R an for every n < ^, then there is an integer 

m < 00 such that am = am^-% for i = 0, 1, 2, • • • . 

Then the conclusions of C.13 apply to T = P. 

Proof: analogous to D.4 with B.IO replaced by C.13. We notice 
that the finite chain condition D.7(i) implies the antisymmetry of R, 
and that therefore D.2 can be applied. 

Theorem D.8. Let P be the class of all relation numbers correlated 
with those relations R which have a zero element, are reflexive and anti- 
symmetric, and satisfy the following condition: 

(i) there is no infinite sequence of elements Oo, ai, ••• , ai , ••• 
such that Uz 4= 0 for every i < oo , arid such that x R at and x R aj 
imply x = 0 for every element x and for i < j < ^ , 

Then the conclusions o/ C.15 apply to T = P. 

Proof: analogous to D.4, with B.IO replaced by C.15. 

It would be interesting to extend the preceding theorems D.4-D.8 
to wider classes of relation numbers. In the case of D.4 and D.8 
certain extensions are known which are not, however, far-reaching. 
They have been obtained by weakening the condition of antisym- 
metry. In fact, we have: 

Theorem D.9. Let P be the class of all relation numbers correlated 
with relations R which are reflexive and satisfy the following condition: 
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(i) there is an element z e F{R) such that zRx for every x e F{R)y 
and such that xRz always implies x = z. 

Then all conclusions 0 / B.IO apply to T = P. 

Proof: The problem reduces to showing that B.lO(iv) holds for 
P, since the remaining conclusions either are obvious or easily follow 
from B.lO(iv). We cannot apply D.2 here, but we can use a method 
of reasoning which is analogous to that applied in the proofs of B.8- 
B.IO. Roughly speaking, we proceed in the following way. Given 
any relation numbers p* , <ry f P such that 

II P* = n y 

iel jeJ 

we consider a relation R with 

p(R) = n Pi = n • 

iel jeJ 

Using now the idea of A.3, we represent R as a kind of a direct product 
of subrelations R, witli p(R,) = p. , and also of subrelations Sj with 
p{Sj) = <Sj. We put 

Ti.j = p{Ri n (Sj), 

and we show that 

Pi = n T.,, and <r; = n Ti,j for i tl and j e J. 

jtJ iel 

Theorem D.IO. Let P be the class of all relation numbers correlated 
with relations R which are reflexive and satisfy D.8(i) and D.9(i). 
Then the conclusions of C.15 apply to T = P. 

Proof: Every relation number pc V can be represented as a prod- 
uct of finitely many multiplicatively indecomposable numbers. 
For otherwise we could construct two infinite sequences of relation 
numbers pi and o-j such that 

Po “ Pj 1 and Pn X Pn+1 for n 0, 1, 2, * * * , 

and this, as is easily seen, contradicts D.8(i). On the other hand, 
p cannot have two different representations of this kind in view of 
D.9. Thus, C.15(iii) applies to P. Other conclusions either are ob- 
vious or easily follow from C.15(iii); cf. the proof of C.15. 

By D.IO, the conclusion of C.15 apply, in particular, to all relation 
numbers correlated with finite relations R which are reflexive and 
satisfy D.9(i). This result cannot be extended, however, to relation 



CARDINAL PRODUCTS OF RELATION NUMBERS 


311 


numbers of arbitrary finite relations. In fact, let R be the set of two 
couples (0, 0) and (1, 1), and let S be the set of two couples (0, 1) 
and (l, 0). We then have 

p{R) p(.S) and p{R) x p(*S0 = p{8) x p(>S); 
hence the relation number 

« = p{R) X p{S) 

does not satisfy C.15(iii).^^ Instead of relations R and aS, we can 
consider here algebras 21' = (A, +') and 21" = (A, +") where 
A is the set of two numbers, 0 and 1, and where 

0 +' n = 0, 1 +' /I = 1, 0 +" ii = 1, and 1 +" n = 0 

for 71 = 0, 1. 

These are, however algebras without zeros, in which we are not 
interested here. 

In conclusion we want to notice that all flie more profound results 
of the arithmetic of isomorphism types and relation numbers which 
are implicitly contained in various theorems of this appendix have 
a rather narrow range of application. Consider, for instance, the 
following two properties of cardinal products: 

(i) 7/ q: X X 7 = 7, then a xy — P x y = y. 

(ii) If ax a = P X then a = 

(i) implies that the factor relation is an antisymmetric, and hence 
a partially ordering, relation; disregarding the multiplicative notation, 
we recognize in (i) a particular case of the absorption theorem 1.47 
from Part I. Similarly, (ii) is a particular case of the cancellation law 
2.34. Both (i) and (ii) clearly hold for isomorphism types and rela- 
tion numbers which have a unique representation as finite or infinite 
products of indecomposable factors (cf. C.13, C.15, C.6, D.8, and 
D.IO). Moreover, they apply to types and numbers belonging to 
any class T which constitutes a C.A. or a G.C.A. under cardinal 
multiplication x (cf. C.8 and D.5); and (i) holds, in addition, in 
case the class T is only an R.A. under the same operation (cf. C.4 
and D.4). Some other cases are also known in which (i) holds; 
for instance, using certain properties of cardinal addition + discussed 

“ A similar example was found independently by J. C. C. McKinsey. 
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in §18, and certain elementary theorems wliicli connect + with x, 
we can easily show that (i) applies whenever 7 is a relation number of 
the form 7 = 1 + 5/^ 

At any rate, the isomorphism types and relation numbers for 
which (i) and (ii) have been proved to hold are of a rather special 
nature. Hence the problem arises of constructing examples which 
would show that (i) or (ii) do not apply to arbitrary types and num- 
bers, or that they may fail in various familiar classes of such types 
and numbers. This problem turns out to be more involved than 
might be expected. In fact, no such examples seem to be known 
in the domain of algebras and relations with zero elements. On 
the other hand, an example of two relations R and without zeros 
whose relation numbers do not satisfy (ii) can easily be obtained: 
we take for R the set consisting of all couples (n, n + 1 ) where n 
is a finite integer, and for the relation R y. R. A simple trans- 
formation of this example leads to two algebras 21 and 53 without 
zeros whose types do not satisfy (ii). In fact, we put 

21 = (A, @) and 53 = 21 x 21 

where A is the set of all finite integers, and 0 the operation defined 
by the formula 

n ® p = 71 + 1 for n < 00 and p < 00 . 

The problem of finding examples of this kind among certain familiar 
classes of algebraic systems, such as groups or Boolean algebras, 
seems to be especially interesting. The fact that this problem is 
open shows that our knowledge of the arithmetic of isomorphism 
types is still rather limited. 

This result as well as the examples given below were found and com- 
municated to the authors by J. C. C. McKinsey. 
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The following remarks may prove helpful in the use of this index: 

1. Dashes replace words. Consider, e.g., the paragraph below beginning 
with the term ‘Addition.’ It is divided into segments by semicolons. The 
initial dash in the second segment replaces the first word of the preceding 
segment, i.e., the word ‘Addition’; the later dash in the same segment replaces 
the first word of this segment, i.e., again the word ‘Addition’; the initial two 
dashes in the third segment replace the first two words in its preceding segment, 
i.e., ‘Addition of’; and so on. 

2. In brackets following a term we give synonyms, symbols, and abbrevia- 
tions of this term actually used in the book. In parentheses we put the part 
of a term which is sometimes omitted in the text. 

3. The word ‘algebra’ is used as a generic term comprehending cardinal 
algebras, semigroups, lattices, etc. Thus, e.g., to find information on count- 
ably distributive lattices, look under ‘Countably distributive algebra.’ 


Abelian group, 1S8 
Absorption, 10, 15, 10; — theorem, 

15 

Addition [sum, -f, algebras, 

X, 3 ff., 69 f,, 176 f.; — of cardinals 

[cardinal 1, ix ff., 237 ff., 243 f.; 

cosets, 79; finite sequences, 

see: Finite — ; — — functions, 83; 
ideals [ideal — ], 121; -in- 
finite sequences, see: Infinite 

— — sets, sec: Set-theoretical — ; 

— — two elements, sec: Binary — ; 
see also : Cardinal — 

Additive relation, see: I'initely 

, Infinitely ; — semigroup 

of integers, see: Algebra of integers 
Algeb^ra [algebraic system, <A, 
~h, etc.], X f., 3, 77 

ff., 176 ff., 197 ff., 219, 244, 251, 255, 
267, 304; — generated by a relation 
[3Ift], 307 f.; — of cardinals, x, 5 f., 

236 f., complex numbers, 190; 

cosets, see: Coset — ; fac- 
tors, see: Factor ~; ideals, see: 

Ideal — ; — — integers, x, 190 ff., 

210; (isomorphism) types [<T, 

X> n>, <^(«), X>, etc.], X, 164 ff., 
189, 213 f., 256, 272, 276 f., 280, 283, 
288, 291, 300, 302 ff.; real func- 
tions, x, 190; numbers, x, 190 

ff., 234; relation numbers, x, 5, 

246 ff.; sets, 216 ff.; — with a 

strong zero (element), ‘277 ff. 

Almost congruent sets, 234 
Antisymmetric relation, 11, 307 ff. 
Arithmetic of cardinal algebras and 


generalized cardinal algebras, x f., 

6 ff., 16 ff., 70, 92, 106; cardinals, 

ix ff., 23, 239 ff.; — — (isomorphism) 
types, 155 ff., 288, 311 f.; semi- 

groups, 187 

Associative law, x, 4, 7 ff., 14, 156, 
214, 258, 267; — postulate, 3 

(At most) denumerable algebra, 130 
f., 169, 202, 303 
Atomistic algebra, 292 
Automorphism, 132 
Axiom of choice, ix, 106, 239 ff., 251 

Baer, R., 269, 313 
Ban.\cii, S., 223 , 232, 234, 313 
Bergmann, C., 178, 313 
Bern AYS, P., 154, 313 
Bernstein, I\, 20, 33, 313 
Binary addition [addition of two 
elements, — operation -]-, — sum, sum 
of two elements], x, 2 ff., 9, 11, 47, 69, 
176 f., 244, 255; — relation, see : Rela- 
tion 

Birkiioff, G., xi, 4, 40, 98, 182 f., 
187 f., 247, 249, 269, 282, 302, 306, 308, 
313 

Biunique function, 77, 133, 221, 236, 
241 f. 

Boole, G., 205, 313 
Boolean algebra, xi, 169, 206 ff., 
215 ff., 233, 272, 312; — factor alge- 
bra, 272 ff., 283 ff.; — semigroup, 210 
Borelian class, 235; — set, x, 215, 
234 f. 

Bound, see: Greatest lower — , 
Least upper — 
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Cancellation law for multiples, 30 

ff 187 f., 210, 243, 311 ; sums, 

19 ff., 51, 106, 176, 187, 189, 209 
(Cantor - Bernstein) equivalence 
theorem, ix, 10, 236 
Cardinal, see: — number; — addi- 
tion [sum, -f, 21, X, 237, 247 ff., 251 
f., 311 f., see also: Addition of car- 
dinals; — algebra [C. A.], x f., 3 ff., 
11, 16 ff., 40 ff., 55 ff., 69, 77, 176 
Cardinal multiplication [ — prod- 
uct, direct multiplication, direct 
product, X, XII of algebras, 77, 83 ff., 

161, 255 ff.; of (isomorphism) 

types, X f., 164 ff., 214, 252, 255 ff., 

311 f.; relation numbers and 

relations, 306 ff.; sets [strong 

], 244; with the rank 

y, 170 f., 252; see also: Multiplication 
of cardinals 

Cardinal (number) [power, k(A)], 
ix ff., 154, 170, 236 ff.; — (— ) zero 
[01, 237, 248; — power [?F],,84; — 
product, see: — multiplication; — 
subalgebra, 86, 98, 114 f,; — sum, see: 
— addition 

Centerless algebra, 281 f. 

Chin, L. H., xii 
Class, 154, 215 

Closed under an operation, 85, 251 
f., 262 

Closure of an algebra [?ll, 86 ff., 
107; — postulate, x f., 3, 11, 69 f., 
93, 156, 244 

Commutative group of transforma- 
tions, 221, 224, 232 f.; — groupoid, 
see: Groupoid; — law, x, 4, 7 ff., 156, 
244, 258, 267; — semigroup, see: 
Semigroup 

Commutative-associative postu- 
late, 4, 11 

Comparable cardinals, 243 
Complete algebra, 69, 183, 200 f., 
292; — in the wider sense, 183, 200, 
215; — set-field, 216; — space, 235 
Completely distributive algebra, 
201 , 211 

Complex sum, 269 

Composition of functions [/</], 134 

Congruence, 233; — modulo an ideal 

[~ ], 116 ff .; — under a set of partial 

automorphisms [r/], 142 ff., 149 f., 
222; transformations 

[?], 221 ff., 230 ff., 236, 242, 247, 251 
Constructive proofs, ix, 224, 241 
ff., 251 

Converse domain, see: Counter- 
domain 


Coset [a/m, 79 ff., 116 f.; — alge- 
bra [algebra of cosets, residue class 
algebra, 21//2], 5, 78 ff., 106 f., 116 f., 
143, 146 ff., 218 f., 234, 242 f. 

Countable addition, — multiplica- 
tion (of sets), 216 
Countably closed ideal, 213, 217 
Count ablv complete algebra, x, 
183 ff., 200 ff., 211 ff., 215 ff., 283 ff.; 

in the wider sense, 183 ff., 200 

ff., 211 ff.; set-field [ field 

of sets, (T-fieldl, x, 216, 218 f., 222 f., 
229, 245 f.; set-ring, 216; — dis- 

tributive algebra, 201, 203, 211, 
213 f. 

Counter-domain of a function 
[C(/)]) 77; — [converse domain] of a 
relation [C{R)]j 245 
Couple, see: Ordered 

Decision problem, 243 
Dedekind, R., 269 
, Denumerable, see: At most — 
Difference, see: Set-theoretical sub- 
traction 

Direct factor, see: Factor; — mul- 
tiplication f — product, X, III of sub- 
algebras, 266 ff., see also: (cardinal 
multiplication; — sum, 262 
Disjoint [mutually exclusive] ele- 
ments, 42 

Disjointly decreasing sequence, 49 
Disjunctive addition [— sum, -f, 
21, 107, 205; — algebra correlated 
with an algebra [U], 107 ff., 168, 175, 
209, 212, 218 f.; -~ Boolean algebra, 
206 ff., 272 ff., 283 ff.; — ideal algebra 
[3f(?l), 127 ff., 279 

Distance function, 233; — preserv- 
ing, see: Isometric 
Distributive law, 7 ff., 38, 49 ff., 
125, 148, 178, 201, 203, 217, 248, 275 
Domain of a function [D(/)], 77; 

relation [/)(^)], 245 

Double equivalence [ — similarity], 
251 f. 


Element (of an algebra or a set) 
[^ 1 , 3 

Empty relation, 248; — set, 215, 
237 


Equality of power, see : Set-theoret- 
ical equivalence 
Equinumerous sets, 236 
Equivalence relation, 79 ff., 94 ff., 
116 f ., 132, 143, 218 ff . ; — by finite de- 


composition [ o ], infinite decom- 

position Vo], 143 f ., 221 f. ; — theorem. 
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see: Cantor-Bernstein ; — under 

an element [c], 149; see also: Set- 
theoretical — 

Euclidean line, 232, 234; — space, 
216, 234 f. 

Euclid^s theorem, 33, 187, 210 
Existential postulate, x, 106; — 
theorem, 93 f . 

Exponent of a cardinal power, 84 

Factor algebra [algebra of factors, 
g(2l)], 264 f., 268 ff., 272 ff., 283 ff.; 

— of an algebra [direct , 

element of F(2l)], 264 ff., 272 ff., 292 
ff.; (isomorphism) type [ele- 

ment of ^(a)], 156, 266, 264; — rela- 
tion [^/], 166 f., 255 f., 264, 307, 311 

Field, 98; — of a relation [F(R)]j 

245 if.; sets, see: Set-field 

Finite addition [addition of — 
sequences, — operation Sj — sum, 
sum of — sequences], 6, 9, 70, 147, 
176; — algebra, 130, 202 f., 303 f.; 

— cardinal, 238; chain condition, 
197, 302; — closure of an algebra, 100 

f., 189, 209 f.; postulate, 3; — 

element, 66 ff ., 149, 176 f ; — multiple, 
147, 176; — refinement theorem, 4, 
17; — relation, 310 f.; — sequence 

[<ao; ai, • • • , an~i>]y 6 

Finitely additive measure, see: 

Measure; relation, 79, 143 ff.; 

set of partial automorphisms, 

144 ff., 222; transforma- 

tions, 222 ff., 247 

Finitely closed algebra, 76, 84, 100 
f ., 157, 163 ff ., 176 f ., 202, 231 : — com- 
plete [lattice-ordered] algebra, 178, 

183 f ., 200 f . ; in the wider sense, 

183 f.; — distributive algebra, 201, 
203 , 205; — refining relation, 80 ff., 
94 ff., 142 f.,218ff. 

Fitting,H., 4, 282, 314 
Foundations, see: Set-theoretical 

Four group, 273 

Function, xi, 77 f., 83, 132 ff., 221 f. 
Fundamental law of infinite addi- 
tion, 23; — operation, 3, 11, 77, 176, 
205, 215, 244; — theorem of the al- 
gebra of isomorphism types, 163; 

ideal algebra, 121, 212; 

on coset algebras, 81 

General law of countable distribu- 
tivity, 217; — notion of isomorphism, 
an isomorphism type, 252; 

— refinement property, 276, 282; — 

— theorem, 4, 16, 161, 244, 249, 251, 
275 ff. 


Generalized Boolean algebra, 205; 

— cardinal algebra [G. C. A.], xi, 
69 ff., 77, 86, 92 f., 97, 102, 107, 176; 

subalgebra, 86, 114; — groupoid, 

189; — homeomorpffiism, x, 234 f.; 

— semigroup, 189, 209 
Geometric measure, 215, 233 
Golowin, O. N., 4, 282, 3U 
Greatest common factor [fl/, fl/l, 

167, 170, 264; — lower bound [n, HI, 
40 ff., 123, 175, 183, 205, 215, 264, 309 
Group, 98, 188, 257, 262, 269, 273, 
304, 312; — [quasi -group] of p)artial 
automorphisms, 142 ff ., 222; — [ — ] - 
transformations, 221 ff., 230 ff., 236, 
247 

Group^oid [commutative — ], 176 
ff., 198, 200, 219 

Hausdorff, F., ix, 215, 314 
Homogeneity ['^i, 160 ff., 236 
Homomorphic image [ — map) ping, 

— transformation, homomorphism], 
xi, 5, 77 ff. 

Huntington, E. V., 192, 314 

Ideal, 85, 111 ff., 161, 175, 213, 279; 

— addition, see: Addition of ideals; 

— algebra [algebra of ideals, 3(21)], 
121 ff., 151 ff., 212 f.; — in a wider 
sense. 111; — sum, see: Addition of 
ideals 

Idem-multiple algebra, 102 ff., 
127, 200 , 202, 217; — element, 66 ff., 
102 f., 117, 191 f., 239 
Idem-potent element, 304 
Identity function, 133; — relation, 

82 

Imbedding theorem, 92 f., 98 
Inclusion I^], 123, 215, 255 
Indecomposable element, 62 ff., 
119, 192; — in a weaker sense, 62 f., 
170; — (isomorphism) type, 167, 162, 
168 ff., 256, 277, 300 ff.; — relation 
number, 249 f., 307 
Infinite addition [addition of — se- 
quences, — operations , — sum, sum 
of — sequences], x f., 2 ff., 11 f., 23 
f., 47, 69 f., 176; — cardinal, ix, 238; 

— chain postulate, see: Remainder 
postulate; — closure postulate, 3; 

— element, 66, 118, 239; — multiple, 
240; — number [oo], 6 f., 39, 190; 

— sequence [<ao, ai, • • • , a,, • • • >], 3 
Infinitely additive [ — closed] ideal, 

111; measure, 199 , 230; re- 

lation, 79 ff., 94 ff., 116 f., 143 ff., 194, 
218 ff.; set of partial automor- 
phisms, 144 ff., 222; trans- 

formations, 222 ff,, 247; — refining 
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relation, 80 ff., 94 f., 98 ff., 116 f., 
142 f. 

Integer [non-negative integer], x, 
6, 190 ff. 

Integrity domain, 98 
Interpolation property, 166; — 

theorem, 27, 182 

Intersection, see: Set-theoretical 
multiplication 

Invariant, see: Measure 
Inverse of a function [/^M, 133 f. 
Isometric [distance preserving] 
transformation, 233 f. 

Isomorphic algebras [~ imago, — 
mapping, — transformation, isomor- 
phism, ^], 77 f., 85, 132, 153, 217 IT., 
252, 264 f. 

(Isomorphism) type [r (?!)], x, 164 
ff., 188 f., 213 f., 252, 255 If., 304, 306 
f., 311 f. 

JdNssoN, B., xii, 35, 163, 249, 256, 
304, 314 

Knaster, B., 223, 314 
Konig, D., 223, 314 
Korsklt, a., 236, 314 
K-subalgebra, 85 

Kuratowski, C., 215, 223, 235, 314 

Lattice, x f., 176, 2C0 ff., 213 f. 
Lattice-ordered, see: Finitely com- 
plete 

Least common multiple [U/, U/]> 
167, 264; — upper bound [U, U]> 

40 ff., 103 f., 175, 183, 215 f., 264, 307 
Lebesque measure, 215, 234 
‘Less than or equal to’ relation 
[^], 6 ff., 123, 175, 205 f., 215, 264, 267 
Lindenbaum, a., xii, 16, 33, 57, 
223 f., 236, 248, 314 

MacLane, S., xi, 98, 313 
Many-termed relation, 251 
Many-to-many transformation, 
many-to-one transformation, 223 
McKinsey, J. C. C., xii, 311 f. 
Mean value theorem, 29, 236 
Measurable (B), — in the sense of 
Lebesque, 234 

Measure [finitely additive meas- 
ure], ix, 197 If., 215, 229 ff . ; — normed 
by u [ — with the unit ?z], 197 ff., 230; 

[7 [ — with the unit U] and 

invariant under tr, 229 ff. 

Method of iteration, 17, 106 
Metric space, x, 215, 233 
Modular law, 268 ff. 

Monotony law, 7 


Multiple [R-a], 6 ff., 70, 248; see 
also : Heal — 

Multiple-free algebra, 102, 106 ff., 
144, 205 f., 212; — element, 68 ff., 105 
f., 210 

Multiplication [product] of car- 
dinals [strong — of cardinals, X, HI? 
244, 252; — of sets, see: Set-theoret- 
ical — ; see also: Cardinal — 
Multiplicative algebra of integers, 
190, 195, 210; — relation, 167, 265 
Multiplicatively indecomposable 
relation number, 307 
Mutually exclusive, see: Disjoint 

Neumann, J. von, 183, 211, 230, 232, 
314 

Non-negative, see: Integer, Real 
number 

Normal subgroup, 269 
Normed, see: Measure 

(One-to-one) transformation, ix, 
221 ff., 236, 243 
Open set, 215 ff. 

(Ordered) couple [<a, 6>|, 3, 245; — 
triple [<a, 6, c>], 3 
Ordinal addition, 248 f.; — (num- 
ber), 239; — sum, — type, 248 

Paradoxical decomposition, 232 f. 
Partial automorphism, 132 ff., 222; 

— order, 7, 11, 40, 70, 74, 166 f., 176 
ff., 200 f., 209 f., 247, 249, 279, 308, 
311 

Portion of a relation, 254 ff. 
Postulate of the zero element, x, 
4, 12 

Postulates for cardinal algebras, 
x, 3 ff., 11 f., 195, 216, 244; dis- 
junctive Boolean algebras, 206; 

generalized cardinal algebras, 69 f.; 

refinement algebras, 146 f. 

Powder, see: Cardinal number, Set- 
theoretical equivalence 
Prime ideal, 217 

Principal ideal [/(a)], — semi -ideal 
[S(a)], 112 ff. 

Product, see: Multiplication 

Quasi-group, see: Group 

Hank of cardinal multiplication, 
170 f., 252 

Heal multiple [r-a], 38 f., 191 f.; 

— number [non-negative ], x, 

38 f., 190 ff. 

Refinement algebra [H. A.], 146 ff., 
181, 231; — postulate, x, 4 f., 12, 16, 
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195; — property, 181 ff., 189, 209 f., 

see also: General ; — theorem, 

4, 16 ff 23, 147, see also : General 

Refining, see : Finitely — , Infinitely 

Reflexive relation, 11, 97, 307 ff. 
Relation [binary — ], 245 ff.; — 
generating an algebra, 307 ff.; — 
number [p(/2)], x, 245, 247 ff., 306 ff.; 

zero [0], 248 

Relatively closed under an opera- 
tion, 85 

Remainder, 5; - - [infinite chain] 
postulate, X, 4, 12 
Representation by means of inde- 
composable elements, factors, etc., 
63 ff., 127 ff., 162, 168 f., 172, 195 ff., 
249 f., 277, 281, 292 f., 300 ff., 309 ff.; 
— theorem, 218, 243 
Residue class algebra, see ; Coset — 
Riesz, F., 4, 182, 314 
/^-sum, 307 

Russell, B., 237, 245, 251, 316 

SciioENFLiEs, A., ix, 10, 23, 315 
Semigroup [commutative — ), xi, 
98, 176 'ff., 198, 209 f., 285 ff., 290 ff. 
Semi-ideal, 85, 111 ff., 132 
Separable space, 235 
Set theory [theory of sets], ix, 154, 
215, 218 ff., 239 ff. 

Set-field [field of sets], x f., 215 ff., 
245 ff. 

Set-ring, 215 f. 

Set-theoretical addition [addition 
of sets, — sum, sum of sets, union, 
+ or U,S or Ul,xf., 215 f.; — equiv- 
alence [eciuality of power, 236, 
240 ff., 252; — foundations [founda- 
tions of set theory], 154, 215; mean 
value theorem, 236; — ^ multiplication 
[intersection, multiplication of sets, 
product of sets, — product, fl, (11, 
123, 215 f., 255; ~ subtraction [dif- 
ference of sets, A -R], 216 
SiERPi^sKi, W., ix, 33, 236, 240, 315 
or-field, see: Countably complete 
Similarity of relations [c^], 245, 
247, 252; — transformation, 246 f., 
251 

Simple element, 292 f.; — cardinal 
algebra, — generalized cardinal al- 
gebra, 117 ff., 192 ff.; simple order, 
120, 177, 188, 192 ff., 210, 248 
SjREisER, A., 304, 315 
S^quare-free integer, 59, 210 
Stone, M. H., 205, 210, 213, 315 
Strictly disjoint addition [ — — 
sum, -f ,2], 246ff., 251; families, 


251 ; relations, 246 ff .; — positive 

measure, 199, 230 

Strong (cardinal) multiplication 
[ — ( — ) product. Us], 83 ff., 166 ff., 
170, 244, 306 ff.; — (— ) power [?li), 
84; — (direct) multiplication [ — 
(— ) product, its], 267 ff.; (— ) multi- 
plication [( — ) product] of cardinals, 
see : Multiplication ; — zero (element) , 
277 ff. 

Subalgebra, 84 f., 114 f., 161, 255 

ff. 

Subgroup, 262, 269 
Subrelation, 245 ff. 

Sum, see: Addition 
Symmetric reflection, 234; — rela- 
tion, 79 

Tarski, A. ix, 16, 57, 169, 188, 197, 
211, 221, 223 f., 232, 234, 236, 248 f., 
256, 292, 304, 313 ff. 

Theorem on the decomposition of 
linear forms, 242 f. 

Theory of one-to-one transforma- 
tions, ix, 243; sets, see : Set the- 

ory 

Torsion-free group, 188 
Transformation, sec: One-to-one — 
Transitive relation, 11, 79, 308 
Translation, 234 

Type, see: Isomorphism type; — 
of double equivalence, 251 f. 

Unit element, 205, 308; ~ - (isomor- 
phism) type [1 ], 166 f ., 255 f . ; — (rela- 
tion) number [1], 307; — of measure, 

197, 229 ff. 

Universal relation, 82 
Valko, S., 223 

Waerden, B. L. van der, xi, 92, 
98, 262, 316 

Weak (cardinal) multiplication [— - 
— product, Ilwij 83 ff., 166 170, 

244, 306 ff.; — ( — ) power pit,], 84; — 
(direct) multiplication [ — ( — ) prod- 
uct, IJwl> 267 ff.; — multiplication 
[ — product] of cardinals, 244 
Well-ordered algebras and sets, ix, 
54, 177, 238 f. 

Well-ordering principle, ix, 23, 240 
Whitehead, A. N., 237, 245, 251, 
316 

Zero (element) [0], x, 6 ff., 12, 83, 
121, 175, 215, 237, 248, 255, 277 ff., 
306 ff. 

Zermelo, E., 10, 14, 316 




ADDENDA 


In the following remarks we should like to point out some minor 
errors and inexactitudes which were found in the text, after the manu- 
script had been set up in page proof, and kindly communicated to the 
author by Mrs. Anne C. Davis (University of California, Berkeley). 
We also take this opportunity to mention some recent results and 
publications which are closely related to topics discussed in this 
book. 

To page 3. According to our conception of an algebraic system, 
the fundamental operations of an algebra may be of an entirely ar- 
bitrary nature. In particular, the binary operation + in an algebra 
(A, +, ^ ) may be defined for some couples of elements which 
are not in A, and when performed on a couple for which it is defined 
it may yield an element outside of A ; the same applies mutatis mutan- 
dis to the infinite operation This possibility is not excluded by 
definitions of special kinds of algebras, e.g., C. A.’s, G. C. A.’s, or 
Boolean algebras. 

In consequence, certain theorems given in the book prove to be 
formulated inexactly and, when literally taken, are simply wrong. 
Consider, e.g.. Corollary 8.9 on p. 104. In the idem-multiple G. C. 
A. 2l = (A, -f, the operation + may be defined for some 
couples of elements outside of A; on the other hand, by Definition 
3.2 on p. 40, the operation U in the correlated algebra S = ( A, 
U,U> is defined only for couples in A; hence, the algebras 31 and S 
may not be logically identical. Analogous remarks apply, e.g., to 
Theorems 8.19 and 8.20 on pp. 107 f., or 15.17 and 15.18 on p. 209. 

To eliminate these inexactitudes, we can agree to consider as al- 
gebras only those systems ( A, +, ]^ ) in which the operations + 
and X] are defined exclusively for couples or sequences of elements in 
A and yield always new elements in A. This agreement, however, 
necessitates some slight modifications in other formulations of the 
text, in particular, in those involving the notion of a subalgebra; for, 
as a consequence of the agreement, the operations + and ^ in an al- 
gebra (A, +, YL) in its subalgebra { B, +, Yl) can no 
longer be regarded as identical. The following supplementary agree- 
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ment helps ns avoid unnecessary complications in this connection. 
We continue to use the notion of an algebra constituted by a set 
A AND BY FUNDAMENTAL OPERATIONS + AND ^ without imposing any 
restrictions on the operations involved. We identify this notion, 
however, not simply with the ordered triple { A, but with 

the ordered triple ( A, +', ) where +' is the operation defined 

as follows: 

a & = a + 6 whenever a, 6, and a + b are in A, and otherwise 
a +' 6 does not exist; 

and where is the operation analogously defined in terms of In 
view of this agreement, we can say that an algebra ?l and its subal- 
gebra 33 are constituted by the same fundamental operations though 
by different sets of elements ; at the same time we can state in certain 
cases that two algebras 31 and 33 (e.g., an idem-multiple G. C. A. 31 
and the correlated algebra 31) are identical although their fundamen- 
tal operations do not coincide. 

To page 46. The formulation of condition (ii) in Theorem 3.16 
is not quite exact. An exact formulation is 

(ii) if a ^ X and if x ^ aifor every i < n, then x = a. 

Clearly, the two formulations are equivalent unless n = 0. An 
analogous remark applies to Theorem 3.17 on p. 47. 

To page 64. It is tacitly assumed in Theorem 4.45 that the ele- 
ments a^ form an n-termed sequence, and the elements 6, a p-termed 
sequence. 

To page 80. Theorem 6.6 as formulated in the text is probably 
false; it applies to C. A.'s, but not to G. C. A.’s. It is easily seen, 
however, that 6.6 holds also for G. C. A.’s under the additional 
assumption that the relation R is finitely refining; and this is just the 
assumption under which the theorem in question is applied in the 
text (e.g., in the proof of 6.10 on p. 81). 

The formulation of Definition 6.7, also on p. 80, is not quite clear. 
The relation R is finitely refining if, for all a, ai, a 2 , 6 € A, the formulas 
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a = ai + a2 and a Rb 

imply the existence of elements bi and 62 such that 
b = bi + 62 , and a^ R bi for i = 1 , 2 , 
while the formulas 

a = ai + a 2 and b R a 

imply the existence of elements bi and 62 such that 

b = bi + bo, and bi R at for i = 1 , 2. 

To page 100 . The remark following Theorem 7.17 is wrong; the 
theorem does apply to strong (though not to weak) cardinal prod- 
ucts. This somewhat weakens the validity of the remarks on p. 84 
explaining why ‘the strong product appears to be a less appropriate 
element in dealing with C. A.’s than the plain product.’ 

To page 114. In the remarks following Theorem 9.18 the algebras 
31 and 33 are assumed to be G. C. A.’s. 

To page 199. A set of necessary and sufficient conditions for the 
existence of an infinitely additive and strictly positive measure in 
countably complete and atomless (disjunctive) Boolean algebras 
is given in the paper of D. Maharam, An algebraic characterization of 
measure algebras, Annals of mathematics^ vol. 48, 1947, pp. 154-67. 

To pages 239 ff. The problems discussed on these pages are ana- 
lyzed in greater detail in the author’s paper, Axiomatic and algebraic 
aspects of two theorems on sums of cardinals, to appear in Fundamenta 
mathematicae, vol. 35, pp. 79-104. In particular, a direct proof of 
Theorems I-III on p. 241 can be found there. 

To page 272. Two new conditions each of which is necessary and 
sufficient for the factor algebra 8(31) of an algebra 31 = ( A, + ) 
to be a disjunctive Boolean algebra have recently been found by 
J. M. G. Fell (University of California, Berkeley). We agree to 
understand by the center of the algebra the set of all elements ze A 
satisfying conditions (i) and (ii) given at the bottom of p. 281 (see 
J 6 nsson-Tarski [ 1 ], pp. 17 f. and 24). The conditions read as fol- 
lows: 
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ADDENDA 


I. // A = B X C = J5 X D, C = D. 

II. // A = 5 X C, then the subalgebra consisting only of 0 is the 
unique subalgebra of B which is a homomorphic image of C and which 
is included in the center of 31. 

The advantage of these conditions lies in the fact that they can 
easily be applied in practice to comprehensive classes of algebraic 
systems. For instance, by restricting ourselves to groups, we readily 
see that condition I is satisfied by all cyclic groups while condition II 
is satisfied by all centerless groups and by all groups which coincide 
with their commutator groups. Hence every group belonging to 
any of these three classes has a Doolcan factor algebra. 







